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Methods of fuzzy rule extraction based on rough set theory are rarely reported in incomplete interval-
valued fuzzy information systems. This paper deals with such systems. Instead of obtaining rules by attri-
bute reduction, which may have a negative effect on inducting good rules, the objective of this paper is to
extract rules without computing attribute reducts. The data completeness of missing attribute values is
first presented. Two different approximation methods are then defined. Two algorithms based on the two

approximation methods, called MRBFA and MRBBA are proposed for rule extraction. The two algorithms
are evaluated by a housing database from UCI. The experimental results show that MRBFA and MRBBA
achieve better classification performances than the method based on attribute reduction.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

A basic issue in a rule-based system is extracting rules for clas-
sification or inference. Rules can be obtained from available data.
Rough-set data analysis uses only internal knowledge, avoids
external parameters, and does not rely on prior model assumptions
such as probabilistic distribution in statistical methods, basic prob-
ability assignment in Dempster-Shafer theory. Its basic idea is to
search for an optimal attribute set to generate rules through an
objective knowledge induction process.

The classical rough set theory developed by Pawlak (1982) is
used only to describe crisp sets. In order to describe a fuzzy con-
cept in a crisp approximation space, Dubois and Prade (1987,
1990) extended the basic idea of rough sets and got a new model
named rough fuzzy sets. This new model has been proven a prom-
ising tool for pattern recognition, data mining, and knowledge dis-
covery (Asharafa & Murty, 2003, 2004; Bhatt & Gopal, 2005; Gong,
Sun, & Chen, 2008; Greco, Inuiguchi, & Slowinski, 2006; Jiang, Wu,
& Chen, 2005; Miao, Li, & Fan, 2005; Radzikowska & Kerre, 2002;
Rajen & Gopal, 2005; Richard & Qiang, 2002; Sankar, 2004; Shen
& Chouchoulas, 2002; Wang, 2003). There exist symbolic values,
real values or interval values in a practical database (Richard &
Qiang, 2002). For example, current, ID, temperature, time and volt-
age, such kinds of data are often described by interval values. How-
ever, the traditional rough fuzzy set theory cannot deal with these
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kinds of data effectively. Extending the rough fuzzy set theory of
Dubois to a wider application is necessary. As a generalization of
Zadeh’s fuzzy set, the notion of interval-valued fuzzy sets was
put forward for the first time by Gorzalczany (1988) and Turksen
(1986). As to a fuzzy set, the interval-valued membership is easier
to be determined than the single-valued one. Interval-valued fuzzy
set theory has been applied to the fields of approximate inference,
signal transmission, etc. Due to the complementarity between
interval-valued fuzzy sets and rough sets, interval-valued rough
fuzzy sets that combined interval-value fuzzy set with rough set
was proposed. The definition of interval-valued rough fuzzy sets
together with some important properties was put forward by Gong
et al. (2008), a method of knowledge discovery was presented sub-
sequently for interval-valued fuzzy information systems. The
method classifies each object in a decision class according to its
maximal membership represented by a fuzzy interval. However,
suppose that the condition attribute set includes m attributes, then
the antecedent of the rule must include m conditions, overfull con-
ditions may reduce the classification accuracy and the applicability
of the rules. Moreover, two memberships represented by fuzzy
intervals are incomparable when one interval is nested in the
other, then decision rules cannot be generated in this case. Aside
from (Gong et al., 2008), few studies on fuzzy rule extraction are
based on rough sets in interval-valued fuzzy information systems.
It is necessary to establish a practical model for fuzzy rule
extraction in interval-valued fuzzy information systems. The
model should satisfy the following requirements: firstly the com-
putational complexity of the model can be effectively reduced;
secondly the applicability of extracted rules is preferable; thirdly
rules can be generated when one interval is nested in the other.
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The objective of attribute reduction is to reduce fuzzy attributes
and learn fuzzy rules from fuzzy samples. Various attribute reduc-
tion methods have been proposed (Bhatt & Gopal, 2005; Deng,
Chen, Xu, & Dai, 2007; Hu & Yu, 2004; Hu, Yu, & Xie, 2006, 2007;
Jensen & Shen, 2004, 2007; Moshkov, Skowron, & Suraj, 2008; Shen
& Jensen, 2004; Tsang, Chen, Tsang, Lee, & Yeung, 2005; Tsang,
Chen, Yeung, Wang, & Lee, 2008; Wang, Ha, & Chen, 2005, 2007,
2008; Zhao, Tsang, Wang, Chen, & Yeung, 2006; Zhou & Wu,
2008) in rough fuzzy sets and fuzzy rough sets. In general, attribute
reduction should be obtained before rule extraction (Pawlak,
1982). Since interval-valued rough fuzzy set theory is a generaliza-
tion of traditional rough fuzzy set theory, it is natural to extract
rules based on attribute reduction in such systems. However, this
paper does not intend to obtain rules based on attribute reduction
due to the following reasons. Usually, attribute reduction methods
can be classified into three types: one based on the positive region
(Bhatt & Gopal, 2005; Jensen & Shen, 2004, 2007; Shen & Jensen,
2004), one based on the discernibility matrix (Tsang et al., 2005,
2008; Wang et al., 2005; Zhang, Wu, Liang, & Li, 2001), and another
based on entropy (Hu & Yu, 2004; Hu et al., 2006, Hu, Xie, & Yu,
2007). For example, Jensen and Shen (2007), Shen and Jensen
(2004) conducted pioneering studies on attribute reduction based
on a positive region and proposed an attribute reduction algorithm.
An obvious limitation is that the algorithm may not be convergent
on many real data sets or the selected attributes are unreliable.
Moreover, the computational complexity of the algorithm often in-
creases exponentially with the increase of input variable number
and the data pattern size (Bhatt & Gopal, 2005). Bhatt and Gopal
(2005) developed Shen'’s algorithm by improving the definition of
the lower approximation operator on a compact computational do-
main. However, the dependency degree of a selected reduct may be
larger than that of the entire attribute set due to the computing
method of the positive region (Tsang et al., 2008). This is unreason-
able according to the fact that more attributes will offer better
approximations in a rough set framework (Tsang et al., 2008).
Tsang et al. (2005, 2008) proposed an algorithm using a discernibil-
ity matrix to compute all attribute reducts. However, the computa-
tion complexity is NP-hard (Wang et al., 2005). Hu and Yu (2004,
2006) proposed an attribute reduction method based on informa-
tion entropy. The attribute reduction concept is not constructed
using existing fuzzy approximation operators (Yeung, Chen, Tsang,
Lee, & Wang, 2005), and it is difficult to study the structure of attri-
bute reduction (Zhao et al., 2006). Each attribute reduction method
has its property. At the same time, each one has some flaws also.
Therefore, rule extraction based on attribute reduction may be
faulty sometimes. This paper intends to avoid the attribute reduc-
tion process and establish the structure of the approximation by
introducing granulation order, then extract rules based on it.

From the viewpoint of granular computing, a concept is de-
picted by both the upper and lower approximations under static
granulation in the interval-valued rough fuzzy set theory defined
by Gong et al. (2008). Provided the granulation is unchangeable,
no matter whether the granulation is too fine or too coarse may
be unacceptable. Excessively fine granulation may increase the
time and cost, while an excessively coarse one may not satisfy
requirements. We consider describing a concept under dynamic
granulation. This means that a proper granulation family can be se-
lected to describe a target concept according to the practical
requirements. The notion of a granulation order was introduced
in Liang, Qian, Chu, Li, and Wang (2005), Qian (2008). The objective
of this paper is to find a novel method of rule extraction without
computing attribute reduction in interval-valued fuzzy informa-
tion systems. Based on the granulation order, two approximation
methods in interval-valued rough fuzzy sets are proposed. A se-
quence of granulation spaces from coarse to fine can be obtained
through adding one condition attribute at a time. Then the upper
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and lower approximations of forward approximation can be ob-
tained under the given granulation order. Based on the forward
approximation, a rule extraction algorithm named MRBFA is de-
signed. Its characteristic is that the universe dwindles gradually
and the approximation precision increases monotonously as the
granulation order becomes longer. Thus the computational com-
plexity of the algorithm can be effectively reduced. In the similar
way, a sequence of granulation spaces from fine to coarse can be
determined through deleting one condition attribute at a time.
Then the upper and lower approximations of backward approxi-
mation are defined under the given granulation order. As an appli-
cation of the backward approximation, an algorithm called MRBBA
is proposed for decision-rule extraction from an interval-valued
fuzzy decision table. The main characteristic of MRBBA is that
much simpler rules can be extracted by keeping the approximation
precision invariant.

The rest of this paper is organized as follows. Section 2 briefly
introduces related notions of interval-valued fuzzy sets and inter-
val-valued rough fuzzy sets. In Section 3, an algorithm is presented
for data completeness in interval-valued fuzzy information sys-
tems. In Section 4, the forward approximation is proposed and
important properties are obtained. A rule extraction algorithm
called MRBFA based on the forward approximation is then de-
signed, an example is illustrated. In Section 5, backward approxi-
mation is presented, and useful properties are deduced. For an
interval-valued fuzzy set, its convergence degree is defined and
proven to increase in a granulation order. A new rule extraction
algorithm called MRBBA based on the backward approximation is
proposed and illustrated. In Section 6, the performance of MRBFA
and MRBBA are evaluated by a housing database from the UC Irvine
Machine Learning Repository (UCI). Section 7 concludes the paper.

2. Preliminaries

In this section, for our further development, we briefly review
the basic concepts of interval-valued fuzzy sets and interval-valued
rough fuzzy sets.

2.1. Interval-valued fuzzy sets

Let I be a closed unit interval, i.e., I =[0,1]. Let [[]={a=[a", a]:
a <a', a, a el}. For Vacl, define a=[a,a], it is obvious that
aelll.

Definition 1. If a; € [I],i €], J={1,2,...,m}, define

(1) viar,af]=[va;,vail;

ie] ie] ief
2) ANa;,af]=[Aa;, Aa];
(2) A lor.a] = [ a7 A df]

— c —

(3) [aiaa;r] :[] _a;rvl_ai]'

In particular, for g; € [I], i =1, 2, we define
(4) a1 =a, <= a; =a;, aj =a;;
(B) a1 <@ = a; <ay, af <aj;
(6) a1 <a; & ay < ap, ay #* ay;
(7) a1<wa; <= a; +aj <a;, +aj, ay —a; <a; —ay;
(8) a1 < Wz & ay < why, a1 # aa.

Definition 2. Let X be an ordinary non-empty set, the mapping A:
X — [I] is called an interval-valued fuzzy set on X. The set of
interval-valued fuzzy sets on X is denoted by F(X).

Similar to fuzzy sets, the operators C, N, U, and the comple-
ment of interval-valued fuzzy sets are defined as follows. For
ABeF(X), ACB means A(x)<B(x) for vxeX, (AnB)(x)=
AAx), B(x)}, (AU B)(x) = Vv {A(x),B(x)}, (~A)(x) =1 — A(x).
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Definition 3. If A € F(X), let A(x) = [A~(x),A"(x)], where x € X, then
two fuzzy sets A: X — I, and A™: X — I are called lower fuzzy set
and upper fuzzy set about A, respectively.

2.2. Interval-valued rough fuzzy sets

Let U be a non-empty finite universe, R be an equivalence rela-
tion onU. [x]g is the equivalence class containing x.

Definition 4 Gong et al. (2008). For any interval-valued fuzzy set
F, the lower and upper approximations of F about the approxima-
tion space (U,R) are defined as follows:

Hapry () (x) = yig;(]fR Up(y) = [ﬂ@R(F*)(X%ﬂ@R(F*)()‘)]
= [inf pe-(y). inf we (v)],
YElXIR YEXlp

Haprory(X) = 5‘[11]3 He(Y) = [Maproe) (%) Hapryee) (X))
YEX|R

= [sup ug-(¥), ySl[lxl]D U (V)]

YEXIR
If forany x € U, Uy, 5 (X) = Uz (X), then the interval-valued fuz-

zy set F is definable about (U,R). Otherwise the interval-valued fuz-
zy set F is rough about (U,R), and F is called an interval-valued
rough fuzzy set.

If Fis an ordinary fuzzy set of universe U, then F~ = F*. Therefore,
the interval-valued rough fuzzy set degenerates into a classical
rough fuzzy set.

3. Data completeness in interval-valued fuzzy information
systems

Data completeness in interval-valued fuzzy information sys-
tems is the usual prerequisite for rule extraction. The process of
converting an incomplete interval-valued fuzzy information sys-
tem into a complete one, namely complementing the missing attri-
bute values with specified values via some techniques, is called the
completeness of incomplete interval-valued fuzzy information sys-
tem. Multiple methods have been proposed for classical incom-
plete information systems (Grzymala-Busse & Hu, 2001;
Grzymala-Busse & Grzymala-Busse, 2007; Kononenko, Bratko, &
Roskar, 198; Qin, 2005; Wang, 2001; Zhu, Zhang, & Fu, 2004). A
simple method is to either delete objects that miss their attribute
values or replace their values with the most common one. The sec-
ond method is based on probability statistics, e.g., Bayes method
and multivariate linear regression analysis method. A Bayesian for-
mula is used to determine the probability distribution of the miss-
ing value over the possible values (Kononenko et al., 198). This
method either chooses the most likely value or divides the object
into fractional objects, each with one possible value weighted
according to the probabilities. In application, due to the vast
state-space of data set, it’s difficult to determine the probability
distribution. Thus, the traditional statistical technique may not
be the best choice. The third method is based on a classical rough
sets theory, such as the rough set theory-based incomplete data
analysis approach (ROUSTIDA) (Wang, 2001; Zhu et al., 2004).
The basic principle is to make the missing attribute values of the
objects are consistent to the ones of the other similar objects, i.e.
to reduce the differences between attribute values as possible.
For ROUSTIDA, the attribute differences between different objects
are reflected by a discernibility matrix, and missing values are re-
placed with those of indiscernibly objects. We present the data
completeness method based on ROUSTIDA in allusion to interval-
valued fuzzy information system.

12251

Let S=(U, CuD) be an interval-valued fuzzy information sys-
tem with decision attributes, we call S an interval-valued fuzzy
decision table, where the condition attributes in C are crisp data,
and the decision attributes in D are fuzzy interval numbers, U
and C are denoted as: U= {xq,x3,...,X,}, C={ay,ay,...,a,} and
U =n, |Cl=m.

Definition 5. Let S=(U,CUD) be an interval-valued fuzzy infor-
mation system, its discernibility matrix is a n x n square matrix
M(C) = {M(i,j)}nxn, 1 <i<n=]|U]. The matrix unit is defined as
follows:

Definition 6. Let S=(U, CuUD) be an interval-valued fuzzy infor-
mation system, missing attribute set MAS; of object x;, indiscernible
object set NS; for object x; and the set of objects with missing attri-
bute values MOS in interval-valued fuzzy information system S are
defined as:

MAS; = {k: ay(x;) = x, k=1,2,...,m},
:07 l¢]7]:1727‘n}’

NS; = {j : M(i,J)

MOS = {i: MAS; =0, i=1,2,...,n}.

Because of multiple missing data and their different distribu-
tions, supplement of the missing data may not be achieved after
a single computation of initial discernibility matrix. It may need
repeatedly compute the discemibility matrix and analyze com-
pleteness. Many transient information systems are generated in
the supplement process.

The initial interval-valued fuzzy information system specified
as S° and the object set is {x?}, the corresponding discernibility
matrix is M°, the missing attribute set of x%is MAS?, the indiscern-
ible object set is NSP. Let S™ be the information system after rth
completeness analysis, and its object set is {x/}, the corresponding
discernibility matrix is M, the missing attribute set of x;"is MAS;, its
indiscernible object set is NS;. A completeness algorithm for
incomplete interval-valued fuzzy information system is given as
follows:

Input: incomplete information system S° = (U°, Cu D)
Output: complete information system S = (U, Cu D)
(1) Compute M°, MAS? and MOS°. Let r=0;
(2) 2.1 For Vi e MOS', compute NS};
2.2 Generate S™!:
2.2.1 For i ¢ MOS', let a,(xI*!) = ap(x), k=1,2,....m;
2.2.2 For all i € MOS', make loops for all k € MAS;:

2221 If INS{|=1, let jeNs], if ax(x])=x* then
ar(xI*1) = «; otherwise g (x[*!) = a(x));

2.2.2.2 Otherwise

(i) If 3Jj,eNS; and j, € NS, with the condition
(A (X)) A (Qr(X] ) 7#) A (Ar(X] )=k (X])), then a(x/*!) = *;

(ii) Otherwise, if 3j, € NS;, with the condition (ay(x] )7*),
then a,(x[*') = ar(x; );

(iii) Otherwise, ay(x™!) = x;

23 1f S™1 =5, go to (3); otherwise compute M™!, MAS;"" and

MOS™1; Let r=r+1; go to (2);
(3) If there are still missing data in the information system,
combination completeness approach is adopted for further
process;
(4) The end.
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The computation complexity of Step 2.2 depends on the distri-
bution and quantity of the missing data. Usually, the missing data
comprise of only a small portion of total data, so the computation
complexity is relative low. In Step 2.3, the corresponding discern-
ibility matrix of information system M™! is needed, according to
Definition 5, mn(n — 1)/2 times of computation is required.

To illustrate the operation of the algorithm, an example is given
here. The data set comes from Table 4.1 in Gong et al. (2008). In the
data set, there are no missing data. The author generates randomly
some missing values with certain ratio to get an incomplete infor-
mation system denoted as Table 1. Table 1 is an incomplete inter-
val-valued fuzzy information system with 5 missing data, where
U={x1,X2,...,X10} is a set of objects, C={a;,az,a3} is a condition
attribute set, the decision attribute d is fuzzy, separated into three
linguistic terms Fj, F,, F3 and Fy, F,, F3 are interval-valued fuzzy
sets. Missing data are represented by *.

According to the algorithm, the completed interval-valued fuz-
zy information system S! is shown in Table 2. It can be seen from
Table 2, all the missing data are completed after one time of
computation.

By comparing Table 2 with Table 4.1 in Gong et al. (2008), one
can easy see that Table 2 is the same as Table 4.1 in Gong et al.
(2008). The example shows that the algorithm fully utilize the laws
suggested by the data in information systems, and it can easily pro-
cess completeness analysis of an incomplete information system,
thus it can be adopted as a pretreatment method in data mining.

4. Forward approximation in interval-valued rough fuzzy sets
4.1. The concept of forward approximation

In interval-valued rough fuzzy sets (IVRF) theory defined by
Gong et al. (2008), the concept is described by the upper and lower
approximations under static granulation. However, the fixed gran-
ulation may limit the application of IVRF. A sequence of granula-
tion spaces from coarse to fine can be obtained through adding
one condition attribute at a time. Then the upper and lower

Table 1

An incomplete interval-valued fuzzy information system S°.
U a, a as Fi F F3
X1 2 1 3 [0.7, 0.9] [0.15, 0.2] [0.4, 0.5]
Xa 3 2 1 [0.3, 0.5] [0.5, 0.7] [0.35, 0.4]
X3 * 1 3 [0.7, 0.8] [0.3, 0.4] [0.1,0.2]
Xq 2 2 3 [0.15,0.2] [0.5, 0.8] [0.2, 0.3]
Xs 1 * 4 [0.05, 0.1] [0.2, 0.3] [0.65, 0.9]
Xe 1 1 2 [0.1, 0.2] [0.35, 0.5] [1.0, 1.0]
X7 * 2 1 [0.25, 0.4] [1.0, 1.0] [0.3, 0.4]
Xg 1 1 4 [0.1,0.2] [0.25, 0.4] [0.5, 0.6]
Xo 2 1 * [0.45, 0.7] [0.25, 0.3] [0.2,0.3]
X10 3 * 1 [0.05, 0.1] [0.8,0.9] [0.05, 0.2]

Table 2

A completed interval-valued fuzzy information system S'.
U a, a; as Fi F F3
X1 2 1 3 [0.7, 0.9] [0.15, 0.2] [0.4, 0.5]
Xo 3 2 1 [0.3, 0.5] [0.5, 0.7] [0.35, 0.4]
X3 2 1 3 [0.7,0.8] [0.3, 0.4] [0.1,0.2]
X4 2 2 3 [0.15, 0.2] [0.5, 0.8] [0.2,0.3]
Xs 1 1 4 [0.05, 0.1] [0.2,0.3] [0.65, 0.9]
X6 1 1 2 [0.1,0.2] [0.35, 0.5] [1.0, 1.0]
X7 3 2 1 [0.25, 0.4] [1.0, 1.0] [0.3, 0.4]
Xg 1 1 4 [0.1, 0.2] [0.25, 0.4] [0.5, 0.6]
Xg 2 1 3 [0.45, 0.7] [0.25, 0.3] [0.2, 0.3]
X10 3 2 1 [0.05, 0.1] [0.8,0.9] [0.05, 0.2]
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approximations of a target concept under the given granulation or-
der can be obtained.

The notion of granulation order was introduced by Liang et al.
(2005), Qian (2008): let S = (U,A) be an information system, where
U is a non-empty set of finite objects (the universe), A is a non-
empty finite set of attributes and P,Q € 22, Define a partial relation
< as follows: P < Q (Q = P) if and only if, for every P; € U/P, there
exists Q;j € U/Q such that P; C Q;, where U/P={Py,P,,...,Pn} and
U/Q={Q,Q>,...,Q,} are equivalence classes induced by P and Q.

A partition induced by an equivalence relation provides a gran-
ulation space for describing a target concept. Let R;e2?
(i=1,2,...,n) be a family of equivalence relations with R; = R, >~
-+ =Ry(Ry <Ry <---<Ry), the sequence of granulation spaces
from coarse to fine (from fine to coarse) determined by R; € 2%
(i=1,2,...,n) is named a granulation order. The upper and lower
approximations of forward approximation under a granulation
order are defined as follows.

Definition 7. Let S=(U, A) be an information system, F be an
interval-valued fuzzy set of U and P = {Ry,R>,...,R,} be a family of
attribute sets with Ry = R, = --- = Ry(Ri € 24,i=1,2...,n), P-upper
approximation aprp(F) and P-lower approximation aprp(F) of
forward approximation of F are defined as:

Mapro(r)(X) = [Magroe-) (%) Mapro o) (X)] = [SUP Up-(X), SUP U+ (X)],

xe(xlg, x€[Xlg,

Mapry(F) (x) = [M@F(F*) x), Mapry(F+) (*)]

[infycu, /r, e~ (%), Infreu, p, e (X)], X € W,y
T [infreu,r, - (X), infect, r, e ()], X € W
[ianEUHl/RmuF’ (%), infer,M/R,,,uF- x)], xeUpn

where U; =U,U =Ui1 — Wiy (i=2,3,....,n+1), Wiy =
(Xl thapr, ) = [infxcur, r; s e (%), infxeu gy e (] = 07, 07]} =
{xlinfycu, r o e (%) = 07, i0fecy, ro per (%) = 07}, where 7,
n"e[0.5,1]and n=[n~, #7] €[] is a suitable threshold.

The boundary BNp(F) of F is defined as:

Hpnp(r) (X) = [SUp tp-(¥) A (1 = mfye[x]kn U+ (), Sup Ue(¥)

YeXlg, YeXIR,

AT = inny[X]Rn He-(Y)]-

Remark 1. The main idea of Definition 7 is that in the coarsest
granulation space decided by R;, delete those objects whose
decision class can be determined and obtain updated universe
U; — Wy. In the coarser granulation space determined by adding a
condition attribute, for the updated universe U; — W, delete the
objects whose decision class can be determined and update the
universe again. This process is repeated until the updated universe
becomes an empty set or there is no condition attribute can be
added. Although approximation operators are equivalent to the
ones in Definition 4, the structure of approximation operators in
Definition 7 reflects the granulation spaces changing from coarse
to fine. Definition 7 shows that the universe dwindles as the
granulation space becomes fine. This helps reduce computational
complexity.

Remark 2. Upper and lower approximations are not symmetrical.
In many applications, computing the upper approximation is not
always necessary. For simplicity, the upper approximation opera-
tor is not represented in a structural form.

Definition 7 shows that a target fuzzy concept is approached by
the upper approximation aprp(F) and variable lower approxima-
tion aprp(F). In the process of approximate classification, there
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usually exists incompatibility between the approximate classifica-
tion result and the decision class due to the unavoidable roughness
of problem description. The closer the lower approximation aprp(F)
is to F, the higher the compatibility between the approximate clas-
sification result and the decision class. The result of the forward
approximation is that the universe is decomposed into a union of
several subsets, i.e., U= W; UW, U --- W,, U Up+1. Each subset is lo-
cated in different granulation levels, and it is the maximal subset
satisfies the given threshold in the corresponding granulation.
The number of “U” quantitatively reflects the compatible extent
between the approximate classification result and decision class.

Theorem 1. Let S = (U,A) be an information system, F be an interval-
valued fuzzy set of U and P={R,R,,. . ., R,} be a family of attribute sets
with Ry =Ry > --- = Ry(Rie 2% i=1,2...,n). Let P;={Ry,Ry,...,Ri},
then for VP, (i=1,2,...,n), the following properties hold:

aprp(F) CF Caprp(F), (1)
aprp, (F) Caprp, (F) C --- Caprp,(F), (2)
BN», (F) 2 BNy, (F) 2 -+~ 2 BNy, (). 3)

Proof. It should be noted that p,,y (X) =

Then :uaprp(F) (X) = )uaer" (F) (X) < MI?(X) < iuuprk ( ) :uuprp(F)
vx € U. That is aprp(F) C F Caprp(F).

Mapr,, ) (X) in essence.
(x), for

To prove (2), we prove aprp, (F) C aprp, (F) firstly.

Hapry, (F) ()
_ { [infyeu, /&, U (X), infyey, /g, ter (X)),
(infeu, /g, fe- (X), Infxcu, jry e (X)),

xe Wy,
XGUZZU]—W],

Hapry, (7) )
[infxeu, /r, M- (X), infacu, jr, e (X)), X € Wi,
= ¢ [infxeu, /r, M- (X),i0fxep, jr, U+ (X)), X € W CU, =Uy —
[infreu, /r, - (X), inFreuy jp, e+ (X)], Xx€ Uz =Uy —Wo =U; —W; - W,.

Obviously, when xe Wy, Hapry, (¢ y(X) = Hapry, ®(X);  otherwise,
:uaprp1 ( ) )uaprp F)( ) That IS }61’ vX € U luaprP ( ) :uaprp ( )
Thus we can olz)taln that aprp, (F) Caprp, (F). 151m11arly, we can
show the other inequalities. Therefore, aprp, (F)C aprp,(F)C ---
C apry, (F). o o

“To prove (3), we prove BNp, (F) 2 BNp, (F) firstly.

) = [sup e (¥) A (1 = infyeg, - (1)), SUP fhg (¥)

yelXlp yeip,

A (] - inny[X]pl luF’ (y))]7

Hgn, ) (x

Hgn,, (F) (x)=[sup p=-M A1~ infye[x]pZ He+(Y)), Sup Ue (¥)

Yelp, yellp,

A (1= infyep, e )]

It is clear that [x], O [x],,, then SUPyepy), M- )
infycpy, M= (¥) < infye[x]p2 U+ (V)
(1 mfyexp1 Up+(V))) = (Suli’ye[x],;2 Ue-@) A (1 = infyeMp2 Up+(¥)); Simi-
larly, we can show (supyemp1 e (V) A (1 finf,,e[x]P1 Ue-(Y))) =
(Supye[x],,z He ) A (1= infye[X]pz U~ (¥)), Thus, Mg, ) (*x) = Mgy, (F) (),

that is BNp, (F) 2 BNp,(F). Analogously, the other inequalities can
be proven. O

> SUPyey, Hp (V)

therefore, (Supyepq,,1 M- (YIN

Theorem 1 states that the lower approximation enlarges as the
granulation order becomes longer by adding equivalence relations.
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To describe the uncertainty of concepts under a granulation or-
der, the approximation precision is defined as follows.

Definition 8. Let S=(U,A) be an information system, F be an
interval-valued fuzzy set of U and P = {Ry,R>,...,R,} be a family of
attribute sets with Ry =Ry > --- =R, (Rie24i=1,2...,n). The
approximation precision op(F) is defined as

szuﬂ@,, = X)
> xeuMapry ) (X)

ZXEU#@P (F) (X)

ap(F) = o
(F) : > xeuMapry ) (X)

(F7) nop(F") =

where F # ().

Theorem 2. Let S = (U,A) be an information system, F be an interval-
valued fuzzy set of U and P={R,R,, . . ., R,} be a family of attribute sets
with Ry =Ry~ --- =Ry (Ri €2% i=12...,n). Let P;={Ry,R,...,Ri},
then for VP, (i=1,2,...,n), we have

op, (F) < op, (F) < --- < ap, (F).

Proof. Forvx e U, Mg, (X)) = SUPxe v, M- (%)
Hapr,, X)) == Hapr,, (F
1 that Hapry, (X)) < uypz(m(x) <o < ,ugpn(m(x), thus according
to Definition 8, we can easily obtain ap, (F) < op,(F)<---
< op,(F7). Similarly, we can show op (F7) <op,(F) < - <
op, (FT). Therefore, ap, (F) < otp,(F) < -+ < op, (F).

The approximation precision is introduced to the forward
approximation in order to describe the uncertainty of a target
concept under a granulation order. Theorem 2 states that the
approximation precision op(F) increases as the granulation order
becomes longer. O

= Supxe[x]R2 M- (X) =
- (x). Moreover, it is clear from Theorem

4.2. Fuzzy rule extraction algorithm based on forward approximation

In the rough fuzzy set theory, rule extraction is usually per-
formed under uniform granulation, so the dynamic property is
deficient in the process of rule extraction. However, we often need
to extract rule dynamically according to the user’s requirements in
practical application. In a decision table, granulation is mainly re-
flected as the hierarchy relation between condition and decision
attribute sets. The forward approximation approaches a target con-
cept by the change in granulation, which can fully embody this
hierarchy relation. The universe dwindles gradually and the
approximation precision increases monotonously as the granula-
tion order becomes longer. Thus the computational complexity of
the algorithm is effectively reduced. Based on the forward approx-
imation, a rule extraction algorithm called MRBFA is proposed.

Definition 9. Let S=(U,Cu D) be a decision table, where C is a set
of condition attributes,D is a set of interval-valued fuzzy decision
attributes. The positive region of D with regard to C is defined as:

X) = Su X) = |Su - (X), Su X)|.
Hposc(n)( ) Feul/jD ﬂmc(m( ) [Feu% Mapre(F (%) FEU?D ﬂgc(ﬁ)( )l

The dependency degree (D) of C with regard to D is defined as:

eru sup :uupr((F’)(X) + eru sup luaprc(F*)(X)
(D) — FeU/D — FeU/D —

Based on the forward approximation, we propose a rule extrac-
tion algorithm.
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4.2.1. Algorithm MRBFA (mining rules based on the forward
approximation)

Input:decision table with interval-valued fuzzy decision attri-
bute S=(U,CUD)

Output:decision rules.

(1) For VceC, compute the dependency degree y(y(D), let
Vie;y (D) = max{y,,(D)|c € C} and Py = {c1};

(2) U/D ={F,,F>,...,F4}, where, F, (k=1,2,...,d) is an interval-
valued fuzzy set;

(3) Let P={P,},U; =U,Rule’ =Rule=0,i=1;

(4) Let Wi=uj, X apr, ) (%) = Infxcuy/p e (X) = 17, Hapryiz)
(x) = infxgui/pi,uF;(x) >0t} If W;#0, then for Vxe W, put
desp(x) — desg, (x)(k=1,2,...,d) into Rule’. Let Rule=
Rule U Rule’ and Ujq = U; — W;;

(5) If C—P=0 and Uy, #0, then for Vxec Uy, let T=
{XW@P(F)(X)>W77} = UL, {XW@,,(FE)(X) + /’LEP(F;’)(X) =N +n,
”@r(ﬂ')(") - ,ugp(m(x) >nt—n"}. For vxeT, put desp(x) —
desg, (x) (k=1,2,...,d) into Rule, go to (8);

(6) If Ui = 0, go to (8);

(7) For VYceC-P, compute YPuc) (D), let
Vruiey (D) = Max{yp i (D)|c € C - P}. Let P =PiUu{c),
P=PUPuq,i=i+1, go to (4);

(8) Output Rule.

Remark 3. In Step (4), #=[n", 5’| is a threshold and 75,
n* €[0.5,1]. In general, more conditions must be satisfied in the
rules and the applicability of the rules decreases with the increase
of . That is, n determines the granulation of the fuzzy rules to
some extent. The selection of # is determined by the actual
requirement provided by the user.

Remark 4. In Step (4), desp(x) is the antecedent of the rule, and
desr, (x) is the consequent. For example, “If a; is 1 Then d is F,",
where, “asz is 17 is desp(x), “d is F»” is des, (X).

According to MRBFA, one can extract a family of decision
rules with granulations changing from coarse to fine. The dy-
namic classification results can approximate the decision classifi-
cation as much as possible. MRBFA not only fully considers the
potential community characters among objects, but also pos-
sesses high efficiency. The time complexity to extract rules is
polynomial.

In Step (1), the time complexity for computing (D) is
o(|clU).

In Step (2), the time complexity for computing U/D is O(|UJ?).
In Step (4), the time complexity for computing W; is O(|P;||Ui[?).
In Step (5), the time complexity for computing T is O(|C||U;+1]?).
In Step (7), the time complexity for computing yp (D) is
O(IC — P[P + 1)|Uj1[?).

From Steps (4) to (7), |C| is the maximum value of the circle
times. Therefore, the time complexity is

€|
> (O(Pi|UiP) + O(Cl|Ui1 ) + O(IC = Pi(IPi| + D[Uia ). (+)

i=1

It is obvious that |P;| < |C|, |Uj| < |U|, |Ui+1| < |U), thus, the time com-
plexity of (x)is smaller than O(|C]>|UJ?). Other Steps will not be con-
sidered because that their time complexities are all constants. Thus
the time complexity of the algorithm MABFA is

€|
O(CIIUP) + O(UP) + > _(O(Pi||Ui*) + O(C|| Ui )

i=1

+0(IC — Pi|(IPi] + 1)|Us1 ) < O(ICP|UP).
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Usually, the time complexity of the rule extraction algorithm
based on attribute reduction is O(|C]>|U|?), MRBFA is much smaller
due to the universe dwindles gradually.

Remark 5. The main differences between MRBFA and the method
based on attribute reduction include two aspects. First, rule
extraction is based on a granulation order; thus, the adverse
effects of attribute reduction are excluded as much as possible.
Second, the time complexity of the model is effectively reduced
because of the dwindling universe.

4.3. An example

To illustrate the operation of MRBFA, an example is given here.
The decision table comes from Table 2. where U = {x,X>,...,X10} iS
a set of objects, C = {ay,a,,as} is a condition attribute set, d is a deci-
sion attribute, separated into three linguistic terms F;,F5,F3 and
F1,F,, F5 are interval-valued fuzzy sets.

According to MRBFA, compute the dependency degrees of
ay,a,a3 with regard to d respectively. We can obtain

Vian(d) = 255 Viayy(d) = 26 Viasy (d) = 3007

Hence, P, = {as} and P ={P,}, U; = U. For Uy/as = {{x1, X3, X4, X0},
{x2, X7, X10}, {X5, X3}, {X6}},
when x € {X1,X3,X4,X0} : /‘@pw;)(x) =0.15,
u%,(m(x) =0.2, ’LLMP(FE)(X) =0.15, ,u@l,@)(x) =02,
M@P(F3)(x) =01, NM,,(FB‘)(X) =02

when x € {x2,X7,X10} : Haprp(r)(X) = 0.05, Ugpry ) (%) = 0.1,
Haprp(ry)X) = 0.5, Hgprye;) (%) = 0.7,
Haprye5) () = 005, My 1) (X) = 0.24

when x € {x5,xs} : M@P(FD(X) =0.05, ,ugp(m(x) =0.1,
:ugp(Fz’)(X) =02, NEP(F;’)(X) =03,
N@p(Fa)(X) =05, ,u%,,(p}‘)(x) = 0.6;

when x € {xs} : '”ﬂp(m(x) =0.1, ,ugp(m(x) =0.2,
Hapry6y) (%) = 035, Ly 5 (X) = 05,

Haprp(ry) X)) = 1.0, fgpry ey (%) = 1.0

Let #n=[n",n"]=[0.50.6]. Notice that for
Hapry(r;) (%) = 05 2 17, Uapry ey (¥) = 0.7 > 1™

XE{X57X8}7uaprp(F3’)(X) =05> n, :uaprp(F;')(x) =06 > ’/I+' Xe {XG}Y
yﬂp(m(x) =10=>=y", ,u%P(FS.)(x) = 1.0 > n, then we have

x € {X2.X7.X10},

W1 = {X2,X5,Xs,X7,X3, X107},

Rule = {r; : desq,}(X2,X7,X10) — des,(x);

Iy : desyq,) (X5, Xg) — desg, (X);

13 : desiq,) (Xg) — desp,(x)} and Uy = Uy — Wy = {X1,X3,X4,Xe}.

For C — P # () and U, # 0, continue to compute the dependency de-
grees of the rest attributes a;, a, with respect to D. It should be
noted that the computation of the dependency degree is based on
the updated U, we obtain 7y, 4,(D) =433V, 0y (D) = 523- SO
choose a; as ¢,, P> = {ay, as} and P = {ay, as}. U>/P = {{x1, X3, X0}, {X4}}.

when x € {X1,X3,Xq} : ‘u@P(FD(X) =045, ,u@F(F;)(X) =0.7,
u%,(@(x) =0.15, ,u%,@)(x) =0.2, ,u%,(pg)(x) =0.1,
Haprp(ry) (%) = 0.2;
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when x € {x4} : ,ua_prp(m(x) =0.15, “@MF{)(X) =02,
,ugp(@(x) =0.5, .u@,,@)(x) =038, ,ugp(@(x) =0.2,
/v‘@,,(q)(x) =03;

Notice that for xe€ {x}, ,uﬂp(m(x) =05=n, ,uﬂp(m(x) =
0.8 > n*, then W,={x4} and Rule = {r;:desy,)(X2,X7,X10) —
des, (X); 13 : des(e,) (X5, Xs) — desg, (X); 13 : desqe,y(Xs) — desg, (X); T4 :
desiq, a3 (X4) — desg, (x)} and Us = Uy — W5 = {Xq, X3, Xg}. For C— P # 0
and Us # 0, the last attribute a; is added to P, that is P = {ay,a;, as}.
Then Us [P = {{x1, X3, Xo}}.

when xe{x;, X3, Xof g, )(X) =045, Ugpr, ) (X) = 0.7,

Papry(ky) X) = 015, fgpry 1) (X) = 0.2, Mgy ) (%) = 0.1, Py 1) (X) =
0.2.

It is clear that W3 =0 and U, =Us;. Because of C— P=( and
Us# 0, for xeUs={x1, X3, Xo}, ,uﬂp(m(x) + “MMFTJ(X) =045+
07=n +n"=05+0.6, Fapro(: (%) = Hapry(F; y(¥)=0.7- 045 >
Nt —n"=06-0.5, that is Uy, *%)=wl, then T={x;, x3, Xo}
and rs : desyq, g, (X1,X3,X9) — Ezsp1 (x) is added to Rule. The algo-
rithm stopped and rules are obtained as follows:

Rule = {ry : des(q,}(X2,X7,X10) — desr, (x), namely: If as is 1 Then
d is F and gy, (%) = [0.5,0.7]; 12 : desie,)(Xs,Xs) — desp, (X),
namely: If a3 is 4 Then d is F; and Haprp(ry) (X) = [0.5,0.6];
I3 : des(e,) (Xs) — desg, (x), namely: If as is 2_Then d is F3 and
Hapry (k3 (%) = [1.0,1.0; 14 : deSq, ;) (Xa) — des, (x), namely: If a, is
2 and az is 3. Then d is F, and (%) = [0.5,0.8];

Is : des(q, a,.a,} (X1,X3,X9) — desp, (x), namely: If a; is 2, a, is 1 and
as is 3 Then d is F; and pg,, (%) = [0.45,0.7]}.

5. Backward approximation in interval-valued rough fuzzy sets

The main purpose of the forward approximation is extending
the interval-valued rough fuzzy sets approximation from static
granulation to dynamic one, and approaching a target concept by
the change of granulation. Through the forward approximation,
one can extract a family of fuzzy decision rules with granulations
changing from coarse to fine. In some applications, however, the
approximation precision is restricted by the decision requirements
or preference of decision makers (Qian, 2008). An obvious problem
is extracting simpler rules based on keeping the approximation
precision invariant. The forward approximation appears unsuitable
for this purpose. Therefore, the backward approximation in inter-
val-valued rough fuzzy sets is proposed.

In the process of the backward approximation, the objects need-
ing to be further investigated in the universe are considered as the
next researched objective. Then a sequence of expressions with dif-
ferent granulation levels can be generated. In the family of equiv-
alence relations, the backward approximation can not only
effectively reduce the knowledge granules describing the inter-
val-valued fuzzy set, it also fully mines potential community char-
acteristics among objects based on keeping the approximation
precision invariant.

5.1. The concept of backward approximation

Let S=(U, A) be an information system, F be an interval-valued
fuzzy set of U and P={Rq,R,,...,R,} be a family of attribute sets
withRy <Ry < -+ <Ry, (Rie 24 i=1,2...,n). So the sequence of
attribute sets R;€ 2% (i=1,2,...,n) can determine a sequence of
granulation spaces from fine to coarse. The upper and lower
approximations of backward approximation are defined under a
granulation order.
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Definition 10. Let S=(U,A) be an information system, F be an
interval-valued fuzzy set of U and P = {Ry,R>,...,R,} be a family of
attribute sets withRy <R, <--- <Ru(Rie 2% i=1,2...,n). Let
P;={Rq,R,,...,R;}, P-upper approximation aprp,(F) and P-lower
approximation aprp,(F) of Pi-backward approximation of F are
defined as o

Mgy, (F) x) = [:umpiur )(x)v/v‘mpi(P)(x)] =[sup py(x), sup Ue: (X)),

xe[x]R1 xe[x]R]
Haprp (p) (x) = [ﬂgpi X, Hapry, (%) *)]
Vi inf e (x),Vinf pee(x)], i 3
= xeiy, Me-(X), Vi ey, U+ (X)), ]
) [inf pe(x), inf pe(x)], otherwise
XE[X]R1 xe[x]R1
where, j = max{t|iyy, 5 X) = [infyepy, iy (X), i, plpe (X)) =

[, 0,1 <t <}y, (o, el05,1] and {=[¢, '] €[I] is a suitable
threshold.
The boundary BNp(F) of F is defined as:

gy, X)) =1 sup  pe-MA(—  inf  pe(y), sup U (y)
! ye[X]URI‘Cpi R ye [X]“Rlel’i R ye [X]URI,CPI R
A= nf )
yE[X]“R,-ePiRi

Remark 6. The backward approximation is concentrated on the
change in the construction of the target concept. The main idea of
Definition 10 is that the number of equivalence classes used to
describe the target concept reduced as the granulation order
becomes longer. That is, new equivalence classes under different
granulations are induced by combining known equivalence classes.
Although the upper and lower approximation operators are
equivalent to the ones in Definition 4, the backward approximation
emphasizes the change in the construction of the target concept.
The structure of the approximation operators reflects the granu-
lation spaces changing from fine to coarse.

Remark 7. Notice that the upper and lower approximations are
not symmetrical. For the sake of conciseness, the upper approxi-
mation operator is not denoted in structural form. Moreover, com-
puting the upper approximation is not always necessary in many
applications. In MRBBA (Section 5.2) only the lower approximation
operator is used. Of course, one can also represent the upper
approximation operator same as the structure of the lower one.

— e+

Remark 8. {=[({", ("] is a threshold and (~, { " € [0.5,1]. In general,
more conditions must be satisfied in the rules, and the applicability
of the rules decreases with increasing {. That is, { ascertains the
granulation of the fuzzy rules to some extent. The selection of {
is determined by actual requirement provided by user.

Definition 10 shows that a target concept can be approached by
the upper approximation aprp,(F) and the variable lower approxi-
mation aprp,(F). In particular, when i=n, we denote aprp,(F) as
aprs(F) and aprp, (F) as aprp(F). aprp(F) and aprp(F) are called P-
upper approximation and P-lower approximation of P-backward
approximation of F, respectively.

Theorem 3. Let S = (U,A) be an information system, F be an interval-
valued fuzzy set of U and P={R,R,,. . ., R,} be a family of attribute sets
with Ry <Ry <--- <Ry(Rie 2% i=1,2...,n). Let P;={R;, Rs,...,Ri},
then for VP, (i=1,2,...,n), the following properties hold:

aprp, (F) = aprp, (F) = - - - = aprp, (F), (4)
aprp,(F) CF Capry, (F), (5)



12256

BNp, (F) = BNp, (F) = - -- = BN, (F). (6)

Proof. For VP, if there exists a j, then Hapr, (F y(X) = [\/Llinfxe[x]R
He-(X), Vh 1infyepy, :uF X)) = [mfxexR] Mg (%), infxe[X]Rl Upr (X)] =
Hapry, (£) (%) if there does not exist a j, then pg,., r(X) =
[infxe[x]Rl ,uF (X), infxe[x]Rl /-LF' (X)]

obtain aprp, (F) = aprp,(F) = ---

= Hapry, (r)(X). Therefore, one can
— apry, (F) = apry, (F), that is (4).

Moreover, .“M,,i(F)(X) = Hapry, (1) (X) = [infyep, M- (%), infyep,
M (X)] < [pp- (%), ppr (X)] = fp(X) < [SUPxepe, M- (X),SUPxepa, M (X)] =
Hapr, (r(X) - Thus, apry, (F) C F C apFy, (F).

For vi, e, () (X) = [SUPyepy o ep i HE-Y W) A (1 —infyep Jog,cp, i HF W),
SUPyepy,, ,  Hrr V) A (1 = infycjy 'JR kO] = [SuPyepe, Me (V)N
(1 - infye[x]R] e (¥)), SUpyele Ups(¥) A (1 — mfye[x],gl.uF’(y)] =

M, (F) (x). Then (6) is proved.
This completes the proof. O

Theorem 3 states that the lower and upper approximations of P-
backward approximation remain invariant as the granulation order
becomes longer.

Theorem 4. Let S = (U,A) be an information system, F be an interval-
valued fuzzy set of U and P={R,R,,. . ., Ry} be a family of attribute sets
with Ry <Ry < --- <Ry(Rie 2% i=1,2...,n). Let P;={Ry,R,,...,Ri},
then for VP, (i=1,2,...,n), the following properties hold:

o0, (F) = atp, (F) = -+ = tp, (F),

where  op,(F) = ap,(F) Aop (FF) =
approximation precision.

Dcut oy, ) )
eruuﬂTvrpl [F’)(x)

eru“gp[. ) *X)

is
erUMﬂP[- #H®)

Proof. It follows from Definition 10 that
aprp, (F) = aptp, (F) = - -- = aprp, (F) = aprg, (F). Then for Vxe U,
Mgpr,, (F- y(x )*HW,, (X)) = = Ugpr, (%),

y(x ) And from Theorem 3,

-=aprp,(F), then for
( ) :uaprp (X) =
= OCPTF‘

(F
:uapr, ( ) :uaprp )(X) = :uapr,"(
we can obtain that aprp, ( )_ aprp2 (F)
vxeU, ,uuprp ( ) = ,uupr,, )(X) = :uuprp
Hapry, () (X) =+ = Hapr, F+)(x) Therefore ap, (F
ac;ﬁl-Z ThlS completes the proof. O

Definition 11. Let S = (U,A) be an information system, R € 2 be a
subset of attributes ofA, I' = {Fy, F,. . .,F,} be a fuzzy partition of U,
whereF, (k=1,2,...,m) is an interval-valued fuzzy set. Lower and
upper approximations of I" with respect to R are defined by

aprel’ = {@R(Fl),mR(Fz).,...7@R(Fm)}7
aprrl” = {aprr(F1), aprr(F2), ..., aprr(Fn)}.

The target fuzzy concept is described by equivalence classes. For
the given universe U, the equivalence classes are determined by R.
So the lower and upper approximations of I have a close relation-
ship with R. We need to define a new measure to evaluate the con-

vergence of I'with respect to R, which is helpful in understanding
the construction of the lower approximation.

Definition 12. Let S=(U,A) be an information system, R € 2% be a
subset of attributes of A and I' = {Fy,F,,...,Fy,} be a fuzzy partition
of U, whereF, (k=1,2,...,m) is an interval-valued fuzzy set.
Convergence degree of I" with respect to R is defined as:

CR,T) =

= (S B S ) ) (30 B S e ),
= Ul = = Ul =

CR,I)ACR,T)
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- FJ
Where' |FI< ‘ = erU:qu (X), ‘Fll | = erU:uFll (X)' p(F J) ‘\F “v
IF|

p(El) = BT S is the number of equivalence classes that satisfied
k

,uMR(Fk)(X) = [infxew, :uF’( ), infep, :uF‘( )= [, =C Let Mm=

{[X]R|M@R(Fk)(x) [infxey N (%), infxey ﬂF*( N=[0.01=¢ xe

U}, then s = Mgy

Remark 9. Without loss of generality, one can assume that
Mgy = {A1,Az, ..., A5}, where, Aj = [xy]p, j=1,2,...,5.,¢t €{1,2,
., |U|} then convergence degree is denoted as

C(R,T) =
m erU.uF; (X) Sk erAj :u“F,; (X) 2
B (Z |U‘ Zj:] (erU:u“Fk (X)) )

k=1
m ZXEU/JF;r (X) Sk erAj :uF; (X) 2
! (Z U 2 (eruuF; (x)) )

k=1

C(R,T)ACR,TY)

Remark 10. If I" = {F}, then

CR,I)=CRIT)ACR, T = (Z pz(Fj)> A <Z pZ(Fﬂ'))

Definition 13. Let S=(U,A) be an information system,
I ={F,F,...,F

m} be a fuzzy partition of U, where F;
(k=1,2,...,m) is an interval-valued fuzzy set. P={Ry,Ry,...,Ry}
be a family of attribute sets with Ry <Ry <---

<R, (Rie24,
i=1,2...,n). Let P;={Ry,Ry,...,R;}, convergence degree of I" with
respect to P is defined as:

C(P,I') =C(P,I")AC(P,T")
- (L) (L1
= Ul =
where, [F| =,y fte(X), |F{| = ZXEUMF;<x),p<F*f> L pFY) =,

Sk = —Mpg—, Mp, = {U]ﬁ:1 [XIg, Uix = max{t\,u@&w (%) = [infrepy, M *),
infucp,, Ue: ()] = [, T3

Sk
i Swe),
j=1

\F\

Remark 11. Without loss of generality, one can assume that

Mpk:{Al,Az,.. Ask} where, A = [Xt]Rl ]— 1,2,.. Sk,I S {1 2,
.n}, t;e{1,2,...,|U]}, then convergence degree is repre-

sented as

C(P,I')=C(P,T")AC(P, T")

m erU:uF;(X) Sk ExeAj:uFE(X) :
- (; ‘U| ]Z; (erU:qu (X)> )

m erU:uFI:(x) Sk ZXEAIHFI:(X) ?
! (kz U ,Z(zxeuuq(x)) )
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Remark 12.If I'={F}, then C(P,I')=C(P, I )ACP,I")=
(PP ED) A (SEp?FD) = (Fr S (e ke (00)°)A
(P 5 (Cuen e (0)7), where A =[x,

Theorem 5. Let S = (U,A) be an information system, F be an interval-
valued fuzzy set of U and P={R,R,, . . ., R,} be a family of attribute sets
WithR; <Ry < -+ <Ru(Rie 2% i=1,2...,n). Let P;={R,Rs,...,Ri},
then for VP; (i=1,2,...,n), the following property holds:

C(P1,F) < C(P3,F) < --- < C(Py,F).

Proof. Suppose 1 <a<b<n, Mp = {A1,Az,...,Am}, Mp,ix = {B1,
By, ...,Bn}. Obviously, Mp  C Mp,x and m > n. Then there may exist
a partition {C,Cy,...,G,} of {1,2,...,m} such that B;=
Uiec A t=1,2,...,n. Therefore, one can obtain C(Py,F) = C(Py,

F7) A CPy F*) = (5 S (Cen bt (0)°) A (7 2y (Ces e (00)°) =
(P S Sy atte 00 A (S Sy alte (0 =
(Ao (Cree, ekt 00)) A (7 00 (Ciee, Yen e (00)°) >
(7 S e, ekt ®0)) A (7 22 Ciee, (Cnen ke (0)%)) =
(7= ‘zz (et (01 ) A (G i (Cen e (X)) =
C

(Pg,F~) AC(Pq,F*) = C(Pg, F).
Thus C(P,F) < C(Pp,F) < --- < (P, F). O
Theorem 6. Let S=(UA) be an information system,
I' ={F,F5,---,Fn} be a fuzzy partition of U, where F, (k=1,2,---,m)

is an interval-valued fuzzy set. P={RyR,,...,
attribute sets with R; <Ry <--- < Ry(Rje 24,

R,} be a family of
i=1,2...,n). Let-

P;={Ry,Ry,...,R;}, then for VP, (i=1,2,...,n), the following property
holds:
C(Py,T) < C(Py, T) < --- < C(P,, T).

Proof. It follows from Theorem 5 that C(P;, F)<C(Ps,
Fy) <--- <Py, Fy) for VF, (k< m). Suppose 1< a<b<n, then
C(Pg, F¢) < C(Pp, Fg). Therefore, we can obtain that C(Pq,I) =

(ZL”HU‘Z PAF) A (o, LS p2(F)) = (o, Bl (P,

F; F |F |
Ao B CPa FE)) < (S B Py F)) A (0 -

C(Pb-,FD) = C(Py,I'). Thus C(P,I") < AP, 1) < - < ((Pp 1), O

Theorem 6 shows that the convergence degree of I" with respect
to P; increases as the granulation order becomes longer. New
equivalence classes under different granulations are induced by
combining some known equivalence classes. Thus the number of
equivalence classes for describing the target concept is reduced.
This suggests a new idea to describe a target concept with as few
equivalence classes as possible based on keeping the approxima-
tion precision invariant. This may have potential applications in
the interval-valued rough fuzzy set theory, such as the description
of multi-target concepts, approximation classification, and rule
extraction.

5.2. Fuzzy rule extraction algorithm based on backward approximation

Interval-valued rough fuzzy sets theory is used to mine some
fuzzy decision rules in the form of “if ..., then ...” from an
interval-valued fuzzy decision tables. More exactly, the fuzzy
decision rules say that if condition attributes have some given
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values, then decision attributes have the other given values. In
this section, as an application of the backward approximation,
we apply this approach to fuzzy-decision-rule extraction. In view
of the backward approximation is based on dynamic granulation,
the decision classification induced by decision attributes can be
regarded as target concepts, and the condition attribute sets
can be used to construct a granulation order. Based on the back-
ward approximation, a rule extraction algorithm called MRBBA is
designed.

Let S=(U,CuU D) be a decision table, for Vc € C, the significance

of ¢ with respect to D is defined as: sig2(c) = y.(D) ~ Ve (D),

ZXGUSUPFCU,/DNMC(F )(XHZXFUSUPFEU/DIIECW %)
2|U] :

where (D) =

5.2.1. Algorithm MRBBA (mining rules based on the backward
approximation)

Input: decision table S=(U,CuUD)

Output: decision rules.

(1) Compute decision classes U/D ={F,,F,...,F;}, where, Fy
(k=1,2,...,d) is an interval-valued fuzzy set;
(2) Let Rule = Q). P] = {{C]}}.] = 1' Cl = Cv

(3) For Vce(, compute the significance sigg(c). Let
B = {colsige (co) = min{sige,(c),c € G;}}. 1f |B|# 1, then let
Viey (D) = min{y, (D), c € B};

(4) Let Gu1 = G — {co}, Pir1 = PU{{Gia}};

(5)j=j+1.1fj<|C|, go to (3); Otherwise, go to (6);
(6) Let k=1
(7) Let P=P;. Compute aprp(Fy), Mp;
(8) Put every decision rule des([x]) — desg, (x) into Rule, where
[X] € MPk;
(9) k=k+1.1f k <d, go to (7); otherwise, go to (10);
(10) let T = Uy (Xl apry sy (%) > wls Xp ¢ Mk = Ug {X| by ) (X)+

/JM,,(F;)(X) =+ ,UM,,(F,{*)( ) — Hapry( F’)(X) = -0,

[X]p ¢ Mp}. For Vx e T, put desp(x) — desg, (x) (k=1,2,...,d)
into Rule.
(11) Output Rule.

Remark 13. In Step (8), des([x]) represents the antecedent of the
rule, and desy, (x) is the consequent. Such as “If a3 is 1 Then d is
E,”, where, “az is 1” is des([x]), “disF," is desf, (x).

The time complexity to extract rules is polynomial.

In Step (1), the time complexity for computing a decision parti-
tion is O(|UJ?).

In Step (3), the time complexity for computing a significance is
O(|G; ||U?), then the time complexity of computing sigg_ (c) for
vc e G is O(|Gj|*|UJ?). The time complexity to choose the minimum
of significances is O(|Gj|). In Steps (3) - (5), since|C| — 1 is the max-
imum value for the circle times, the time complexity to construct P;

is S35 (OUGIIUP) +0(G) = S5 0GP IUP) + S5 odG) =
O(ICP|UP + (IC] = D*|UP* + (IC] = 2)*|UJ* -+ 2*|UJ*) + O(IC| + (IC| ~
1)+ +2) =

o((% (2ICP° +3[CP +Cl) - 1) \U|2) + o<% (ICI* +1€1 - z)>

= 0(|CPup?)

In Step (7), the time complexity for computing aprp(Fy), Mpy is
o(|Cl|Uf?).

In Step (8), the time complexity for putting each decision rule
into rule base is O(|Mpy|).

In Step (10), the time complexity for computing T is O(|C||U|?).
In Step (11), the time complexity is O(|U|).
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In Steps (7) - (9), d is the circle times. Therefore, the time com-
plexity of the algorithm MRBBA is O(UP)+ O(|CPU*)+
>4 (0(CIUPR) + O(Mpi)) + O(CIIU[)+ O(|U]) = O(ICF|UP).

The time complexity of this algorithm can be reduced to
0(|CP|U|log|U|) of a classigication is computed using the ranking
technique.

Remark 14. The differences between MRBBA and the method
based on attribute reduction include two aspects. First, rule
extraction is based on a granulation order, so the adverse effects
of attribute reduction are excluded as much as possible with
avoiding the attribute reduction process; secondly, MRBBA can
extract much simpler decision rules based on keeping the approx-
imation precision invariant.

5.3. An example

In order to discuss the application of MRBBA, an example is
given. The dataset given in Table 2 is reused. Where
U={x1,Xs,...,X10} is a set of objects, C={a;,a,a3} is a condition
attribute set, d is a decision attribute, separated into three linguis-
tic terms F,F,,F3 and Fy,F,, F3 are interval-valued fuzzy sets.

According to MRBBA, granulation order is constructed firstly.
Compute the significances of a;, a,, as with regard to D,
respectively. For C;=C= {a1, a,, as}, one can obtain
sige, (a1) =0, sige (az) = 3355, sig?, (a3) = 535, thus Co=ai,
G=C —{am}={ay, a3}, P, = {C1, G).

For G, one can obtain sig?, (a,) = £33, sigc, (as) = 5. Since
s:gc (az) < SlgD (a3), thus G=G—{a}={as}, P3={C;, G
G} ={{a, ay, 03} {az, az}, {as}} and P=Ps.

Let {=[0.5,0.6]. From the definition of the backward approxi-
mation, one can obtain

Hapryry (X1) = [0.45,0.7],
Hapryiry (Xs) = 0.05,0.1],
Hapry,) () = [0.45,0.7],
My, = 0:

Hapry(ry (%1) = Hapry ) (%2) =
Hapry(F) (x4) =[0.5v0.5,0.8Vv0.8], 'u@p(Fz)(X5) =

MEP(FZ)(X9) =1[0.15,0.2],

“@p(m(xz) =10.05,0.1],
M@P(Fl)(%) =1[0.1,0.2],
/v‘@,,(a)(xlo) =[0.05,0.1};

0.15,0.2],
0.2,0.3],

:uaprp Fz) - [0 2 0. 3]

Mpr, = {{X2,X7,X10}, {Xa} }.
M@p(ﬁ)(xl) =[0.1,0.2], N@p(m(xZ) =
,uaprP(F})(x5) =[0.5v0.5v0.5,0.6Vv0.6V0.6],

[0.05,0.2], u@@(xg):

Hapry,) (Xs) = 0.5V 0.5 v 0.5,0.6 v 0.6 v 0.6,

Mpr, = {{Xs,Xs}, {Xs}}-

Moreover, for x e {xy, X3, X9}, Hapro(er) (X)+
Haprp(ri(X) = 045 4+0.7 > L+ =05+0.6, -
Hapry(e)(X) — Hapryrr) (%) =0.7 ~045 > ("~ =06-05  and

[x1]p ¢ Mka, [x3]p ¢ Mp[-‘k, [Xolp ¢ Mp,, k= 1, 2, 3. Therefore
T = {x1,X3,X9}. Decision rules can be obtained as follows:

Rule = {ry/ : desyq,}(x2,X7,X10) — desr, (), namely: if az is 1 Then
d is F, and Hapry(F (%) =[0.5,0.7]; 1a: desa, a,) (Xa) — desg, (X),

namely: If a, 1s 2 andas; is 3 Then d is F, and

Hapry(,)(X3) = [0.45,0.7],

Hapryipy) (X2) = 0.05,0.1],

[0.5v0.5v0.507v0.7v0.7],
.u@,,(FZ)(XG) =

Hapryit,) (X10) = 0.5V 0.5 0.5,0.7 v 0.7 v 0.7);

0.1,0.2],
Haprp(ryy(®s) = [1.0V 1.0V 1.0,1.0 vV 1.0 v 1.0},

MEP(F3)(X9) = [0'1’ 0'2]’
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Hapry(r,) (x) = [0.5,0.8]; 1% : desq,y(Xs,Xs) — desp,(x), namely: If a3
is 4 Then d is F and g, (%) = [0.5,0.6];
1), : des(e, (Xs) — desg, (x), namely: if a; is 2 Then d is F; and
“@MF;)(") =[1.0,1.0];rs/ : desa, a, a5} (X1,X3,X9) — desp, (x), namely:

If a; is 2, a is 1 and as is 3. Then d is F; and
l‘@pm)(") > [0.45,0.7]}.

By comparing 1, 15, 3, 1, and r; with rq, 14, 15, 13 and 15 in
Section 4.3 respectively, one can easy see that the decision rules
extracted from MRBFA and MRBBA are the same.

6. Experiments analysis
6.1. Comparison with the rule extraction method in Gong et al. (2008)

Methods of fuzzy rule extraction based on rough set theory are
rarely reported in interval-valued fuzzy information systems. A
representative work is found in Gong et al. (2008). The essential
of the method in Gong et al. (2008) is to classify each object to cor-
responding decision classes according to its maximal membership
denoted by a fuzzy interval. However, suppose that the condition
attribute set includes m attributes, then the antecedent of the rule
must include m conditions, overfull conditions may reduce the
classification accuracy and the applicability of the rules. Moreover,
two memberships denoted by fuzzy intervals are incomparable
when one interval is nested in the other, then decision rules cannot
be generated in this case.

In order to compare MRBFA and MRBBA with the method in
Gong et al. (2008), the dataset given in Table 2 is reused. Using
the knowledge discovery method in Gong et al. (2008), the decision
rules are generated as follows (Gong et al., 2008):

Rule 1: IF (a;,a3,a3) =
decision is [0.45,0.7];

(2,1, 3) THEN d is F;, the precision of the

Hapyiey (%) = [0.15,0.2),

Hapryipy) (Xs) = 0.05,0.1],

Papry(ry) (X3) = [0.15,0.2],

[035,0.5],  Hypr,ir,)(X7) = 0.5V 0.5V 0.5,0.7 v 0.7 v 0.7],

Haprp(ry) (Xa) = [0.2,0.3],

H@F(F3)(X7) =1[0.05,0.2],

Hapry(ss) (X10) = [0.05,0.2];

Rule 2: IF (ay,az,a3) =(3,2,1) THEN d is F,, the precision of the
decision is [0.5,0.7];
Rule 3: IF (ay,a3,a3) =(2,2,3) THEN d is F,, the precision of the
decision is [0.5,0.8];
Rule 4: IF (ay,a3,a3) =(1,1,4) THEN d is F3, the precision of the
decision is [0.5,0.6];
Rule 5: IF (ay,a;,a3) =(1,1,2) THEN d is F3, the precision of the
decision is [1.0,1.0].
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By comparing the above rules with the ones in Sections 4.3 and
5.3, one can easy see that Rule 1 is the same as Rule r5 and r, Rule 2
corresponds to r; and r, Rule 3 corresponds to r4 and r, Rule 4 cor-
responds to r, and r}, Rule 5 corresponds to r; and r,. However,
conditions satisfied by Rules 2, 3, 4, 5 are far more than the ones
of rules generated by MRBFA and MRBBA. Therefore, rules gener-
ated by MRBFA and MRBBA possess more broad applicability.
Moreover, for MRBFA and MRBBA, decision rules can be generated
when an interval is nested in the other due to Step (5) in MRBFA
and Step (10) in MRBBA.

6.2. A practical application

In this section, rules are extracted using MRBFA and MRBBA,
respectively. Considering that MRBFA, MRBBA mainly deal with
the information systems with both crisp condition and interval-
valued fuzzy decision attributes, but there is almost no any dataset
satisfies the above conditions in existing public database, we need
to perform some pretreatments to existing public dataset. We se-
lect the dataset “housing” from UCI Machine Learning database
(http://www.ics.uci.edu/~mlearn/MLRepository.html) to imple-
ment our proposed methods and extract fuzzy rules (experiment
is performed on a 400 MHz Pentium Server with 512 MB of mem-
ory, running windows xp. Algorithms were coded in Matlab7.1).
There are 12 continuous condition attributes, 1 binary-valued con-
dition attribute “CHAS” and a continuous class attribute “MEDV” in
this database. There is no missing attribute value. Pretreatments
include the discretization of condition attributes, the fuzzification
of decision attributes and the conversion of a fuzzy set to an inter-
val-valued fuzzy set.

Table 3
Classification accuracies of MRBFA, MRBBA and KD.
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The discretization of condition attributes is implemented by
equal frequency scaler (Wang, 2001). A simple algorithm (Yuan &
Shaw, 1995) is used to generate a triangular membership function
defined as follows:

1’ X < my,
Ti(x) = (M —x)/(My —my), m; <X <my,
my <X,
1, X = My,
Te(®) = ¢ (X —my_1) /(Mg — My_1), Mg <X <My,
X < Mgy,
07 X = miq,
Tix) = (Misy —X)/(Mig — M), M <X < Mg,
! (X—mi_q)/(m—mi_1), Mg <X<m.

0, X < Mmjq

The slopes of the triangular membership functions are selected
such that adjacent membership functions cross at the membership
value 0.5. In this case, the only parameter to be determined is the
set of kcenters M ={m;, i=1,2,...,k}. The centers m; can be calcu-
lated using Kohonen’s feature-maps algorithm (Kohonen, 1988).

Decision attributes have been fuzzified for the dataset
“housing”. A construction theorem is used to construct an inter-
val-valued fuzzy set from a fuzzy set (Liu, 2000). Then an inter-
val-valued fuzzy information system can be obtained. There are
506 objects, 13 discrete condition attributes and an interval-valued
fuzzy decision attribute that includes three interval-valued attri-
bute values, every attribute value is an interval-valued fuzzy set

The number of objects in training set The number of objects in test set Method Training accuracy (%) Testing accuracy (%)
506 506 MRBFA(1~ =0.5, 1" = 0.55) 0.65834 0.65834
MRBFA(;~ = 0.5, 1" = 0.52) 0.68415 0.68415
MRBFA(1~ =0.5, 1* = 0.5) 0.73577 0.73577
MRBBA({™ = 0.5, {* = 0.55) 0.65333 0.65333
MRBBA({™ = 0.5, {* = 0.52) 0.67756 0.67756
MRBBA({™ =0.5, {*=0.5) 0.72369 0.72369
KD 0.99290 0.99290
425 81 MRBFA(1~ = 0.5, 1" = 0.55) 0.69529 0.52383
MRBFA(1~ =0.5, 1" = 0.52) 0.72647 0.58617
MRBFA(1~ =0.5, 1" =0.5) 0.75824 0.66852
MRBBA({™ = 0.5, {*=0.55) 0.68934 0.52870
MRBBA({™ =0.5, {*=0.52) 0.71894 0.59852
MRBBA({™ =0.5, {"=0.5) 0.75647 0.67149
KD 0.97754 0.34568
350 156 MRBFA(1~ = 0.5, 1" = 0.55) 0.69957 0.53923
MRBFA(~ =0.5, 1" = 0.52) 0.75571 0.62564
MRBFA(1~ =0.5, 1* = 0.5) 0.81814 0.68564
MRBBA({™ = 0.5, {* = 0.55) 0.69637 0.53983
MRBBA({™ = 0.5, {*=0.52) 0.75429 0.62282
MRBBA({™ =0.5, {*=0.5) 0.81286 0.69154
KD 0.96882 033974
250 256 MRBFA(1~ = 0.5, 1" = 0.55) 0.70600 0.55438
MRBFA(1~ =0.5, 1" = 0.52) 0.75800 0.62438
MRBFA(1~ =0.5, 1" =0.5) 0.82200 0.70609
MRBBA({ = 0.5, {*=0.55) 0.69300 0.55007
MRBBA({™ = 0.5, {*=0.52) 0.75400 0.62688
MRBBA({™ =0.5, {"=0.5) 0.81643 0.70134
KD 0.96800 0.29688
150 356 MRBFA(1~ =0.5, 1" = 0.55) 0.78333 0.59157
MRBFA(1~ =0.5, 1" = 0.52) 0.81333 0.65562
MRBFA(1~ =0.5, 1* = 0.5) 0.87333 0.73124
MRBBA({™ = 0.5, {* = 0.55) 0.78311 0.59361
MRBBA({™ = 0.5, {* = 0.52) 0.80667 0.65932
MRBBA({™ =0.5, {*=0.5) 0.88903 0.74825
KD 0.97333 0.22753
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Fig. 1. Testing accuracy. —J—: MRBFA(y~ =0.5, n *=0.55); —O—: MRBFA
(1= =0.5, #1"=0.52); —x—: MRBFA(53~ =0.5, n*=0.5); —+—: MRBBA(¢ =0.5,
& =0.55);—v—:MRBBA(¢™ =0.5,¢ =0.52); —v—: MRBBA(¢™ = 0.5, ¢" = 0.5); —: KD.

on the data set. Rule extraction on interval-valued fuzzy data is
then performed using the three methods: MRBFA and MRBBA,
the algorithms proposed in Gong et al. (2008) (denoted as KD).

The classification accuracy (including training accuracy and
testing accuracy) is used for the evaluation of the three algorithms.
The selected dataset is firstly divided into two parts: the training
set composed of some randomly chosen samples, and the test set
composed of the remainder. Table 3 enumerated part training accu-
racies and testing accuracies corresponding to different sizes of
data sets and different thresholds. Thresholds 7 and { can be con-
sidered as the parameters to control the granularity of fuzzy rules.
We take the values of # and ¢ from [0.5,0.5] to [1.0,1.0] with Step
0.01. The classification accuracies vary with the thresholds. Gener-
ally, [0.5,0.5] ~[0.5,0.7] is a candidate range for # and {, where
both training and testing accuracies obtain good classification
performance. Table 3 shows that two facts: (1) the classification
accuracies of MRBFA and MRBBA are almost equivalent; (2)the
training accuracies of KD are more than that of MRBFA and MRBBA,
however, the testing accuracies of KD are far less than that of
MRBFA and MRBBA. Such as, for the data set that includes 150
training samples and 356 test samples, the average classification
accuracy obtained for MRBFA (= =0.5, n*=0.5) are 87.333%
(training accuracy) and 73.124% (testing accuracy), for MRBBA
(=05, {"=0.5) are 88.903% and 74.825%. For KD, the accuracy
is 97.333% using the training data, 22.753% for the test data. The
objective of learning is to extract rules that can be used to predict
the logical implication as accurate as possible when applied to
new examples, so testing accuracy is an important criterion to eval-
uate a rule extraction method. Though the rules obtained by KD
have better classification accuracies with reference to the training
data set, their generalization ability are rather low since perfect
match of condition attribute values is generally difficult. It can be
seen from Table 3 that the testing accuracies of KD are almost under
35% (only when the test set is the same as the training set, the
testing accuracy is 99.29%, which is equivalent to the training
accuracy), it’s unpractical in application. Taking one with another,
MRBFA and MRBBA outperforms KD. More intuitionistic compari-
sons can be found in Fig. 1.

7. Conclusions

This paper presents two fuzzy rule extraction methods for inter-
val-valued fuzzy information systems. The main advantages of the
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methods cover four aspects: firstly, rule extraction is based on a
granulation order, so the adverse effects of attribute reduction
are excluded as much as possible; secondly, for MRBFA, computa-
tional consumption can be reduced effectively as the domain grad-
ually narrows; thirdly, the applicability of the extracted rules by
using MRBFA and MRBBA is more broader than the ones obtained
by KD; finally, rules can still be generated when one interval is
nested in the other. The examples explain the operation mecha-
nism of the rule extraction algorithms and the experiment results
show that the two algorithms are reasonable and effective.
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