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Abstract Clustering categorical data arising as an

important problem of data mining has recently attracted

much attention. In this paper, the problem of unsupervised

dimensionality reduction for categorical data is first stud-

ied. Based on the theory of rough sets, the attributes of

categorical data are decomposed into a number of rough

subspaces. A novel clustering ensemble algorithm based on

rough subspaces is then proposed to deal with categorical

data. The algorithm employs some of rough subspaces with

high quality to cluster the data and yields a robust and

stable solution by exploiting the resulting partitions. We

also introduce a cluster index to evaluate the solution of

clustering algorithm for categorical data. Experimental

results for selected UCI data sets show that the proposed

method produces better results than those obtained by other

methods when being evaluated in terms of cluster validity

indexes.

Keywords Categorical data �Rough sets � Fuzzy k-modes �
Clustering ensemble � Cluster cardinality index

1 Introduction

Clustering is unsupervised learning when the data at hand

are unlabeled. The essence of clustering is to partition a

given set of unlabeled data into several clusters, in which the

objects located within the same cluster are similar to each

other, but quite dissimilar from those forming some other

clusters. A large variety of clustering algorithms such as

C-means (Ball and Hall 1967; Anderberg 1973; Jain 2010)

and fuzzy C-means (FCM) (Bezdek 1981; Pedrycz 1996;

Bargiela and Pedrycz 2005; Pedrycz et al. 2010) have been

proposed and been widely used in real-world domains

including data mining, information retrieval, machine

learning and many others (Jain and Dubes 1988; Pedrycz

2005). Actually, clustering is a demanding combinatorial

optimization task and no single clustering algorithm is

capable of delivering sound solutions for all data sets.

Clustering ensemble (Ghaemi et al. 2009; Li et al. 2010;

Vega-Pons and Ruiz-Shulcloper 2011), inspired by the idea

of classifier ensemble encountered in supervised learning,

has emerged as a technique for overcoming the problems

associated with the individual clustering algorithms, such

as robustness (Topchy et al. 2005), stability (Kuncheva and

Vetrov 2006), parallelization (Tumer and Agogino 2008),

and scalability (Hore et al. 2009), and has consequently

found its applications in bioinformatics (Monti et al. 2003;

Yu et al. 2007, 2011), image segmentation (Jiang and Zhou

2004; Yu et al. 2007; Zhang et al. 2008), feature selection

(Hong et al. 2008a, b) and others (Yu et al. 2008). The

method of clustering ensemble leverages the consensus

across multiple clustering partitions and combines them

into a single solution. Therefore, the process of clustering

ensemble involves two stages. The first one is to produce a

population of diverse multiple clustering partitions by a

generative mechanism such as resampling (Fischer and
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Buhmann 2003; Minaei-Bidgoli et al. 2004; Lange and

Buhmann 2005; Yu and Wong 2009; Jia et al. 2011),

attribute subspace or projection (Fern and Brodley 2003;

Gionis et al. 2007; Al-Razgan et al. 2008), heterogeneous

algorithm (Strehl and Ghosh 2002), homogenous algorithm

with different initializations or parameters (Kuncheva and

Vetrov 2006; Ayad and Kamel 2008), etc. The second

stage is to combine multiple clustering results into a final

solution, and some consensus functions have been pro-

posed to deal with it. In Tumer and Agogino (2008),

Fischer and Buhmann (2003), Ayad and Kamel (2008) and

Ayad and Kamel (2010), a relabeling and voting method

was introduced. The cluster labels of individual clustering

were first aligned with respect to that of a reference clus-

tering and then a voting scheme was employed to deter-

mine the final cluster label of objects. Strehl and Ghosh

(2002), Topchy et al. (2005) and Luo et al. (2006) for-

malized clustering ensemble as a combinatorial optimiza-

tion problem. Its objective was to find a mean partition that

minimized its distance to all individual partitions in terms

of normalized mutual information (NMI), generalized

mutual information (GMI) or conditional entropy. The

works in Yu et al. (2007), Strehl and Ghosh (2002), Fern

and Brodley (2004) and Domeniconi and Al-Razgan (2009)

represented clustering ensemble as a partitioning problem

of a suitably defined graph or hypergraph whose vertices

corresponded to the objects or clusters (or both the objects

and clusters) and edges denoted their similarity. The final

clustering solution was achieved using graph or hypergraph

partition algorithm such as METIS, HMETIS, normalized

cut or spectral clustering. In Fern and Brodley (2003), Fred

and Jain (2005) and Iam-On et al. (2011, 2012), multiple

clusterings were mapped into a matrix whose entries con-

tained the pair-wise similarity of the objects over all

clustering results and then a similarity-based clustering

algorithm can be applied to yield a final solution. A dif-

ferent consensus function proposed by Topchy et al. (2005)

and Lange and Buhmann (2005) defined the problem of

clustering ensemble as maximum likelihood estimation and

EM algorithm was used to find a consensus clustering

solution. In addition, several papers study the general

framework and extension of clustering ensemble. Yu et al.

(2012) investigated the effect of data transformation on the

performance of clustering ensemble, and a general form of

transformation operator was proposed. Following that, they

(Yu et al. 2012) extended clustering ensemble to structure

ensemble. A novel structure ensemble approach based on

graph partition was introduced to combine the structures

obtained from different data sets generated by the bagging

technique, and achieved better performance on practical

cancer gene data sets.

Although many clustering ensemble algorithms have

been proposed, they mainly deal with numeric data whose

inherent geometric properties can be exploited to express

distance between data points, which limits its use in the

area of data mining where large categorical data are pre-

valent. In this paper, we mainly focus on the generative

mechanism of diverse clustering partitions for categorical

data, especially by the technique of attribute subspace, due

to the identicalness between categorical data and numerical

data in combining multiple clustering results. He et al.

(2005) analyzed the relationships between clustering cate-

gorical data and clustering ensemble. Each attribute in

categorical data was used to generate a partition of objects

and then the resulting clustering partitions were combined

by the consensus functions presented in Strehl and Ghosh

(2002). Obviously, only one of all attributes is insufficient

to generate a sound partition. Li and Chen (2010) extended

the work reported in He et al. (2005) by weighting the

attributes of categorical data. The redundant attribute was

first removed by considering the implicit relationship

between different attributes. Then, the similarity degree of

objects was calculated by taking into account their rele-

vance with respect to attribute weights. Nevertheless, the

attribute weight is difficult to acquire without expert’s

involvement or domain knowledge. Al-Razgan et al.

(2008) introduced a clustering ensemble method for cate-

gorical data based on random subspaces. The COOLCAT

algorithm was used to produce the partition in each random

subspace and the final clustering result was generated by

the proposed categorical similarity partitioning algorithm

(CSPA) and categorical bipartite partitioning algorithm

(CBPA). Generally, the performance of clustering ensem-

ble rests with not only the diversity of clustering partitions

but also the quality of individual partition. Admittedly,

random subspaces could yield diverse partitions. However,

the quality of those resulting partitions could not be

ensured because of the randomness in generating the

attribute subspace.

Instead of single attribute subspace and random attribute

subspace presented in Al-Razgan et al. (2008) and He et al.

(2005), we propose a relevant subspace-based clustering

ensemble algorithm for categorical data. Our motivation is

from the following aspects: (1) it is quite likely that there

are some irrelevant or redundant attributes in practical data,

especially the data with high dimensions but small objects.

(2) Several clusters may exist in different subspaces com-

prised of different combinations of attributes. In view of

these characteristics of the data, we first exploit the theory

of rough sets to eliminate the irrelevant and redundant

attributes and then generate all relevant combinations of

attributes (referred to as rough subspace hereafter). After

ranking the generated rough subspaces by quality measure,

our algorithm selects some rough subspaces with high

quality to yield different clustering partitions. We antici-

pate that the selected rough subspaces not only preserve the
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granular structure of the original data but also bring high

diversity of partitions. As a result, a sound solution could

be obtained by combining the resulting partitions with a

certain consensus function. In addition, we design a new

internal index called cluster cardinality index (CCI) to

evaluate the performance of clustering ensemble algorithm

for categorical data. The new index is based on set oper-

ators, which could measure categorical data effectively.

The experimental results demonstrate that the performance

of the proposed algorithm is improved in comparison with

some existing clustering ensemble algorithms and is sub-

stantially better than the result produced by an individual

clustering algorithm.

The contributions of the paper are threefold. First, we

introduce a concept of rough subspace into clustering

ensemble, the aim of which is to remove the irrelevant and

redundant attributes in categorical data and consequently

improve the quality of individual clustering solution. Sec-

ond, a novel clustering ensemble method based on ranked

rough subspaces is presented to deal with categorical data,

which could balance individual quality against diversity

and provide a better final result. Third, a new internal

cluster index called CCI is proposed to evaluate the per-

formance of clustering ensemble algorithm.

The paper is organized as follows. Section 2 outlines

some basic concepts related to our work. Section 3 proposes

an unsupervised dimensionality reduction algorithm to find

all rough subspaces of categorical data. Subsequently, a

novel clustering ensemble method based on selected rough

subspaces is introduced to deal with categorical data

(Sect. 4). Section 5 reports on experimental results obtained

from several UCI data sets (http://archive.ics.uci.edu/ml/).

Finally, Sect. 6 concludes the paper and identifies several

issues worth further investigation.

2 Related concepts and notations

In this section, we review some pertinent concepts, such as

rough sets, fuzzy k-modes and clustering ensemble.

Detailed investigations are reported in Ghaemi et al. (2009),

Li et al. (2010), Vega-Pons and Ruiz-Shulcloper (2011),

Pawlak (1982, 1991), Liu (2001), Wang (2001), Zhang et al.

(2001), Miao and Li (2008) and Huang and Ng (1999).

2.1 Rough sets

In rough set theory, a bivariate table whose columns are

labeled by attributes and rows are labeled by objects of

interest is called information system. Formally, an infor-

mation system is defined as IS = (U, A, V, f), where U is a

nonempty and finite set of objects, called the universe; A is

a nonempty and finite set of attributes; V is the union of

attribute domains, i.e., V = [Va, where Va denotes the

domain for each attribute a [ A; and f is an information

function which associates a unique value of each attribute

with every object belonging to U. If the attribute set A can

be divided into condition attribute set C and decision

attribute set D, the information system is also called

decision information system or decision table. If not stated,

the data sets in this study are all information systems with

only categorical condition attributes (called categorical

data hereafter).

An arbitrary attribute set B of A determines a binary

relation IND(B), called indiscernibility relation.

INDðBÞ ¼ fhx; yi 2 U �Uj8 a 2 B; f ðx; aÞ ¼ f ðy; aÞg ð1Þ

Obviously, an indiscernibility relation is an equivalence

relation which satisfies reflexivity, symmetry and

transitivity. Arbitrary hx, yi belonging to IND(B), it

means that objects x and y are indiscernible with respect

to B. The family of all equivalence classes of IND(B), i.e.,

the partition of the universe U determined by B, is denoted

by U/IND(B) or simply by U/B. While an equivalence class

induced by IND(B), i.e., the block of the partition U/B, is

referred to as B-elementary set or B-elementary granule

and is denoted by

½x�B ¼ fy 2 Ujhx; yi 2 INDðBÞg ð2Þ

Rough set theory dwells upon two basic concepts,

namely the lower and upper approximations of a set. Let X

be a subset of the universe U, the lower and upper

approximations with respect to B (B ( A) are denoted as

B(X) and BðXÞ, respectively.

BðXÞ ¼ fx 2 Uj½x�B � Xg ð3Þ

BðXÞ ¼ fx 2 Uj½x�B \ X 6¼ ;g ð4Þ

The B-lower approximation of the concept X is the

union of all B-elementary sets that are included in X,

whereas the B-upper approximation of the concept X is the

union of all B-elementary sets that have a nonempty

intersection with X. If BðXÞ ¼ BðXÞ, X is a crisp (definable)

set with respect to B. Otherwise, X is a rough (indefinable)

set. BNDBðXÞ ¼ BðXÞ � BðXÞ is called the boundary of X

over U.

Let IS = (U, A, V, f) be a categorical data, the dis-

cernible information among the objects can be represented

by a symmetric matrix of dimensionality |U| 9 |U| (dis-

cernibility matrix). For any two objects xi and xj, the ele-

ment rij of discernibility matrix M is defined as

{a[A|a(xi) = a(xj)}.

Attribute reduction is a key problem in rough set theory.

Given a categorical data IS = (U, A, V, f) and its
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discernibility matrix M, for any subset P ( A, if P satisfies

the conditions:

(I) for any element r of M, P has a nonempty intersection

with r;

(II) no attribute can be eliminated from P without

affecting the requirement (I).

then, P is a reduct of categorical data IS.

A reduct is a minimum subset of attributes that provide

the same descriptive ability as the entire set of attributes. In

other words, attributes in a reduct are jointly sufficient and

individually necessary for clustering. Usually, there exist a

number of reducts for a given categorical data. The inter-

section of all reducts is called attribute core in rough set

theory.

2.2 Fuzzy k-modes

The method of fuzzy k-modes (Huang and Ng 1999) is one

of the most popular individual clustering algorithms for

categorical data. Specifically, it uses a simple matching

dissimilarity measure as distance function, while the means

presented in the fuzzy C-means are replaced by the modes.

In the process of clustering, a frequency-based method is

employed to update the modes in the FCM-like fashion

to minimize the associated objective function. As the fuzzy

k-modes algorithm uses the same clustering process as the

FCM, it preserves the efficiency of the FCM algorithm.

Let x, y be two categorical objects represented by vec-

tors [x1, x2, …, xm] and [y1, y2, …, ym], respectively. For-

mally, the dissimilarity of the objects x and y is described

as follows:

dðx; yÞ ¼
Xm

j¼1

dðxj; yjÞ ð5Þ

where dðxj; yjÞ ¼
1 xj 6¼ yj

0 xj ¼ yj

�
.

The objective of fuzzy k-modes clustering is to split a

set of n categorical objects into k clusters, i.e., to find W

and Z that minimize the expression

JðX;W ; ZÞ ¼
Xk

l¼1

Xn

i¼1

wa
il
dðXi; ZlÞ ð6Þ

Here Zl represents a set of modes for k clusters and wil is

an element of a fuzzy partition matrix. The fuzzy k-modes

algorithm uses the FCM paradigm to cluster categorical

data. However, the way to update the modes in each

iteration is different from the one used in the FCM

algorithm.

Let X be a set of objects described by categorical

attributes a1, a2, …, am, while the domain of attribute aj is

denoted as VðajÞ ¼ a
ð1Þ
j ; a

ð2Þ
j ; . . .; a

ðnjÞ
j

n o
, where nj is the

number of values of attribute aj. Let Zl be a cluster center

represented by [zl1, zl2, …, zlm]. Then, the quantity J(X, W, Z)

is minimized iff zlj ¼ a
ðrÞ
j 2 V aj

� �
; where

P
i;xij¼a

ðrÞ
j

wa
li

�
P

i;xij¼a
ðtÞ
j

wa
li; 1� r� nj; 1� t� nj; t 6¼ r; 1� j�m and

1� l� k.

In each iteration, every attribute within cluster mode is

given by the value that achieves the maximum of the

summation of membership degree over all attribute values.

If the value is not unique, the cluster mode will be arbi-

trarily assigned one of them.

2.3 Clustering ensemble

Cluster ensemble usually involves two stages. At the first

one, some partitions of the data are produced by a given

generative mechanism. Next, the cluster ensemble algo-

rithm takes these partitions as input and uses a certain

consensus function to form a single clustering partition to

be treated as the final output.

Let X be a data of n objects positioned in m-dimensional

space, and P be a set of H partitions P = {p1, p2, …, pH} of

objects in X. Each partition in P is a set of disjoint and

nonempty clusters pi ¼ L1
i ; L2

i ; . . .; L
KðiÞ
i

n o
; X ¼ L1

i [ L2
i

[ � � � [ L
KðiÞ
i ; and for any pi, K(i) is the number of clusters in

the i-th clustering partition. The problem of clustering

ensemble is to find a new partition r = {C1, C2,…, CK} of

data X given the partitions in P, such that the final clustering

solution is better than any individual clustering partition.

This statement of the problem is virtually the same as

for the ‘‘conventional’’ clustering except that it uses the

information contained in the already existing partitions.

Other variants of this definition could be obtained by

imposing some additional requirements on the target par-

tition, such as fixing the number of clusters, or admitting

membership values for data objects.

3 Rough subspaces of categorical data

In theory, a clustering algorithm with more attributes

should provide better descriptive power, but in practice,

with a limited number of data, excessive attributes not only

slow down the learning process, but also result in poor

performance as irrelevant and redundant attributes may

confuse the learning algorithm. Attribute reduction (feature

selection) is a research field, which has been shown

effective in enhancing learning efficiency, improving

learning performance, and reducing the complexity of

learning algorithm. In rough set theory, attribute reduction

is a key research problem and many useful algorithms have

been proposed (Thangavel and Pethalakshmi 2009; Miao
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et al. 2009; Zhou et al. 2011). A reduct (rough subspace) is

a subset of all attributes, which not only excludes irrelevant

and redundant attributes, but also keeps the granular

structure of the original data.

Generally, the entire set of attributes can be classified

into three disjoint categories by exploiting the correlation

measure, namely strongly relevant, weakly relevant and

irrelevant attributes. Strong relevance of an attribute indi-

cates that this attribute is always necessary for clustering; it

cannot be removed without affecting the original granular

structure. Weak relevance suggests that the attribute is not

always important but may become necessary for clustering

under certain conditions. Irrelevance indicates that the

attribute is not necessary at all. An optimal rough subspace

should include all strongly relevant attributes, none of

irrelevant attributes, and a subset of weakly relevant ones.

In fact, with the concept of discernibility matrix in rough

set theory, it is easy to categorize the attributes into three

different sets. Each attribute in core set is closely relevant

to clustering, namely strongly relevant attribute; the attri-

bute that does not appear in discernibility matrix is com-

pletely irrelevant to clustering, namely irrelevant attribute;

and the other attributes are weakly relevant. In order to

elaborate on our algorithm, we first present some related

concepts.

Formally, a categorical data is denoted as IS = (U, A, V, f).

From another viewpoint, the problem of clustering categor-

ical data is to find a label for every object in the data and

finally form a decision table. In order to ensure the validity of

attribute reduction algorithm, we need to discuss the rela-

tionships of categorical data itself and its corresponding

decision table, namely resulting partition of clustering algo-

rithm. In what follows, the decision table induced by clus-

tering algorithm is denoted by DS = (U, A = C [ D, V, f)

and is referred to as underlying decision table.

Proposition 1 Let IS = (U, A, V, f) be a categorical data.

If Core1 is the set of core attributes in categorical data IS

and Core2 is the set of core attributes in underlying deci-

sion table DS, then the formula Core2 ( Core1 holds.

Proof Reductio ad absurdum. Assume that there is a core

attribute a [ Core2 but a 62 Core1. Then, it follows that

there exist two objects Xi and Xj belonging to two different

classes and only attribute a can discern them. In other

words, objects Xi and Xj are indiscernible without attribute

a. From the definition of discernibility matrix, any dis-

cernible information between the objects will be produced.

Consequently, the discernibility matrix of the categorical

data IS definitely contains a singleton set ‘‘{a}’’. Therefore,

the formula a [ Core1 holds. In other words, any attribute

in the core set of the underlying decision table DS is also a

core attribute of the categorical data IS. The proposition

has been proved.

Proposition 2 Let IS = (U, A, V, f) be a categorical data.

If RED1 is a rough subspace of the categorical data IS,

there must exist a rough subspace RED2 in the underlying

decision table DS and the formula RED2 ( RED1 holds.

Proof In order to maintain the descriptive ability of the

categorical data, each discernible information between

the objects is preserved in the discernibility matrix of the

categorical data IS. However, only the discernible infor-

mation related to the objects that have different class labels

is presented in discernibility matrix of the underlying

decision table DS. Therefore, the collection of elements in

the discernibility matrix of DS is a subset of that in the

discernibility matrix of IS. Assume that r1 is an element of

the difference set of the collections of IS and DS. Then,

there exist three different relationships between r1 and the

elements of the collection MDS of DS.

1. Ar2 [ MDS, it has r2 ( r1. According to the definition

of rough subspace, RED2 should have a nonempty

intersection with every element in MDS. Therefore, the

intersection of RED2 and r1 is definitely nonempty

under the condition r2 ( r1. In other words, RED2 is

sufficient to discern the objects which produce dis-

cernible information r1. If this case holds for all

elements in the difference set of the collections of IS

and DS, the rough subspace of IS is the same as that of

DS.

2. Ar2 [ MDS, it has r2 . r1. Under these circumstances,

some rough subspaces in DS may be not enough to

discern the objects which produce discernible infor-

mation r1. But the rough subspace that contains an

element of the intersection set of r1 and r2 is sufficient

for those objects. Therefore, for any rough subspace in

MDS and r1, there must exist a rough subspace in DS

and these two rough subspaces have same attributes.

3. Vr2 [ MDS, it has r2 X r1 and r1 X r2. In this case, the

rough subspace RED2 in DS may be not sufficient to

discern all objects in IS, and some attributes will be

added to be the rough subspace of IS. Therefore, the

rough subspace of DS will be included by that of IS.

In all cases, a rough subspace of IS includes at least one

of rough subspaces of DS. The proof of the proposition has

been completed.

The propositions presented above show the implicit

relationship of the categorical data and its underlying

decision table. They guarantee that the rough subspace of

categorical data can hold the descriptive ability for any

underlying decision table. Therefore, the process of attri-

bute reduction based on discernibility matrix is effective in

dealing with categorical data. In the following sections, we

first introduce two set operators defined on discernibility

matrix, and an unsupervised algorithm based on the two set

Rough subspace-based clustering ensemble

123



operators is then proposed to find all rough subspaces of

categorical data.

Definition 1 Let M be discernibility matrix of a cate-

gorical data IS = (U, A, V, f), for any subset B of A, the

relevant set of B within M is defined as

RSMðBÞ ¼ K 2 MjK \ B 6¼ ;f g:
Definition 2 Let M be discernibility matrix of a cate-

gorical data IS = (U, A, V, f), for any subset B of A, the

complement set of B within M is defined as

CSMðBÞ ¼ K � BjK 2 Mf g:

With the definitions stated above, a rough subspace

could be produced through the following steps. Core

attributes are first added to rough subspace, and then the

algorithm iteratively puts a maximum frequency attribute

in the rough subspace and at the same time the relevant set

of this attribute is removed from discernibility matrix

M until M is empty. As for all rough subspaces, we could

employ the concept of complement set for the attribute to

generate all possible combinations of attributes. The

detailed procedure is shown in Algorithm 1.

Algorithm 1 involves two closely integrated stages: (1)

categorizes all attributes into relevant, weakly relevant and

irrelevant attribute sets with discernibility matrix, and (2)

recursively explores the rough subspace from data stack.

At the first stage (from Step 1 to Step 3), it first computes

the discernibility matrix of the given categorical data,

and some redundant elements are removed from the

discernibility matrix using the law of absorption. Then, all

attributes are partitioned into three different attribute sets,

namely core, candidate, and irrelevant attribute sets. At the

second stage (from Step 4 and Step 9), the algorithm first

adds core attributes to the rough subspace. Then, it itera-

tively selects a weakly relevant attribute with maximum

frequency within current candidate information set.

Meanwhile, the relevant set of this attribute within current

candidate information set is removed from the discern-

ibility matrix. The algorithm produces a rough subspace

when current information set is empty. In Step 8, the

complement set of the selected attribute is saved by the

algorithm if it differs from the current information set.

Because the complement set of an attribute does not con-

tain the attribute itself, it can be used to compute other

rough subspaces without that attribute. As a result, the

difference comes into existence between the produced

rough subspaces. The algorithm terminates when the data

stack is empty, which means that all possible combinations

of attributes have been investigated.

In Algorithm 1, the major computing focuses on estab-

lishing the discernibility matrix. Assume that Cj j ¼ m;

U=Cj j ¼ n; C m=2d e
m ¼ k. The time complexity of forming

the discernibility matrix is O(mn2). Because of the sym-

metry, there are only n (n-1)/2 useful elements in the

matrix. By virtue of the absorption law, the number of

necessary elements in the discernibility matrix will

decrease to the worse-case k from n (n-1)/2 (Wang and

C. Gao et al.
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Gao 2009). In Step 7, if an attribute has been selected, this

attribute and its supersets are removed from current can-

didate information set. In worst-case, the candidate infor-

mation set will be null after m = |C| times. Based on the

discernibility matrix, the time complexity of computing a

rough subspace is O(mk), which is approximate to O(mn2).

The space complexity is O(k). When there are m attributes

in a given categorical data, the number of all rough sub-

spaces is less than O(k) (Wang and Gao 2009). Therefore,

the total time complexity of Algorithm 1 is O(kn2m), and

the space complexity is only O(kn).

To fully illustrate our proposed algorithm, we give a

categorical data whose objects are represented by six cat-

egorical attributes (Table 1). The detailed procedure is

shown in Algorithm 1.

The algorithm first generates a discernibility matrix

whose entries denote the discernible information between

the objects (Table 2). With the law of absorption, the dis-

cernibility matrix is reduced to {{d}, {a, b}, {c, e}}. Then,

core attribute d is set to initial element of all rough sub-

spaces and is pushed into data stack L with other discern-

ible information {{a, b}, {c, e}}. In the last pushed

candidate information {{a, b}, {c, e}}, attribute a is

selected to be candidate for rough subspace, and its com-

plement set {{b}, {c, e}} and attribute set {d} are pushed

into L for computing the rough subspaces without attribute

a. While the attribute set {d, a} and candidate information

except the relevant set of attribute a are also stored to

generate the rough subspaces containing attribute a. In the

second round of selection, attribute c is chosen and its

complement set {{e}} with attribute set {d, a} is deposited.

Following that, a rough subspace {d, a, c} is produced

because current candidate information is null. Other rough

subspaces could be deduced by analogy. The overall pro-

cess of generating all rough subspaces can be depicted as

Table 3 and be structured as a binary tree in Fig. 1.

4 Combining rough subspace-based partitions

4.1 Structure of rough subspace-based clustering

ensemble

Based on Algorithm 1, the whole attributes can be grouped

into a number of rough subspaces. Each rough subspace

preserves the clustering power of the original attribute set.

Therefore, it is sufficient to cluster the data. Moreover,

different rough subspaces describe the data from different

viewpoints, which suggests that we could choose some

rough subspaces to cluster the data and ensemble them to

obtain a good clustering solution. The structure of rough

Table 3 The dynamic process of Algorithm 1 for Table 1

Iteration Data stack L Attribute set M0 Candidate RED

Initialization d:{{a, b},{c, e}} ; ; ; –

1 ; {d} {{a, b}, {c, e}} a –

2 d:{{b}, {c, e}} {d, a} {{c, e}} c –

3 d, a:{{e}}

d:{{b}, {c, e}} {d, a, c} ; – {d, a, c}

4 d:{{b}, {c, e}} {d, a} {{e}} e –

5 d:{{b}, {c, e}} {d, a, e} ; – {d, a, e}

6 ; {d} {{b}, {c, e}} b –

7 ; {d, b} {{c, e}} c –

8 d, b:{{e}} {d, b, c} ; – {d, b, c}

9 ; {d, b} {{e}} e –

10 ; {d, b, e} ; – {d, b, e}

End ; ; ; – –

Table 2 The discernibility matrix for Table 1

x1 x2 x3 x4 x5

x1 ;
x2 {d} ;
x3 {c, e} {c, d, e} ;
x4 {a, b} {a, b, d} {a, b, c, e} ;
x5 {a, b, d, f} {a, b, f} {a, b, c, d, e, f} {d, f} ;

Table 1 A toy categorical data

a b c d e f

x1 0 0 0 0 0 0

x2 0 0 0 1 0 0

x3 0 0 1 0 1 0

x4 1 1 0 0 0 0

x5 1 1 0 1 0 1
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subspace-based clustering ensemble for categorical data is

shown in Fig. 2.

4.2 Algorithm

Our aim here is to arrive at a robust and stable solution via

clustering ensemble technique. As Fig. 2 depicts, the

clustering ensemble model will employ some rough sub-

spaces to cluster the data. When there are many rough

subspaces in a given categorical data, how to choose a set

of good and diversified rough subspaces is a key problem

for the success of clustering ensemble. In classifier

ensemble, some scholars argued that ensemble with some

selective classifiers was better than that of all available

classifiers (Zhou et al. 2002; Rokach 2010). The study in

Hadjitodorov et al. (2006) also indicated that a moderate

number of clustering results were better for clustering

ensemble. In light of those works, we try to rank rough

subspaces by their significance and performance, and only

combine some high quality rough subspace-based cluster-

ing partitions. More specifically, the quality of rough

subspace is first expressed by its attributes and cardinality,

namely the significance of each attribute and the number of

attributes in the rough subspace. The rough subspace with a

fewer number of high frequency attributes will be superior

to clustering ensemble. The rationale behind our approach

is that the rough subspace with higher significant attribute

could result in better clustering solution, and the one with

smaller cardinality is more likely to avoid redundant and

irrelative attributes which will deteriorate the performance

of clustering algorithm. Formally, the quality measure of

rough subspace can be expressed by formula (7). In addi-

tion, the rough subspace is evaluated by its performance in

terms of cluster validity indexes. Therefore, the strategy for

choosing rough subspace relies on achieving a tradeoff

between the rough subspace itself and its performance. The

higher the significance and performance of rough subspace,

the higher its suitability for clustering ensemble.

QðRiÞ ¼ jRij�1
XjRij

j¼1

f ðajÞ ð7Þ

Based on the model and quality measure of rough

subspace mentioned previously, the algorithm to

implement rough subspace-based clustering ensemble for

categorical data is presented in Algorithm 2.

5 Experiments

In the experiments, we consider three clustering ensemble

algorithms, namely the algorithm introduced in this studyFig. 2 Rough subspace-based clustering ensemble model

Fig. 1 The tree structure of all rough subspaces

Algorithm 2 Rough subspace-based clustering ensemble for categorical data

Input: A categorical data IS=(U, A, V, f )

Output: An optimal clustering solution

Step 1 Compute all rough subspaces REDS of the categorical data IS by Algorithm 1;

Step 2 Rank the rough subspace Ri in REDS with quality measure;

Step 3 Generate a set of clustering partitions ={π1, π2, …, πH} with H selected rough 

subspaces;

Step 4 Combine a set of clustering partitions with consensus function;

Step 5 Return clustering ensemble solution .
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(RSCE), ccdByEnsemble algorithm (CCDE) presented in

He et al. (2005) and a random subspace-based clustering

ensemble algorithm proposed in Al-Razgan et al. (2008)

(RDCE). The experiments are designed to demonstrate: (1)

the advantage of ensemble clustering over individual

clustering; (2) the performance improvement of the pro-

posed ensemble method compared with the other two

ensemble algorithms; and (3) the effectiveness of a new

cluster validity index for categorical data.

5.1 Data sets and parameter settings

Several UCI data sets are used in the experiments. The

detailed information of these data sets is shown in Table 4,

where the last column is the number of rough subspaces in

each data set. Data sets ‘‘Dermatology’’ and ‘‘German

Credit’’ contain few continuous attributes. We use the

principle of equal frequency (Øhrn and Komorowski 1997)

to discretize the continuous data, while the missing values in

the last attribute of data set ‘‘Dermatology’’ are filled by

conditioned mean (or mode) (Øhrn and Komorowski 1997).

In the experiments, we use fuzzy k-modes as individual

clustering algorithm and hypergraph as a consensus func-

tion (Strehl and Ghosh 2002), where the fuzzification

coefficient m of fuzzy k-modes varies from 1.1 to 2.0. For

each data set, Algorithm 1 is first used to generate all rough

subspaces. Each rough subspace is then assessed by the

measure presented in Sect. 4 and only some higher quality

rough subspaces are selected for clustering ensemble.

Fuzzy k-modes repeats ten times on each selected rough

subspace with randomly initial modes. The clustering

partition exhibiting the lowest objective function is chosen

as the individual result for clustering ensemble. As for the

number of clustering partitions for ensemble, it will vary

with different data sets. Because of the randomness in the

initial modes of individual fuzzy k-modes algorithm, we

complete the ensemble algorithm ten times on each data set

and adopt the average to describe their performance.

5.2 Evaluation criteria

Evaluating the quality of clustering is, in general, a difficult

task. Although many cluster validation indexes (Wang and

Zhang 2007) have been proposed, they mainly deal with

numeric data. Since class labels are available for the data

sets used here, we first evaluate the result of clustering

algorithm by computing the accuracy. Then, a new cluster

validity index without class information is introduced for

categorical data, called CCI.

The accuracy is computed based on the confusion matrix

produced by the clustering results. Given the number of

clusters k, the clustering accuracy (ACC) is expressed as
Pk

i¼1 ai=n, where n is the number of objects in the data set,

ai is the number of objects occurring in both cluster i and

its corresponding class.

Cluster evaluation for categorical data is more difficult

than numerical ones because of unordered attribute values.

Inspired by set operations, which are often used to describe

the property and structure of categorical data, we define a

cluster index for categorical data as follows:

CCI ¼ 1

k

Xk

i¼1

max
j:i 6¼j

CIðiÞ þ CIðjÞ
CIði; jÞ

� �
ð8Þ

where CI ið Þ¼1
m

Pm
d¼1
jAid j
Aij j , CI i;jð Þ¼1

m

Pm
d¼1

Aid[Ajdj j� Aid\Ajdj jþ1

Aid[Ajdj jþ1
,

Aid and Ajd are the sets of categorical values of dth attribute

within clusters i and j, and Ai is the set of objects within

cluster i. The symbol ‘‘| |’’ denotes the cardinality of a set.

In this formula, CI(i) is the average number of categorical

values of cluster i over all attributes and CI(i, j) is the

average number of different categorical values between

clusters i and j over all attributes. The CCI tries to

minimize the average dissimilarity of objects within the

same cluster with a smaller number of categorical values in

each attribute and maximize the dissimilarity of different

clusters with a larger number of different categorical values

in all attributes. Hence, the CCI is small if the clusters are

compact and far from each other.

5.3 Comparative results and discussion

The first data set, referred to as ‘‘Soybean’’, contains 47

objects. Each object is represented by 35 categorical

attributes and is classified into one of the four classes.

Three clustering ensemble algorithms and one single

Table 4 Benchmark data sets
Data sets Attributes Instances Num. of Classes Num. of rough subspaces

Lung-cancer (Lung) 56 32 3 [1,000

Marine Sponges (Sponge) 45 76 12 [1,000

Soybean-small (Soybean) 35 47 4 310

Dermatology (Dermat) 34 366 6 [1,000

German Credit (German) 24 1,000 2 64

Lymphography (Lymph) 18 142 2 72

Tic-Tac-Toe (TTT) 9 958 2 9
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clustering algorithm (Fuzzy k-modes) are used to partition

this data set into four clusters (k = 4). The number of

clustering partitions for ensemble algorithm in this data

varies from 1 to 100. Each algorithm is run ten times and

the results are averaged. Huang and Ng (1999) indicated

that fuzzy k-modes provided best performance when the

fuzzification coefficient is set to be m = 1.1. Therefore, we

first run the algorithms at m = 1.1. The results with respect

to two different evaluation criteria are shown in Fig. 3.

We note that the performance of individual fuzzy

k-modes algorithm is much worse than that of clustering

ensemble algorithms. The reason behind this phenomenon

could be ascribed to two points. One is that fuzzy k-modes

is a single clustering algorithm without any other useful

information to improve the performance, and the other one

is that the attribute subspace used in fuzzy k-modes may

contain irrelevant and redundant attributes, resulting in

worse performance. However, clustering ensemble algo-

rithms could benefit from the consensus strategy of mul-

tiple clustering partitions and be able to filter out spurious

structures identified by individual clustering algorithm.

Among the three clustering ensemble algorithms, the pro-

posed method performs quite well, yielding 8.6 % average

improvement compared with that of clustering algorithm

based on random subspaces and almost 21.9 % maximum

improvement over the results produced by the individual

fuzzy k-modes.

In Fig. 3, the proposed algorithm produces the highest

performance when the number of clustering partitions is set

as 90. Under this number of clustering partitions, the

experiments are carried out for other values of the fuzz-

ification coefficient (1.2 B m B 2.0) and the results are

shown in Fig. 4. The experiments with other numbers of

clustering partitions are also evaluated. Under a given

number of clustering partitions, the selected algorithms

perform on the value of fuzzification coefficient from 1.1 to

2.0, and ten performance results are consequently obtained.

To summarize these results, the area under the curve of

performance results (like the performance curve in Fig. 4)

is quantified to describe the overall performance of the

selected algorithms for a given number of clustering par-

titions. The measure of ‘‘the area under the curve (AUC)’’

not only reflects the mean of performance results but also

the trend in their variance. More specifically, under the

condition of the same performance mean, the AUC will

favor the set of results that include the highest perfor-

mance. Under different numbers of clustering partitions,

the overall performance of the selected algorithms is shown
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Fig. 4 The performance of the selected algorithms for different fuzzification coefficients (H = 90)
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Fig. 3 The performance of the selected algorithms for different numbers of clustering partitions (m = 1.1)
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in Fig. 5. Note that each point in the subfigure corresponds

to the value of AUC with respect to the performance of the

algorithm completed for different values of fuzzification

coefficient.

In addition, the experiments on other data sets are per-

formed. For each data set under a specific fuzzification

coefficient, we complete the selected algorithms ten times

and the best result is used to describe their performance.

The overall experimental results are shown in Tables 5

and 6. In the columns of the selected algorithms, the

evaluation indexes ‘‘avg.’’ and ‘‘max’’ (or ‘‘min’’) denote

the average and maximum (or minimum) performance

over different fuzzification coefficients (1.1 B m B 2.0),

respectively. The maximum performance improvement of

the clustering ensemble algorithms is denoted by

‘‘improv.’’, which can be computed by the reduction of the

best performance of the clustering ensemble algorithm over

its initial performance. The fuzzification coefficient under

Table 5 The accuracy of the selected algorithms for UCI data sets

Data sets FKM CCDE RDCE RSCE

Avg. Max m Max Avg. Max Improv. m Avg. Max Improv. m

Lung 0.5963 0.6281 1.1 0.6250 0.7063 0.7583 0.2188 1.2 0.7219 0.7813 0.3750 1.1

Sponge 0.5066 0.5526 1.3 0.5526 0.6132 0.6247 0.2895 1.3 0.6289 0.6316 0.3026 1.3

Soybean 0.7213 0.8062 1.1 0.8511 0.9362 0.9575 0.4894 1.3 0.9575 0.9575 0.5532 1.1

Dermat 0.4862 0.5262 1.1 0.5828 0.6320 0.6511 0.3033 1.1 0.6545 0.6891 0.2158 1.1

German 0.5057 0.5410 1.8 0.5030 0.5499 0.5690 0.1710 1.3 0.5572 0.5610 0.1690 1.3

Lymph 0.6880 0.7254 1.3 0.6549 0.7445 0.7606 0.2394 1.4 0.7746 0.7887 0.0845 1.3

TTT 0.6785 0.7213 1.6 0.5198 0.7002 0.7286 0.1253 1.6 0.7598 0.7693 0.2578 1.6

Avg. 0.5975 0.6430 – 0.6127 0.6975 0.7214 0.2624 – 0.7221 0.7398 0.2797 –

Bold values indicate the best performance for each evaluation index

Table 6 The CCI of the selected algorithms for UCI data sets

Data sets FKM CCDE RDCE RSCE

Avg. Min m Min Avg. Min Improv. m Avg. Min Improv. m

Lung 0.9741 0.9315 1.1 0.9367 0.8908 0.8663 0.3041 1.2 0.8782 0.8516 0.3583 1.1

Sponge 1.0698 1.0360 1.3 1.0360 0.9756 0.9380 0.4462 1.3 0.9356 0.9211 0.4087 1.3

Soybean 0.7648 0.6243 1.1 0.5889 0.5284 0.5152 0.6379 1.3 0.4503 0.4503 0.3766 1.1

Dermat 0.3527 0.3248 1.1 0.3068 0.2828 0.2745 0.1239 1.1 0.2726 0.2382 0.1829 1.1

German 0.0482 0.0435 1.8 0.0484 0.0420 0.0409 0.0131 1.3 0.0425 0.0412 0.0047 1.3

Lymph 0.2401 0.2398 1.3 0.2571 0.2253 0.2139 0.0578 1.4 0.2068 0.1956 0.0346 1.3

TTT 0.0469 0.0379 1.6 0.0518 0.0413 0.0385 0.0001 1.6 0.0294 0.0213 0.0090 1.6

Avg. 0.4995 0.4625 – 0.4608 0.4266 0.4125 0.2262 – 0.4022 0.3885 0.1964 –

Bold values indicate the best performance for each evaluation index
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Fig. 5 The overall performance of the selected algorithms for the Soybean data
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which the selected algorithms achieve the best performance

is also listed in the table. The row ‘‘avg.’’ in each table

shows the average results over all experimental data sets,

and the highest values for selected evaluation indexes on

each data set have been boldfaced.

Tables 5 and 6 show that the average and maximum

performance of the clustering ensemble algorithms are

generally better than the individual algorithm. The ccd-

ByEnsemble algorithm is deterministic; therefore, its

average performance is not listed in the tables. Although

the ccdByEnsemble algorithm uses the technique of clus-

tering ensemble, its mechanism is a little different from the

other two clustering ensemble algorithms in the compo-

nent. The individual result of the ccdByEnsemble algo-

rithm is directly from the values of the categorical attribute

rather than the single clustering algorithm. Therefore, it is

worse than fuzzy k-modes on such data sets as ‘‘Lung’’,

‘‘German’’, ‘‘Lymph’’ and ‘‘TTT’’. The average and max-

imum performance of the clustering ensemble algorithms

(RDCE and RSCE) are always better than their individual

algorithm (FKM). Although the maximum performance

improvement is obtained by the RDCE on some data sets,

its average and maximum performance are not better than

that of our proposed one. By averaging the performance

over all data sets, the average accuracy and CCI values of

the RDCE increase by 10 and 7.3 %, respectively, whereas

our proposed one achieves an overall 12.5 and 9.7 %

improvement over its individual clustering algorithm. As

for the fuzzification coefficient, the best value for the

selected clustering algorithms varies from different data

sets, but our proposed algorithm is almost consistent with

its individual fuzzy k-modes algorithm.

Under different fuzzification coefficients and numbers

of clustering partitions, the overall performance of the

selected algorithms on each data set is provided in Fig. 6,

in which we report on the AUC values of accuracy and CCI

for the ensemble algorithms, as well as the performance of

fuzzy k-modes obtained in case when all attributes are

used.

Rough subspace-based clustering ensemble algorithm

(RSCE) achieves significant improvement over most of the

data sets as shown in Figs. 5 and 6. RDCE and ccdByEn-

semble algorithm also attain an improvement over fuzzy

k-modes with all attributes (FKM), but their performance

improvement is not better than that of our algorithm for all

selected data sets. In the ccdByEnsemble algorithm, each

clustering result is generated by only one of all attributes. It

is quite obvious that single attribute is not enough to form

good clustering result. Therefore, the performance of the

ccdByEnsemble algorithm may be worse than that of the

individual algorithm with all attributes (FKM). This claim

is confirmed by the results reported in Fig. 6k–l. RDCE

uses some of the attributes to partition the data. However,

these attribute sets may not include essential attribute but

irrelevant or redundant one because of the randomness in

generating the attribute set. This phenomenon is exhibited

by the performance of the RDCE on data sets ‘‘Soybean’’

and ‘‘TTT’’. Instead of random subspaces, the proposed

algorithm in this study uses some high quality rough sub-

spaces to partition the data. Each rough subspace could

preserve the clustering power of the original attribute set.

Furthermore, different rough subspaces describe the inter-

nal granule structure of the data in different ways, which

could be utilized by clustering ensemble algorithm to

achieve a sound consensus solution.

Since the CCI is an internal measure not resorting itself

to class labels, its trend is more unstable than the one

reported in terms of the accuracy measure. Nevertheless, it

approximately reflects the accuracy of the selected algo-

rithms. In Figs. 5 and 6, the accuracy of the proposed

algorithm is better than that of the RDCE. The CCI curves

in the figures also visualize this tendency. Note that good

clustering comes with small CCI value.

In addition to Figs. 5 and 6, we also quantitatively

examine the significance level of performance difference

between the proposed algorithm and other compared

algorithms. Given two algorithms A and B, when the

maximum number of clustering partitions and fuzzification

coefficient are fixed, ten independent runs are performed

for each algorithm. Therefore, two-tailed pairwise t test is

employed to evaluate the significance level of performance

gap between the two algorithms. More specifically, the

p value returned by the two-tailed pairwise t test is used as

a measure for how much difference between the two

algorithms’ performance. The smaller the p value is, the

higher the level of performance difference is. Generally

speaking, a significant difference is deemed to occur if the

returned p value is less than 0.05 (i.e., 5.0e-2).

Table 7 reports the win/tie/loss counts based on statis-

tical tests. Under a specific fuzzification coefficient (i.e.,

m), a win (or loss) is counted for the data set (i.e., p \ 0.05)

when our proposed algorithm is significantly better (or

worse) than the compared algorithm out of ten runs.

Otherwise, a tie is recorded. In addition, the maximum,

minimum, and average p values across different fuzzifi-

cation coefficients are also listed for reference purpose

along with the win/tie/loss counts.

As shown in Table 7, it is clear that our proposed

algorithm is superior or at least comparable to FKM,

CCDE and RDCE in most cases. Furthermore, either FKM

or CCDE seldom outperforms our proposed algorithm. To

sum up, our proposed algorithm is statistically superior to

FKM, CCDE and RDCE in around 94.3, 97.1 and 74.3 %

cases, and is only inferior to RDCE in around 2.9 % cases.

In summary, the ensemble technique is beneficial to data

clustering. The existing clustering ensemble methods are
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ineffective in dealing with categorical data, while the

proposed clustering ensemble algorithm is shown to be

able to boost the performance of fuzzy k-modes.

6 Conclusions and future work

Ensemble learning is an effective technique that uses

multiple models to obtain better performance than which

could have been obtained by running any of its constituent

models. However, clustering ensemble has received less

attention than individual clustering, especially for cate-

gorical data. In this paper, we have introduced a novel

clustering ensemble algorithm for categorical data. The

attribute spaces used in the proposed algorithm are rough

subspaces of the data, which preserve the clustering power

of the entire collection of the attributes. The algorithm

introduced here only combines some high quality rough

(a) AUC values of accuracy for the Lung data (b)AUC values of CCI for the Lung data

for the Sponge data for the Sponge data
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Fig. 6 The performance of the selected algorithms for UCI data sets.

a AUC values of accuracy for the Lung data, b AUC values of CCI

for the Lung data, c AUC values of accuracy for the Sponge data,

d AUC values of CCI for the Sponge data, e AUC values of accuracy

for the Dermat data, f AUC values of CCI for the Dermat data, g AUC

values of accuracy for the German data, h AUC values of CCI for the

German data, i AUC values of accuracy for the Lymph data, j AUC

values of CCI for the Lymph data, k AUC values of accuracy for the

TTT data, l AUC values of CCI for the TTT data
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Table 7 Statistical test for RSCE against FKM, CCDE and RDCE under different fuzzification coefficients

Data sets FKM CCDE RDCE

Win/tie/loss p value [min, max, avg.] Win/tie/loss p value [min, max, avg.] Win/tie/loss p value [min, max, avg.]

Lung 10/0/0 [1.0e-3, 4.1e-2, 1.6e-2] 8/2/0 [3.9e-3, 1.5e-1, 4.5e-2] 4/6/0 [7.8e-2, 8.6e-1, 5.6e-1]

Sponge 10/0/0 [1.5e-4, 2.3e-3, 7.1e-4] 10/0/0 [2.1e-3, 3.0e-2, 8.3e-3] 9/1/0 [6.1e-3, 7.3e-2, 3.6e-2]

Soybean 10/0/0 [3.8e-23, 2.3e-4, 4.1e-5] 10/0/0 [9.2e-22, 2.9e-3, 5.2e-4] 10/0/0 [3.2e-3, 4.7e-2, 2.9e-2]

Dermat 10/0/0 [4.7e-9, 1.2e-4, 7.3e-5] 10/0/0 [6.1e-5, 4.0e-3, 1.7e-4] 10/0/0 [2.5e-4, 3.7e-2, 8.3e-3]

German 10/0/0 [2.3e-6, 1.4e-4, 3.1e-5] 10/0/0 [7.5e-4, 1.4e-2, 5.0e-3] 4/4/2 [3.0e-2, 9.3e-1, 4.4e-1]
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subspace-based partitions but the diversity of individual

clustering results is retained as well. In this sense, the

RSCE could benefit from diverse clustering partitions and

generate a robust and stable solution. Furthermore, we have

proposed a new cluster index for categorical data, which

could approximately reflect the performance of the clus-

tering algorithms. Empirical evidence shows that this

ensemble method is promising in practice. Future work will

focus on speeding up the process of searching rough sub-

spaces and improving the strategy for choosing rough

subspaces with high quality and diversity.
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