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As one of mature theories, formal concept analysis (FCA) possesses remarkable mathematical properties,
but it may generate massive concepts and complicated lattice structure when dealing with large-scale
data. With a view to the fact that granular computing (GrC) can significantly lower the difficulty by se-
lecting larger and appropriate granulations when processing large-scale data or solving complicated prob-
lems, the paper introduces GrC into FCA, it not only helps to expand the extent and intent of classical
concept, but also can effectively reduce the time complexity and space complexity of FCA in knowledge
acquisition to some degree. In modeling, concept-base, as a kind of low-level knowledge, plays an im-
portant role in the whole process of information granularity. Based on concept-base, attribute granules,
object granules and relation granules in formal contexts are studied. Meanwhile, supremum and infimum
operations are introduced in the precess of information granularity, whose biggest distinction from tra-
ditional models is integrating the structural information of concept lattice. In addition, the paper also
probes into reduction, core, and implication rules in granularity formal contexts. Theories and examples
verify the reasonability and effectiveness of the conclusions drawn in the paper. In short, the paper not
only can be viewed as an effective means for the expansion of FCA, but also is an attempt for the fusion
study of the two theories.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

With the increasing popularization of internet technology, “rich
data and scarce knowledge” has gradually become a more and
more important problem. In the case, how to intelligently and au-
tomatically extract potential knowledge from the large-scale data
has become one of research hotspots in the current data mining
field. Essentially, data mining is a process from the data to infor-
mation to knowledge, similarly, from the perspective of concept
cognition, it can also be understood as the process from the data
to lower concepts to higher concepts. Concept cognition is an im-
portant characteristic of human brain learning, which is a think-
ing pattern formed in our minds and mainly focuses on concepts
formed through the abstraction and summarization of the common
essential characteristics of things. In fact, as one of the most im-
portant ways to understand the real world and its regularity, con-
cept cognition is an important foundation of people’s complicated
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thought, and it is also an effective means to express and deduce
knowledge.

In philosophy, concept is the thinking unit of human under-
standing of the objective world and its law, which is composed of
two parts, namely intent and extent. In this sense, concepts are
essentially the abstract, generalization and induction of the objec-
tive world, and the process of generating concepts is essentially
a process of optimization and evolution from the perceptual to
the rational, and from the phenomenon to the essence, and from
the scatter to the system. Meanwhile, in order to adapt to rapid
changes in the subjective and objective world, concepts are not
only the summary of the understanding of objective things, but
also the starting point of the new knowledge, people can deduce
new concepts from known ones. If “knowledge system” is com-
pared to a building, then concepts can be understood as core el-
ements of it. Therefore, developing new techniques and methods
based on concept thinking will surely contribute to the rapid de-
velopment of data mining.

If people can use methods in mathematical form to simulate
the formation process of concepts and discover the relationship
among concepts at different levels, then it will has great signifi-
cance for data mining and knowledge discovery. Therefore, based
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on the philosophical understanding of concepts, German scholar
Wille proposed FCA [36] in 1982 from the Brikhoff’s lattice theory
[1], its formal system can well describe the formation process of
concepts by mathematical methods, and can help to stimulate peo-
ple’s mathematical thinking for data analysis and knowledge pro-
cessing under the concept cognition. In FCA, concepts, concept lat-
tice, Galois connection, et al. play greatly important roles. Namely,
any concept can be characterized and described from perspectives
of intent and extent, which helps to deepen people’s accurate un-
derstanding and summary cognizance of actual concepts; Concept
lattice, as the core data structure of FCA, can intuitively reflect
the generalization and specialization relationships between con-
cepts through Hasse graph; Galois connection is the core theoret-
ical basis of concept lattice. In addition, the generating process of
concept lattice is actually a process of objects clustering. In recent
years, the research on concept lattice has made a series of impor-
tant results [15,17,22,23,26,33,43]. For current trends and directions
of concept lattice, please refer to reference [28].

In recent years, as a mature theory possessing solid mathemat-
ical properties, FCA has drawn more and more attention and been
widely applied in various fields such as machine learning, deci-
sion analysis, data mining. However, along with the development
of research, it is difficult to effectively solve complicated prob-
lems just through one single theory. Therefore, many scholars have
combined FCA with other theories such as fuzzy set [2,8,12,25,42],
rough set [3,9,11,14,21,31,34,35,37], neural network [4], probability
theory [7], GrC [8,10,16,29,38], et al., thus greatly expanding the
theoretical foundation and application scope of FCA. For example,
Burusco et al. brought fuzzy theory into FCA, which can accurately
express the uncertain relationship between attributes and objects,
thus breaking the binary limitations of classical FCA and helping
solve fuzzy and uncertain information in actual applications [2];
Dias et al. combined neural network and FCA and proposed the
FCANN |[4]; Jiang et al. combined probability theory and FCA, and
proposed a new data mining method SPICE [7]; Kang et al. intro-
duced GrC into FCA, and provided a unified model for concept lat-
tice building and rule extraction on the basis of a fuzzy granularity
base [8]; The reference [10] introduced FCA and GrC into ontol-
ogy learning, and presented a unified research model for ontology
building, ontology merging and ontology connection based on the
domain ontology base in different granulations; Kent discussed the
relationship between concept lattice and rough set theory, and pre-
sented rough concept analysis that can be viewed as a synthesis
of rough set and FCA [11]; Tan et al. studied connections between
covering-based rough sets and FCA [31]; Ventos and Soldano pre-
sented « Galois lattices based on equivalence classes [32].

FCA, as a data analysis tool, possesses characteristics such as
completeness and precision. For a classical concept, even though
an object possesses most of attributes of the intent, the object is
still not included in the extent of the concept. At the time, it is
difficult to manifest the object “possibly” included in concept. Such
precision is an advantage of FCA, but it also results in some limi-
tations in processing some specific knowledge. For example, in the
process of earthquake prediction, the earth may not always has all
characteristics of the earthquake, so experts can only judge that
the earthquake possibly happen. However, if all characteristics are
identical, then the earthquake may have come about. Since the
consequence may be serious, the possibility can not be overlooked.
In addition, in some large-scale or complicated data, as a matter of
fact, it still deserves attention that such precision of concept lat-
tice often results in a mass of concepts and makes the structure
of concept lattice extremely complicated. Aiming at above prob-
lems, to better understand and solve problems rather than get lost
in unnecessary details, and to better discover potentially valuable
knowledge from seemingly irrelevant data, the paper introduces

the idea of GrC into FCA, which can, via the unique advantage in
the modeling and analysis of large-scale complicated data, lower
the “resolution” of knowledge acquisition, and expand the “scale”
of knowledge measurement, thus can effectively simplify the com-
plicated concept lattice structure and compact the huge concept
scale and prevent some useful information from being buried in
massive information.

As a feasible and effective solution for data mining and knowl-
edge reasoning, GrC has become a hotspot research subject in the
artificial intelligence field, and a great deal of articles were pub-
lished. American famous mathematician Zadeh [40] first presented
and discussed fuzzy information granularity on the basis of the
fuzzy set theory in 1979. In 1997, “granular computing” concept
was first formally presented. Some important theoretical findings
concerning GrC are shown as follows: Aiming to solve the problem
of fuzzy intelligent control through natural language fuzzy reason-
ing and judgment, Zadeh presented the theory of computing with
words [41], and then Thiele proposed the semantic models for in-
vestigating computing with words [30], which facilitated the devel-
opment of the theory of computing with words; Pawlak proposed
the rough set theory used for uncertain knowledge modeling, and
offered a modeling tool in the case that priori knowledge was in-
complete or uncertain [24]; Lin and Yao emphatically described
the significance of GrC, that roused people’s tremendous interest
[18,39]; Zhang et al. presented the GrC model based on quotient
space often used in solving complicated problems [44]; Leung and
Li described the basic “granule” in an information system with
maximal consistent blocks [19]; Hu studied mixed data-oriented
neighborhood relation granular computing model and its applica-
tion [6]; Liang, Qian et al. conducted the systematic research on
various uncertain measures, axiomatization of granulation mea-
surement, and rule acquisition in information systems, and stud-
ied problems such as incomplete multi-granulation rough set and
granulation space structure [20,27].

GrC is a new theory effectively simulating human’s thinking
and solving complicated problems in the intelligent information
processing field. It possesses the unique advantage in the model-
ing and analysis of large-scale complicated data. No matter from
the macro-perspective of cognitive philosophy or from the micro-
perspective of information processing, GrC characterized by infor-
mation granulation, relationships between granules, and granule-
based reasoning essentially reflects human’s features in solving
complicated problems. GrC changed some of our traditional com-
puting concepts in actual applications, making it more scientific,
reasonable and operable to deal with problems. For example, when
problems are too complicated or solving them requires high cost,
the method no longer focuses on some inessential detailed infor-
mation and takes mathematical exact solutions as the goal, but
replaces exact solutions with the feasible satisfactory approximate
solutions on the basis of the actual needs so as to achieve the goals
of simplifying the problems and enhancing the problem-solving ef-
ficiency.

Normally, there are two types of knowledge acquisition meth-
ods based on the fusion theory of FCA and GrC. Namely, one type
is indirect, which needs data preprocessing, and further using tra-
ditional methods to acquire knowledge; While another type is di-
rect [32], which does not need data preprocessing, and can directly
deal with original formal contexts. In fact, the former is relatively
simple and easy to use, while the latter can completely preserve
the original information, which may be more objective than the
former.

For instance, for the formal context shown in Table 1(a), in-
direct methods need data preprocessing, namely, transforming it
into a granularity context like Table 1(b), and further using follow-
ing classical operators (see Definition 1) to acquire knowledge in
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Table 1
Some simple formal contexts.

a b c d e a b c d e
1 X X X 1 X X X
2 X X 2 X ° X
3 X X X 3 X X °
4 X X X X 4 X X X X
5 X X 5 X

granularity contexts.

A ={me M|glm,Vg e A}

B ={geG|glm,Vm € B}

Direct methods directly deal with original formal contexts, such as
the method based on operators defined as follows, which are also
our research focus at present.

AT={meM|VgecA,

m' N (gl = |[glk] - @}

Bt ={geG|VmeB,

m' 0 [glkl = |[glk] - @}

where R is an equivalence relation on G, and any [X]g={y e
G|(x,y) € R} is an equivalence class.

At present, the research on the fusion theory of FCA and GrC
is still at an early stage and correlative are rare. In the case, the
paper tries to bring GrC into FCA, and proposes an expansion
model of FCA based on GrC. Namely, by selecting appropriate and
larger granulations not only can help to hide some specific de-
tails and lower the difficulty of problems when processing large-
scale data or solving complicated problems, but also can help us
to discover potentially valuable knowledge from seemingly irrel-
evant data. In short, the paper not only serves as an expansion of
classical FCA, but also offers a new idea for the fusion study of FCA
and GrC.

This paper is organized as follows: Section 2 briefly recalls
some basic notions of concept lattice; Section 3 defines concept-
bases, presents some concept similarity models, and constructs
granularity concept-bases by selecting appropriate larger granu-
lations; Section 4 mainly discusses granularity formal contexts;
Section 5 presents granularity concept lattices; Section 6 mainly
probes into attribute reduction, core and implication rules in gran-
ularity formal contexts on the basis of concept-bases; Conclusions
and discussions of further work will close the paper in Section 7.

2. Basic notions of concept lattice

This section only offers a brief overview of concept lattice, for
more detailed information, please refer to [5].

An order relation on the set L denoted as“<”, always satisfies
reflexivity, antisymmetry, transitivity. In this case, we say (L, <) is
an ordered set. And further, we say s € L is a lower bound of E €
L with s=<q for all g € E; An upper bound of E is defined dually. If
there exists a single largest element in the set of all lower bounds
of E, it is called the infimum of E and is denoted as AE; Dually, a
single least upper bound is called supremum and is denoted as VE.
For any subset E C L, if there always exist AE and VE, then we say
(L, <) is a complete lattice. In addition, let x, y € L, if x<y, we say
[x,y]={zeL|lx <xz<y} is an ordered interval in (L, <).

Normally, the term “formal context” has always been described
as a triple, that is, K = (G, M, I), where I € G x M is a binary re-
lation between the set G and the set M. In such case, any g € G is
called an object and any m € M is called an attribute (also called a

Table 2
A typical formal context.

a b c d e f g h

1 X X X x
2 X X X X X X
3 X X X X

4 X x X

5 X X X
6 X X X x

7 X X x X

8 x X X

9 X X X X X

characteristic), and gIm or (g, m) € [ means the attribute or charac-
teristic m belongs to the object g. Table 2 is a typical formal con-
text, as shown below.

Definition 1. In K = (G, M, I), let A € G, B € M, then we define
A '={me M|glm, Vg c A}

B ={geG|glm,VYm < B}

If A =B and B’ = A, then (A, B) is called a concept. The order re-
lationship “<” between concepts (A, B;) and (A,, B,) is defined
as

(A1,B1) < (A2.By) © A1 CAy B 2B,

In fact, the ordered set (#(K),<) is a complete lattice, where
2(K) is the set of all concepts. In the case, there are following
simple facts

(A1,B1) A (A2, By) = (A1 NAy, (B1 UBy)")

(A1,B1) v (A2, By) = ((A{ UAR)”, By N By)

In addition, for any g € G and m € M, we say yg=(g’.g) is
an object concept and um = (m’, m”) is an attribute concept. The
set of all object concepts is denoted as y(G), the set of all attribute
concepts is denoted as u(M).

On the basis of operators in Definition 1, the concept lattice
shown in Fig. 2 can be derived from Table 2, the brief process is
shown in Fig. 1. In order to make it convenient for formal descrip-
tion, for any object concept (g”’, g’) and attribute concept (m’, m’")
in Fig. 2, they are simplified as “g” and “m” separately.

Proposition 1. In K = (G, M, 1), let A, A;, A, € G, B, By, B, € M,
then

(1) A; CAy = Ay C A
(3)AcA”; BcB’

(2) B < B, = B, € B
(4) A =A"- B =B"
Proposition 2. In K = (G, M.,I), let g € G, m € M, then
(g.m) e, if and only if yg < um

For ease of understanding, in the paper, if the crossing of g <
G row and m € M column is denoted as “©”, then we suppose (g,
m) ¢1; if the crossing of g € G row and m € M column is denoted

“wn

as “” or “ x ", then we suppose (g, m) € L
3. Concept-bases and the granularity of concept-bases

It is known to us that concept lattice is a kind of hierarchi-
cal structure model of concepts, and object concepts and attribute
concepts, as a kind of basic concepts, are mainly distributed at the
upper layer and bottom layer of concept lattice. Essentially, other
concepts can be derived from object concepts by means of supre-
mum operation “v”, or derived from attribute concepts by means
of infimum operation “A”, so they play important roles in concept

lattice. Therefore, the paper takes the set of object concepts and
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: Finding concepts based on
A formal context [= > pefini

Stepl

tion1, namely, any concept (A,B)
needs to meet A’=B and B’=A.

Building order relation
among concepts

[ 1 A concept lattice
based on Definition 1 :

Step4d

Fig. 1. A brief generation process of concept lattice.

(123456789,0)

(9,abcdefgh)

Fig. 2. A concept lattice derived from Table 2.

the set of attributes concept as concept-bases, and proposes a so-
lution to information granularity in FCA based on concept-bases.

Let (L, <) be a concept lattice, E C L, x L. If there exists E; C E
satisfying x = VE;, then we say “x” can be derived from E based on
the operation “v”. In this case, if all elements in L can be derived
from E, then E is called an object concept-base of (L, <); Similarly,
if there exists E; C E satisfying x = AE,, then we say “x” can be
derived from E based on the operation “A”. In this case, if all el-
ements in L can be derived from E, then E is called an attribute
concept-base of (L, <).

Proposition 3. In K = (G, M, I), let (A, B) be a concept, then

\um=(AB)=\/yg

meB geA

It is known from the Proposition above that every concept (A,
B) can be derived from y(G) based on “v”, and meanwhile can be
derived from (M) based on “A”. It is obvious that y(G) and (M)
are the object concept-base and attribute concept-base of concept
lattice (#(K), <) respectively.

Theorem 1. In (#(K), <), u(M) is an attribute concept-base, and
y(G) is an object concept-base.

We know that the higher time complexity and space complexity
of concept lattice generating algorithm have always been the pri-
mary obstacle insurmountable in its applications. Especially, when
the data scale is larger, most algorithms are still far from be-
ing perfect in particular. For instance, when|M| = n, lattice nodes
amount to 2" in the worst case. Even in ordinary situations (any
object is assumed to have k attributes at most), the upper bound
of lattice node number can be as high as N=2+C} +C2 + .- +Ck.
Therefore, the paper introduces GrC into FCA, GrC not only helps
expand the extent and intent of classical concept, but also effec-
tively reduces the time complexity and space complexity of con-
cept lattice in knowledge acquisition to some degree.

3.1. Concept similarity models

Among traditional concept similarity measurement models, the
most common one is characteristic model. One type refers to those
meeting symmetry, for instance,

|BND|
|BUD|
where B and D are intents in concepts x and y respectively. The

model above is only on the basis of public characteristics between
B and D, and meets symmetry, that is, x and y are similar to each

simy (x,y) =
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other. It is known to us that intent and extent in any concept are
mutually determined, which means that the concept can be de-
termined either by intent or by extent. Therefore, for any con-
cept x = (A1, By) and y = (A, By), we can describe above similarity
model as follows:

) 1
=]A1NA _
simg (x,y) = |A; NAy| x A, U]

1
i = |BiNBy| x ———
simy(x,y) = [B1 N By| x B, UB,|

For instance, for concepts x = (789,def),y = (379,cde) in
Table 2, the similarity simg(x, y) is

. 1
simg(x,y) =1{7.8,9} n{3,7,9}] x 7.8910(3.7.9] — 0.5
the similarity sim;(x, y) is
simi (%) = l{d. e, f n {c.d, e}] x ! 05

Hd.e flu{c.d.e}|

Essentially, similarity models mentioned-above, no matter on
the basis of intents or extents, belong to the characteristic model.
Another type is characteristic models stressing asymmetry, for in-
stance:

|BN D
[BND|+a x|B—D|+(1—-«)x|D—B|’

where B and D are intents in concepts x and y respectively. B— D
denotes characteristic set appearing in B but not in D; D — B de-
notes characteristic set appearing in D but not in B. The model
comprehensively considers the common characteristics and differ-
ent characteristics between B and D, and assumes that common
characteristics affect the similarity more significantly than differ-
ent characteristics. The parameters « and 1 — « can be viewed as
weights added to B—D and D — B separately, which help to ob-
jectively express the importance of different features and differ-
ent contributions of B— D and D — B relative to the overall similar-
ity measure. Essentially, @« mainly reflects following facts, namely,
the contribution of different characteristics is smaller than that
of common characteristics in the similarity measure; the influ-
ences of different characteristic sets B—D and D — B on similar-
ity maybe not symmetrical, only when « = 0.5, the corresponding
similarity is symmetrical. For instance, a frequently cited example
is that people think the similarity of North Korea relative to China
is greater than that of China relative to North Korea.

In the following part, the paper will focus on similarity models
similar to sim(x, y) because it is simple and unambiguous.

In fact, to better understand and solve problems rather than
get lost in unnecessary details of problems in the process of solv-
ing problems, we usually hide some specific details so as to obtain
their approximate solutions, and the problem can be solved from
the overall picture. In virtue of the idea above, the paper constructs
a kind of similarity models based on “A” and “v”, namely, estimat-
ing the similarity between concepts x and y through computing the
similarity between xAy and xvy. Its biggest difference from tradi-
tional models is the incorporation of concept lattice’s structure in-
formation. In fact, such model is constructed on the basis of the
following reasonable inferences:

simy(x,y) = 0<a<l

- if [x, y]<[v, w], then sim(v, w) < sim(x, y);

- for any concepts x, y € [v, w], the smaller the interval [v, w] is,
the closer sim(x, y) and sim(v, w) are to each other;

« It is assumed that v is the maximum concept smaller than both
concepts x and y, and w is the minimum concept bigger than
both concepts x and y. It is obvious that among various in-
tervals, [V, w] =[x Ay, x Vv y] is the minimum interval including
both concepts x and y. Based on above inference, we can ap-
proximately estimate the similarity between concepts x and y

as the similarity between concepts v and w, namely sim(x, y) ~
sim(v, w) ~ sim(xAy, xVvy).
Definition 2. Based on above discussion and reasonable inferences,

we define similarity models like that: let x and y be concepts,
then

simp(X,y) =Simg(X Ay, XxVYy)

simy(x,y) =sim(Xx Ay, XVYy)

For instance, for concepts x = (789,def),y = (379,cde) in
Table 2, since x Ay = (79, cdef) and x vy = (3789, de), the simi-
larity simg(x, y) is

1

sime(x,y) =1{7.9}n{3,7,8,9}| x 7.9]0U(3.7.8.9] — 0.

5

the similarity simy(x, y) is
L =0
l{d.efu{cde f}l

Theorem 2. In (#(K), <), let x and y be concepts, then

5

simy(x,y) = |{d. e} n{c.d. e, f}| x

(1) 0 < simg(x, y) < 1;

(2) if x=1y, then simp(x,y) =1;

(3) if x<xv=y and x=w=y, then simg(x, y) < simyg(v, w);
(4) if x=<z=y, then simg(x, y) < sime(X, 2).

Proof. The conclusions (1) and (2) can be obtained immediately.

(3)LetxAy = (A1,B1),xvy=(A3,By),vAw=(C;,D1),vvw=
(Cy, Dy). Then we can see that xAy<vAw=xvy and XAy<VVW=xVy
from x<v=<y and x<w=y, this implies Ay € C; € Ay and A; € G,
C A,. In this case, we can obtain C;UC; € AjUA, and A;NA; C
C1 N Cy. Hence simg(xAy, xvy) < simg(vaw, vvw), that is, simg(x, y)
< simg(v, w) holds.

(4) Let xAy=(A1,B1),xvy=1(A3,By),xAnz=(C;,Dq),xVvz=
(C,,Dy). Then we can see that xAy=xAz=<xvy and
xAy=xvz=xvy from x=<z<y, this implies A{ =C; €A, and A
C G, C A,. In this case, we can obtain C;UC, < AjUA; and
A1 NAy =C NG, Hence simg(xAy, xvy) < simg(xAz, xvz), that is,
simg(x, y) < simyg(x, z) holds. O

Theorem 3. From above discussions, the following statements hold

() if xAy=vaAaw and xvy=vvw, then
simpg (v, w);
(2) for any concepts x and y, simg(x, y) < simg(x, y).

simig(x,y) =

Proof. (1) The conclusion can be obtained immediately.

(2) For any concepts x = (A1,By) and y = (A3, By), let xAy =
(Cy,Dq) and x vy = (C3,Dy). Then we can see that C; € A; € G
and C; € A; € G, from xAy=<x=<xvy and xAy=<y=xvy, this implies
AjUA; € CiUG, and C;NG € A1NA,. Hence simg(xAy, xvy) <
simg(x, y), that is, simyg(x, y) < simg(x, y) holds. O

Similarly, the similarity model sim;; also meets the properties
in above theorems as well. It is self-evident from above theorems
that similarity models presented in the paper are feasible.

In fact, sim;r combined with structure information of concept
lattice, is a kind of rougher similarity models compared with simg.
In other words, if the measuring result of simg is precise, that of
sim;g is approximate. Similarly, compared with sim;, simy; is also
a kind of rougher similarity models. With a view to the fact that
Hasse graph can vividly and succinctly express the structure of
concept lattice, we can directly and simply judge which concepts
have the same similarities, and which concepts have different simi-
larities on the basis of sim;g or sim;;. For example, for any concepts
a; and @; in Fig. 3, since the supremum is X, and infimum is y, we
can immediately judge that similarity among any two concepts in
{aq, ay, as, ag4, as} is equal to the similarity between concepts x and
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ay a,

a, as

y

Fig. 3. A concept lattice

Table 3
A fuzzy relation matrix of (M) relative to simg.
pa ub ue pd e uf Hg wh
ua  1.000
ub 0.600 1.000

pec 0333 0.429 1.000

nd 0286  0.375 0.833 1.000

pne 0286 0222 0375 0.500  1.000

uf 0.143 011 0250 0375 0.833 1.000

ng 0143 0429 0250 0.222 0.375 0.429 1.000

nh 0.167 0.500 0.125 0.111 0.250 0.286 0.800 1.000
Table 4
A fuzzy relation matrix of (M) relative to simyg.
pa ub ue pd pe uf Mg wh
ua  1.000
ub 0.600 1.000

pne 0222 0333 1.000

nd 0222 0333 0.833 1.000

pe 0222 0222 0333 0.444  1.000

uf 0111 0111 0.222 0.333 0.833 1.000

ng 0111 0.333 0.222 0.222 0.333 0.333 1.000

pnh 0111 0.333 0.111 0.111 0222 0222 0.800 1.000

y. That is, for any concepts g; and q;, simyg(a;, a;) = simg(x,y) and
simy(a;, a;) = simy(x,y), where i, j=1,2,... 5.

Based on the discussion above, the paper studies two kinds of
similarity models, with the first being similarity models based on
concept intent or extent, and the second similarity models based
on supremum and infimum. Both of them belong to symmetrical
characteristic models in essence.

3.2. The granularity of concept-bases

This section will introduce the transitive closure algorithm in
fuzzy clustering analysis, and emphatically make the in-depth
analysis of granularity of concept-bases.

In fact, based on one of similarity models presented in the pa-
per, a fuzzy relation matrix can be obtained from the attribute
concept-base, such as:

Fa = (Fif) gy i = SimQumi, ;)

where sim represents simg or simyg. For example, on the basis of
simg, the corresponding fuzzy relation matrix of w(M) is shown
in Table 3; On the basis of sim;g, the corresponding fuzzy relation
matrix of (M) is shown in Table 4. Because of r;; =rj;, any rj; is
omitted for convenient in above tables.

If FM satisfies F,‘,‘ = ], FU = F], and Vk:],...|M|Fik A ij < fij’ i, ] €
{1,2,...,|M|}, then we say Fy is a fuzzy equivalence relation ma-
trix. We also know that fuzzy relation, especially fuzzy equivalence
relation, finds the important application in many fields, such as

Table 5
A fuzzy equivalence relation matrix derived from Table 3.
pa ub ue pd pe wuf g ph
na 1.000

pnb  0.600  1.000

pnc 0429 0429 1.000

nd 0429 0429 0833 1.000

pne 0429 0429 0500 0500 1.000

uf 0429 0429 0500 0500 0.833 1.000

ng 0500 0500 0429 0429 0429 0429 1.000

nh 0.500 0.500 0.429 0.429 0.429 0.429 0.800 1.000
Table 6
A fuzzy equivalence relation matrix derived from Table 4.
na ub ue pd pe uf g ph

pa  1.000
ub 0600  1.000

uc 0333 0333 1.000

ud 0333 0333 0833 1.000

pe 0333 0333 0444 0444  1.000

uf 0333 0333 0444 0444 0833  1.000

ug 0333 0333 0333 0333 0333 0333 1.000

ph 0333 0333 0333 0333 0333 0333 0800 1.000

fuzzy control, approximate reasoning, fuzzy clustering, etc. How-
ever, since it is impossible to directly obtain the fuzzy equiva-
lence relation in actual applications, so we usually construct an-
other fuzzy equivalence relation most similar to it in a sense and
the most commonly used approach is the fuzzy transitive closure
algorithm. Since Fy; constructed in the paper is normally reflexive
and symmetrical, but not transitive, we can generate fuzzy equiva-
lence relation matrix via the fuzzy transitive closure

1 2 -1
Ff=F;UF;u---UF};

The initial time complexity of transitive closure algorithm is
O(n3logn). However, when data is large-scale, the algorithm per-
haps can not finish generating fuzzy equivalence relation matrix in
the limited time. Lee et al.[13] proposed an algorithm with O(n?).
In view of its low time complexity, we use it to compute the tran-
sitive closure Ff. For example, by using the transitive closure al-
gorithm, a fuzzy equivalence relation matrix shown in Table 5 can
be derived from Table 3; In the same way, we can obtain Table 6
from Table 4.

And further, we can obtain the following o —cut equivalence re-
lation matrix Fj (o) by introduce the parameter o < [0, 1].

1 fij>o
() = (r:; = ij Z
Eji(o) = (ru)‘M‘x‘M‘, where 1;; = {0 i<

In fact, Fi(o) is an equivalence relation, and w(M)/E} (o) =
{Py,---B} is a partition of x(M), where P; is an equivalence class.
Obviously, the attribute concept-base can be granulated into sev-
eral equivalence classes. In this case, we define

1
1
pn(0) = —— x > |B|?
M* 5

then we say pp (o) is the granulation of Fyf (o). Obviously, the big-
ger o is, the smaller py(o) is, and vice versa. In fact, a bigger
granulation can help hide some partial details, thus making it con-
venient for us to view and understand the whole problem com-
prehensively. Similarly, from the object concept-base y(G), we can
obtain F (o) on the basis of sim; or simy;, which will not be de-
tailed here again.
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4. Granularity formal contexts

On the basis of discussions in above section, an attribute gran-
ule [m] with granulation py (o) is defined as:

[m] = {n e M|(um, un) € F; (o)}

the set of all attribute granules is denoted as M, ; Correspondingly,
an object granule [g] with granulation pg(o) is defined as:

(8] ={heGl(yg yh) e K (o)}
the set of all object granules is denoted as G,. And further, for any
[m] € My and [g] € G5, we say [g] x [m] is a relation granule with
granulation py(o).

For example, when o = 0.6, then the granularity result of M
relative to simyg or simg is

My = {[al. [c]. [e]. [g]}

where [a] = {a, b}, [c] = {c.d}, [e] ={e. f}, [g] = {g. h}. the corre-
sponding granulation is py (o) = 0.25; Similarly, the granularity
result of G relative to simy; or sim; with o = 0.6 is

Go ={[11. 3. [51.[71}

where [1] = {1,2}, [3] = {3.4}, [5] = {5.6}, [7] = {7. 8.9}, the cor-
responding granulation is pg(o) = 0.31.

Definition 3. In K = (G, M, I), we say Ky = (G5, My, Iy ) is a granu-
larity formal context, where I, € G, x M. In the case, for any re-
lation granule [g] x [m], either ([g], [m]) € I, holds or (|g], [m]) &I
holds.

In above definition, the paper offers two different types of judg-
ing rules concerning whether the relation granule [g] x [m] sat-
isfies ([g], [m]) € I5, namely judging methods based on confi-
dence function ¢, and based on supremum and infimum sepa-
rately. Their biggest difference is that the former is the judging
method based on binary relation I while the latter is incorporat-
ing the structure information of concept lattice.

Definition 4. For any relation granule [g] x [m], the reliability of
([gl, [m]) € I, is defined as

1
where 7 ([g], [m]) is defined as

7 ([gl.[m]) = {(h.n)|yh < un.h € [g].n € [m]}

Obviously, the bigger ¢ ([g], [m]) is, the higher the reliability of
(lg], m]) € I5 is, and vice versa. Therefore, we introduce parameter
o € [0, 1], view it as the threshold value for judging whether ([g],
[m]) € I, is reliable, and present the following criterion.

x |7 ([g]. [m])]

Criterion 1. In (G, M, I), for any relation granule [g] x [m], if
¢o([g], [m]) = o, then ([g], [m]) € I5; if ¢o([g]. [M]) < @, then
(lgl, [mD) €15

In Criterion 1, based on following principles, users can adjust
the parameter @ so as to meet the actual needs. How to set @ rea-
sonably, the paper gives following suggestions

(1) when ® is bigger, it will be unfavorable for us to dis-
cover potentially information from seemingly irrelevant data.
For instance, for the relation granule [g] x [m] shown in
Table 7(a), it is obvious that ([g], [m]) € I, is more reason-
able than ([g], [m]) ¢1,. However, if people sets @ = 1, then
the conclusion ([g], [m]) € I, will not be obtained.

(2) when @ < 0.5, then corresponding results may not be
able to provide a scientific basis for further data modeling.
For instance, for the relation granule [g] x [m] shown in
Table 7(b), it is obvious that ([g], [m]) &¢I, is more reason-
able than ([g], [m]) € I,. However, if people sets @ < 0.5,
then the conclusion ([g], [m]) €I, may not be obtained.

Table 7
Some relation granules.
(a) (b)
X | X | X | Xx|Xx X X
XX | X[ X]|X]|X X
X | X | X[ X|X]|Xx X X
XX | X[ X|X]|X X
XX | X[ X]|X]|X X X
X | X | x| x]|x X X
Table 8

A granularity context derived from Table 2.

a b c d e f g h

1 . X X X X
2 X X X X X X
3 X X x 3

4 X X X x

5 X . . X X
6 x X X X X
7 X X X

8 . X X

9 X X X o

A granularity formal context can be derived from Table 2 on
the basis of Criterion 1, which is shown in Table 8 with o =0.6
and @ = 0.5.

Criterion 2. In (G, M, I), if Ay ([g]) # vie(Im]), then ([g], [m])&Is;
if Ay ([gD=vu([m]), then ([g], [m]) € Io.

Theorem 4. In (G, M, I), let [g] x [m] be relation granule, then

(1) if Ay ([gD) # vu([m]), then ¢o ([g]. [m]) = 0;
(2) if do(lg], [m]) > O, then Ay([g])=vu([m]).

Proof. (1) If Ay ([g]) % viu(Im]). then we suppose ¢o([g] [m])
# 0, namely, there exists (g, my) € [g] x [m] with (g, my) €
I. This implies ygy<um; by Proposition 2. And further together
with Ay ([g])=y g and umy=vu([m]), Ay ([g])=vu([m]) can be ob-
tained, which contradicts with Ay ([g]) £ v ([m]). Hence the con-
clusion (1) holds.

(2) If ¢s([g]l, [m]) > O, there must exist (g;, my) € [g]
x |m] with (g, m;) € I In the case, ygi<um; can be ob-
tained by Proposition 2. And further we can see Ay ([g])=<vu([m])
from Ay([g])xyg: and pum;=<vu([m]). Hence the conclusion (2)
holds. O

In Theorem 4, we can see Criterion 2 is essentially a special
case of Criterion 1, and the judging condition in Criterion 2 is
clearly weaker than that in Criterion 1, so the corresponding judg-
ing result is not reasonable enough. Therefore, Criterion 1 is rela-
tively better. In the case, the paper points out Criterion 3 further.

Criterion 3. In (G, M, I), when |[g]|=1 or |[m]| =1, whether
the granule [g] x [m] meets ([g], [m]) € I, can be judged by
Criterion 2; when |[g]| > 2 and |[[m]| > 2, then

- for any g1, g» € [g] and my, my € [m], if

81 #8, M #myand yg AYyg < Wmy v (uimy

then ([g], [m]) € I5;
- if there exist g, g» € [g] and my, my € [m] satisfying

g1 #&, my#myand ygi Ayg £ piny v iy
then ([g], [m]) ¢l5.

For any g, & < [g] and my, my € [m], because of
Ay ([gl)=(y g1 Ay g2)=(pumy v umy)=<vu([m]), it is obvious that the
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Fig. 4. A concept lattice derived from Table 2.

Table 9
A formal context derived from Table 2.

a b c d e f g h

1 . . X X X X
2 X X X X x X
3 X X X X

4 X X X

5 X . X
6 X x X x x
7 X X X X

8 . X X X

9 x X X X o

judging condition ygiAyg,<umqvum, in Criterion 3 is more
stronger than that of Ay([g])<xvu([m]) in Criterion 2. Therefore,
the judging result deduced from Criterion 3 is more reasonable.

A granularity formal context can be derived from Table 2 on
the basis of Criterion 3, which is equivalent to the formal context
shown in Table 9 with o = 0.6.

For example, since y7Ay8=<ucvud, y7Ay9=ucvud,
y8Ay9=<ucvud by referring Fig. 4, we can see that ([7], [c]) € I5.
In addition, ([7], [g]) ¢Is can be derived from y7 A y8 £ ugv wh,
YIAy9=ugvuh, y8ay9=ugvuh by referring Fig. 4.

Criterion 2 and Criterion 3 based on operations v and A can
particularly resort to Hasse graph to directly and simply judge
whether [g] x [m] meets ([g], [m]) € I,, whose biggest distinction
from traditional models is integrating the structural information of
concept lattice. Maybe Criterion 2 or Criterion 3 is not more rea-
sonable than other methods, but it provides a new way of thinking
for the related research.

Kang et al. have introduced equivalence relations into M, and
studied the similar problem [8]. In this literature, for any attribute
granule [m] and object g, a judging criterion on whether (g, [m]) €
Js is essentially defined as

if 3m, e [m] satisfying (g my) € I, then (g, [m]) € Js.

where (G, Mj, Js) is the granularity context to be solved for. The
criterion is equivalent to the following statement

« In (G, M, I), for any relation granule g x [m], if ¢4(g, [m]) > O,
then (g, [m]) € Io; if ¢o (g [m]) = 0, then (g, [m])¢I5.

Essentially, above criterion is only a special case of Criterion 1.
Since its judging condition is clearly weaker than that in
Criterion 1, it is obvious that Criterion 1 is more reasonable.

In addition, the literature [5] provides another way for getting
granularity context, that is, as a granularity context of (G, M, I), (G,
M, ]) needs to meet following conditions

1<
« for every object g € G, g’ in (G, M, J) is an intent of (G, M, I);
« for every attribute m € M, m’ in (G, M, J) is an extent of (G, M,

I).

For instance, Table 1(b) is just a granularity context of
Table 1(a). Advantages of above method are listed as follows: there
is close relationship between granularity contexts and original con-
texts, namely, intents in (G, M, J) must be intents in (G, M, I),
and extents in (G, M, J) must be extents in (G, M, I); there is
close relationship between granularity lattices and original lattices.
For instance, the relationship between the concept lattice derived
from Table 1(a) and its granularity concept lattice derived from
Table 2(b) are shown in Fig. 5. Although there are many advan-
tages, constraint conditions in above method are too many to meet
reality applications. Comparatively, methods presented in the pa-
per may be not satisfy above conditions, but they are relatively
easier and more practical.

5. Granularity concept lattices

With the strong algebraic structure, concept lattice can accu-
rately display the inheritance relationship among concept nodes,
so it is suitable to be used as fundamental data structure of rule
discovery for discovering rule-based knowledge. However, when
dealing with the large-scale data, FCA may generate massive con-
cepts and complicated lattice structure, and accordingly encounter
the tremendous limitations in actual applications. With a view to
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. (1234\bed)
§ (345, ae)

Fig. 5. A concept lattice and its granularity concept lattice.

the fact that GrC itself can simulate human’s intelligence, can sig-

nificantly lower the difficulty of problems by selecting appropri-

ate granulations, thus providing a feasible, effective solution to

knowledge mining and knowledge reasoning. Therefore, the section

mainly probes into granularity concept lattices in formal contexts.
In Ky = (Gy, Mo, Iy), let Ay € G, then

A ={Im] € My | (Ig]. [m]) € Ir, V8] € A}
Correspondingly, let B, < My, then
B, = {[g] € G5 | (Ig], [m]) € I, V[m] € B, }

If A, =B, and B, = Ay, then (Ao, By) is called a granularity con-
cept. The order relation “<,” between granularity concepts (Ag,
By ) and (Cys, Dy ) is defined as

(As.Bs) <6 (C5,D5) & As €Cs < Dy 2 Bs

Obviously, (#(Ky), <o) is a complete lattice, where 2 (K ) is the
set of all granularity concepts.

In (Gy, My, I5), for any [g] € Gy, [m] € My, we say y[g] =
(Ig]”.1gl") is an object granularity concept, and i[m] = ([m]’, [m]")
is an attribute granularity concept. It is obvious Y (G5 ) and (M)
are concept-bases of (Z(Ks ), <o), where the set of all object gran-
ularity concepts is denoted as ¥ (G5 ), the set of all attribute gran-
ularity concepts is denoted as & (My).

Definition 5. Based on discussions above, the lattice (Z(Ks), <o)
is called a granularity concept lattice of (Z(K), <).

For example, granularity concept lattices with respect to
Table 8 and Table 9, are shown in Fig. 6 and Fig. 7 separately.
In essence, the method based on Criterion 1 is an expansion of
the one in [8]. For further revealing the similarity and differences
between them, the paper takes a practical example as application
background, which is shown as follows.

The context shown in Table 10 is about websites and their sub-
jects. The set of objects G is composed of website 1, website 2, ...,
website 12 denoting some websites, the set of attributes M is com-
posed of Financing, Economic, ..., Education denoting subjects in
websites. If website i includes subject j, this is denoted as (i, j) €
I, which is shown in table by “ x ”. Fig. 8 is the classical concept
lattice with respect to Table 10, since it is too complicated and too
large to show, we only show it partially. Table 11 and Table 12 are
granularity contexts of Table 10, which are results based on [8] and
Criterion 1 defined in the paper separately. Corresponding granu-
larity concept lattices are shown in Figure 9 and Fig. 10.

([BI5I7], 9)

([11(31181, [a] ) 3 (1171, [el)

([3115], [allc] ) ([71, [clle] )

(131, [allc]lgl)

(9, [allc]le]ld] )

Fig. 6. A granularity concept lattice with respect to Table 8.

(1BIBI71, 9)

5][7] [c”

[c]le])

(111, [allello] (3], [allclle] )

(@, [allc]iella] )

Fig. 7. A granularity concept lattice with respect to Table 9.
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Table 10

A formal context about websites and their subjects

1

2

3

4

5

n

12

Financing
Economic

Stock certification
Foundation
History

Record

Literature

Culture

Education

X X X X X X X

X X X X

X X X X X X

X X X X

X X X X X

X X

record

website 11

website 2

website 1

Fig. 8. A classical concept lattice with respect to Table 10.

Table 11

A granularity context derived from Table 10.

history

website 3

1

2

3

4

w

(=2}

1

12

Financing
Economic

Stock certification
Foundation
History

Record

Literature

Culture

Education

* X X X X X X X

X

* X X X X *

* X

* X X X X X X

X

o x .

X

* X X X X

X

X X X

X X

X

X X X

X X X X X

X

X X X

Table 12

A granularity context derived from Table 10.

1

2

3

4

w

[=2]

1

12

Financing
Economic

Stock certification
Foundation
History

Record

Literature

Culture

Education

O X X X X X X

X

X X X X

X X X X X X

* X X

X

* X X X X

X

X X X

X X

X
X
.

X X X

X X X X X

X

X X X
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Intent:

{Financing, Economic, Stock certificate, Foundation},

{History, Record}.
Extent:
websitel,

website7.

Intent:

{Financing, Economic, Stock certificate, Foundation},

{History, Record},

{Literature, Culture, Education }.
Extent:

websitel,

website3.

Intent:
{History, Record}
Extent:

ebsitel,

{History, Record},

{Literature, Culture, Education }.
Extent:
websitel,website2,website3,
website10,website11,website12.

Fig. 9. A granularity concept lattice with respect to Table 11.

Intent:

{Financing, Economic stock, Certificate, Foundation},

{History, Record}
Extent:
{websitel,...,website6 }

Intent:

{Financing, Economic stock, Certificate,| Foundation},

{History, Record},

{Literature, Culture, Education }.
Extent:

0

Intent:

{History, Record}

Extent:
{websitel,...,website6},
{website7,...,website9},
{websitel0,...,website12}.

Intent:

{Literature, Culture, Education },
{History, Record}.

Extent:
{website10,...,websitel12}

Fig. 10. A granularity concept lattice with respect to Table 12.

In Table 10, when ¢ =0.6 and @ = 0.6, then all attributes
can be classified into {Financing, Economic, Stock certificate, Foun-
dation}, {History, Record} and {Literature, Culture, Education} by
Criterion 1; Meanwhile, all objects can be classified into {web-
sitel,...,website6}, {website7,... website9} and {website10, ...,
website12}. In addition, based on the method in [8], all attributes
can also be classified into same granules.

From the actual example above, we can see that there are some
similarities and some slight differences relative to [8]. Similari-
ties:they all help to compress the scale of structure of concept lat-
tice and reduce the number of concepts by hiding some specific
details. For instance, Fig. 9 or Fig. 10 has relatively simpler struc-
ture and smaller nodes than Fig. 8; they all help to expand the
extent and intent of classical concept. For instance, as approximate
concepts of classical concepts, any granularity concept in Fig. 9 and
Fig. 10 contain more objects and attributes than the one in Fig. 8;
they all introduce equivalence relations and parameters into FCA.
Differences: by comparing with [8], the paper introduces equiva-
lence relations into both G and M rather than only M, so it is more
conducive to thorough expanding classical FCA from the respective
of GrC; the judging condition in [8] is clearly weaker than that in
Criterion 1. For instance, for any subject and website, if the website
includes the subject in Table 12, then there is the same result in
Table 11. Since Criterion 1 possesses stronger condition, it is more
reasonable relatively to some certain extent.

In addition, Criterion 2 and Criterion 3 based on operations v
and A can particularly resort to Hasse graph to directly and sim-
ply judge whether [g] x [m] meets ([g], [m]) € I, whose biggest
distinction from traditional models is integrating the structural in-

formation of concept lattice. Maybe they are not more reasonable
than other methods, but it provides a new way of thinking for the
related research.

6. The knowledge acquisition in granularity formal contexts

This section, by means of concept-bases Y (Gy) and (M),
mainly probes into attribute reduction, core and implication rules
in Ky = (Gy, Mgy, Io).

In K= (G,M,I), let C € B < M, if C is the minimal subset sat-
isfies B = (’, then we say C is a reduction of B; Let m € B € M, if
B’ # (B—m)’, then we say m is indispensable, the set of all indis-
pensable attributes in B is called the core of B, which is denoted as
core(B); let B, C < M, if B'c(’, then we say B — C is an implication
rule.

Theorem 5. Let [m] € B, € My, then [m] € core(By ), if
{[s117[s] <o ilal.Vlal € Bo} # {Igll ¥[8] <o mIb].
V[b] € (B> —[m])}

Proof. From Proposition 2 we can see that (|g],[m]) €ls &
y(gl <o [m]. And further, the condition mentioned in the the-
orem is equivalent to B[ # (B, —[m]). Hence, [m] € core(By)
holds. O

Theorem 6. Let C, B, € My, then Cy is a reduction of By, if Cy is
the minimal subset of B, satisfying the condition

{h1Y[h] <o pa[m].V[m] e G} = {[g]| ¥[g] <o i[n].V[n] € B;}
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Proof. For any [g] € Go, [m] € My, (Ig]. [m]) € s & V(8] <o [Alm]
can be deduced from Proposition 2. And further, we can obtain
C/. = B,,. Hence, C, is a reduction of B,. 0O

Theorem 7. Let Cy, B, € My, then B, — Cg, if
{[h]1Y[h] <o ix[m].Y[m] € B;} < {[g]| ¥[g] <o H[n]. V¥ [n] € Cs}

Proof. By means of ([g],[m]) €I, & Y[g] <o f[m] deduced from
Proposition 2, B, < C, can be obtained. Hence, B, — C, holds. O

7. Conclusions

The paper tries to bring GrC into FCA, and proposes an expan-
sion model of FCA based on GrC, which helps to hide some specific
details and lower the difficulty of problems, and also helps to dis-
cover valuable knowledge from seemingly irrelevant data through
the expansion of intent and extent of the classical concept. In mod-
eling, the paper defines concept-bases, discusses the granularity
of concept-bases, and further studies granularity formal contexts
and granularity concept lattices. In fact, concept-bases, as a kind of
low-level knowledge, play important roles in the whole data mod-
eling.

To better understand and solve problems rather than get lost
in unnecessary details of problems in the process of solving prob-
lems on the basis of GrC, we usually abstract and simplify prob-
lems so as to obtain their approximate solutions. In virtue of the
idea above, the paper constructs a kind of concept similarity mod-
els based on supremum and infimum, namely estimating the sim-
ilarity between concepts x and y through computing the similarity
between xAy and xvy. Its biggest difference from traditional mod-
els is the incorporation of concept lattice’s structure information.
Since Hasse graph can vividly and succinctly manifest the struc-
ture of concept lattice, we can directly and simply judge which
concepts have the same similarities, and which concepts have dif-
ferent similarities in the model through Hasse graph. In addition,
the paper also presents other concept similarity models, which are
essentially characteristic models.

Concerning whether the relation granule [g] x [m] meets ([g],
[m]) € I, the paper offers the judging methods based on reliability
function ¢, and based on operators v and A. Their biggest differ-
ence is that the former is the judging method based on the binary
relation I while the latter incorporates the concept lattice’s struc-
ture information. As for the judging method based on operators v
and A , in particular, we can resort to Hasse graph to directly and
simply judge whether [g] x [m] meets ([g], [m]) € I5.

In the end, the paper proposes granularity concept lattice, and
also emphatically probes into attribute reduction, core, and im-
plication rules in granularity formal contexts, and offers solutions
based on concept-bases. In short, the introduction of GrC into FCA
study can yet be regarded as an effective means for the expansion
of FCA. Theories and examples verify the reasonability and effec-
tiveness of conclusions drawn in the paper. Although FCA is an ef-
fective tool for data analysis, it still has many limitations in dealing
with large-scale data and complicated knowledge discovery tasks.
The research in the paper is just a tentative move, and further re-
search remains to be carried out on the fusion theory of GrC and
FCA.
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