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As one of core problems in rough set theory, normally, classification analysis requires that “all” rather
than “most”elements in one class are similar to each other. Nevertheless, the situation is just opposite to
that in many actual applications. This means users actually just require “most” rather than “all’elements
in a class are similar to each other. In the case, to further enhance the robustness and generalization
ability of rough set based on tolerance relation, this paper, with concept lattice as theoretical founda-
tion, presents a variable precision rough set model based on the granularity of tolerance relation, in
which users can flexibly adjust parameters so as to meet the actual needs. The so-called relation granu-
larity means that the tolerance relation can be decomposed into several strongly connected sub-relations
and several weakly connected sub-relations. In essence, classes defined by people usually correspond to
strongly connected sub-relations, but classes defined in the paper always correspond to weakly connected
sub-relations. In the paper, an algebraic structure can be inferred from an information system, which can
organize all hidden covers or partitions in the form of lattice structure. In addition, solutions to the prob-
lems are studied, such as reduction, core and dependency. In short, the paper offers a new idea for the

expansion of classical rough set models from the perspective of concept lattice.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

It is known that concept has been taken as the unit or cell
of human cognition in people’s thinking activities, since concept
contains the most essential information of some kind of things, it
plays an important role in human’s cognitive process. In essence,
as one major method for human to know the real world and its
laws, concept thinking can be served as the foundation for peo-
ple to form various complicated ideas and also effective means to
express knowledge. In 1982, German mathematician Wille profes-
sor brought forth formal concept analysis (FCA), or concept lattice
theory [46], which can be considered as an application branch of
lattice theory. As one kind of method to mathematically abstract
and formalize concepts from the objective world, FCA greatly stim-
ulates people’s enthusiasm to solve problems under the concept
thinking. In FCA, the basic viewpoint of concept essentially devel-
oped from the understanding of concept in philosophy, that is, one
concept is mathematically described from aspects of extent and in-
tent, in which extent refers to the set of objects covered by con-
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cept, and intent refers to the set of common characteristics of ob-
jects covered by concept. Concept lattice, as the core data structure
of FCA, is an effective tool for data analysis and rule extraction, and
can vividly and concisely manifest the generalization-specialization
relationship among concepts by means of Hasse graph. In recent
years, concept lattice has developed into a powerful data analysis
method [14,16,21,25,32,37,48,52], and found wide applications in
many fields like data mining analysis, information retrieval, knowl-
edge discovery, ontology engineering, etc.

In practice, information collected from actual systems often
contains noise, namely, information is not always accurate or com-
plete. Along with the rapid development of science and technol-
ogy, the uncertainty of information is more and more remarkable.
Therefore, it is always inevitable for people to process the uncer-
tainty and incomplete information in various applications. In the
case, how to distill useful knowledge from the massive, inaccurate,
fuzzy or incomplete information has become an extremely urgent
task. Although, people can use pure mathematical assumptions to
eliminate or avoid this uncertainty, but the effect is often not ideal.
Conversely, if methods can appropriate to deal with these infor-
mation, it is often helpful to solve many complex practical prob-
lems. Over the years, researchers have been trying to find effec-
tive ways to deal with the incomplete and uncertainty information
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scientifically. As classic methods to deal with uncertain informa-
tion, evidence theory, fuzzy theory, probability statistics, etc. have
been used in many practical fields. However, these methods need
some additional information or prior knowledge, such as fuzzy
membership function, belief function, statistical distribution func-
tion, etc. which can not be easily obtained.

In 1982, Polish scholar Pawlak brought forth rough set the-
ory [31], as a kind of important reasoning technology in artificial
intelligence, which can effectively analysis and process the fuzzy
and uncertain information without any prior knowledge except for
data sets. Its main idea is to, with the classification ability being
kept unchanged, deduce decision or classification rules of prob-
lems through knowledge reduction. Meanwhile, it can use the ob-
served and measured knowledge to approximately describe impre-
cise or uncertain concepts. Due to its effectiveness and usability
in the process of dealing with uncertain problems, rough set has
already drawn much attention of scholars [9,11,12,33], and lots of
research results have been widely applied to various fields, such
as medical diagnosis, decision analysis, image processing, machine
learning, and so on. In addition, with the deepening research and
widening scope, the data forms and organization structures are in-
creasingly diversified, so it becomes more and more difficult for
people to effectively solve the complicated practical problems just
through any single theory. Therefore, combining rough set with
other artificial intelligence technology has become a hot research
topic of international scholars, such as probability statistics, fuzzy
set, evidence theory, neural network, concept lattice [35,39,44,47],
and so on. So far, the whole theoretical system of rough set has
already been gradually maturing and increasingly perfect, which
greatly enriched and expanded the theoretical foundation and the
application scope of rough set.

Rough set and concept lattice, as two mathematical branches
generated in the same era, there are some significant differences
from the perspective of their research methodology, but the same
research background and objective indicate that they must have
something in common. In fact, the two theories share many sim-
ilarities [17], such as any one-valued formal context, as a kind
of data set, is just a special case of information systems essen-
tially, therefore, their mutual reference and integration not only
enhance their own analytic abilities, but also can help to under-
stand one theory from the perspective of another. Meanwhile, by
means of mixing their respective advantages, the fusion theory
may help to establish a more general and universal data analysis
framework. Therefore, it is extremely significant to combine two
theories in terms of their advantages. Recently, many remarkable
research achievements of the fusion theory have been made. Oost-
huizen informally described the connection between rough set and
concept lattice [30]. In the study of logical models, Duntsch and
Gediga defined modal-style operators on the basis of binary re-
lations, and constructed the attribute-oriented concept lattice ac-
cording to the upper approximate operator [5,8]. Deogun and Sa-
quer mainly discussed the monotone concept lattice, which is a
direct expansion of classical concept lattice [4,36]. By introducing
the idea of upper and lower approximations in rough set, Yao ex-
pended the definition of concept lattice, studied the rough set ap-
proximation of formal concept, built object-oriented and attribute-
oriented concept lattices, and proved that attribute-oriented con-
cept lattice and object-oriented concept lattice are isomorphic [49-
51]. Zhang et al. introduced variable threshold concept lattices [53].
Belohlavek et al. provided the uniform structure of different vari-
able threshold concept lattices [1]; Fan et al. studied fuzzy in-
ferences based on fuzzy concept lattices [6]. Through comparing
the relationship between fuzzy concept lattice and rough set, Lai
et al. pointed out that each complete fuzzy concept lattice could
be expressed as the concept lattice in the sense of rough set un-
der certain conditions [18]. Lots of scholars introduced the idea

of reduction in rough set into concept lattice, and discussed the
reduction theory in concept lattice [2,20,24,27-29,45]. Kang et al.
once suggested a rough set model based on concept lattice, which
solved the problem of algebraic structure in the discrete informa-
tion system, namely inducing a lattice structure from an informa-
tion system, with each node in the lattice being called a rough
concept, meanwhile, they also presented solutions to some com-
mon problems in rough set based on concept intents, such as core,
reduction and function dependence [15]. For more flexible and ef-
ficient learning concept, from the cognitive computing perspec-
tive, Li et al. investigated concept learning by means of granular
computing and set approximations [22], in addition, they have fo-
cused on issues of approximate concept lattice, approximate deci-
sion rule and knowledge reduction in incomplete decision contexts
[23]. Shao and Leung revealed some relationships of reduction re-
sults in rough set and concept lattice [38]. Tan systematically ex-
plored connections between rough set and concept lattice in terms
of approximation operators, structures and knowledge reduction
[43]. Li et al. [26] made a comparison between multigranulation
rough sets and concept lattices via rule acquisition, and obtained
some interesting results. For more research findings concerning the
fusion theory of rough set and concept lattice, please see the liter-
ature [51].

It is known to us that Pawlak’s classical rough set model is
established on the basis of equivalence relation (equivalence re-
lation needs to meet reflexivity, transitivity and symmetry), and
used to process complete information systems containing nomi-
nal attributes (domain of attribute is composed of several discrete
values, and different values are independent of each other). How-
ever, when the domain of attribute is a real number set, or the
differences among different values are caused by test errors, or the
problems to be solved are highly complicated, or the scale of data
set is too big, it is meaningless to analyze some minor differences.
In the case, classical Pawlak’s rough set model obviously has some
limitations. In practical applications, users may not only require
that objects with identical attribute values should be put into the
same class, but also assume that objects with similar attribute val-
ues should also be classified the same. To further enhance the data
processing capability of rough set, many scholars expand equiva-
lence relations to tolerance relations (sometimes called similarity
relation) only meeting reflexivity and symmetry. Tolerance rela-
tion is substantially different from binary relation of other types
in terms of symmetry. Namely, symmetry is the basic character-
istic of tolerance relation. In view of the universality of tolerance
relation, great research findings have been made on the theory and
application of rough set based on tolerance relation in recent years.
To enhance the data processing capability of rough set, Slowinski
et al. studied the properties and applications of rough set based on
similarity relation, and pointed out that rough set based on sim-
ilarity relation can be used for ignoring minor differences of at-
tribute values [41,42]; Skowron et al. presented rough set based on
tolerance relation, which was conducive to enhancing the robust-
ness of system decisions and also the efficiency of decision mak-
ing [40]; Leung and Li [19] studied the granules in incomplete in-
formation system, namely, with maximal tolerance classes as in-
formation granules, overcame the flaws of knowledge expression
based on similarity class. Hu et al. proposed neighborhood rough
set models in information systems with mixed features, where ob-
jects with numerical attributes were granulated with fuzzy tol-
erance relations obtain by Euclidean distance, while objects with
nominal features were granulated with equivalence relations [13].
Guan and Wang applied maximal tolerance classes to set-valued
information system, and discussed problems of attribute reduc-
tion and decision rule acquisition [10]. Based on maximal tolerance
classes, Qian et al. studied the approximation reduction in incon-
sistent incomplete decision tables [34]. Dai defined fuzzy tolerance
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Fig. 1. A tolerance relation graph.

relations in incomplete numerical data, established the fuzzy tol-
erance rough set, and discussed the problem of attribute reduction
[3].

Constructing and discovering new classification models has be-
came an effective mean for expanding rough set, there have been
lots of related research results in recent years. Among various
kinds of models, the most common one is defined as: let R be a
tolerance relation on U, then

“& is a class, if and only if & is a maximal set satisfying & x & <
R”

In another way, above type of classes essentially can be under-
stood from the perspective of relation granularity. Namely, the tol-
erance relation R can be granulated into several sub-relations de-
fined as follows:

Definition 1. Let H x N C R, if AH; x N; with H; x N;y € R and
H x NCcH;y x Ny, then H x N is called a sub-relation of R. For
any sub-relation H x N, if H=N, then H x N is called a strongly
connected sub-relation; if H # N, then H x N is called a weakly
connected sub-relation.

Apparently, the definition mentioned-above shows R can be
granulated into several strongly connected sub-relations and
weakly connected sub-relations. For instance, Fig. 1 is a tolerance
relation graph, in which the sub-relations 1245 x 1245 and 2345
x 2345 are strongly connected, the sub-relation 245 x 12345 is
weakly connected (here, {py,py.....pn} is simply as pipy...pn).
Furthermore, from above definition, there exists following conclu-
sion

« & is a class, if and only if & x & is a strongly connected sub-
relation.

If problems are too complicated or solving them requires high
cost or data sets have some noise, people may no longer focus on
some detailed information and take exact solutions as the goal,
but replace exact solutions with the feasible approximate solutions,
this will surely help to simplify problems and enhance efficiency.

As one of central problems of rough set, classification problems
usually require that “all” rather than “most” elements in a class
are similar to each other. Obviously, when people explores approx-
imate solutions rather than accurate ones in some problems, the

condition for generating classical classes is too restrictive to some
extent, this may result in too small classical classes, which per-
haps seriously affect the generalization ability of classification al-
gorithms of rough set. In the case, users possibly just require that
“most” rather than “all” elements in a class are similar to each
other. Therefore, to further enhance the robustness and generaliza-
tion ability of rough set based on tolerance relation, the classical
class mentioned-above is further extended to the 6-class defined
in the paper. That is, a -class ¢ needs to meet the following con-
dition.

- there exists maximal subset L C ¢ satisfying
Lx%¢ CRand |¢| x6 <|L|

where R is a tolerance relation on U, 0 < 6 < 1. In the case, we
say L is the class core of %.

Above definition just lists the condition that 6-class must to
meet, and it is only the summary description of 0-class. For how
to construct f-classes, the paper will give a detailed description in
the following chapters.

In above definition, the description of 0-classes not requires
that “all” elements in one class are similar to each other. It just
requires that “most” elements in a class are similar to each other,
namely, it only requires L x ¥ € R rather than % x ¥ < R. Obvi-
ously, there is following fact

- for any classical class &, there always exists a 6-class ¢ with
& CE.

In Fig. 1, the classical classes {1, 2, 4, 5} and {2, 3, 4, 5}
are shown in Fig. 2(a), and the 6-class with 8 = 0.6 is shown in
Fig. 2(b).

In fact, classical classes defined by people essentially cor-
respond to strongly connected sub-relations, but 0-classes con-
structed in the paper always correspond to weakly connected sub-
relations. Based on the points discussed above, an algebraic struc-
ture can be further inferred from an information system, which can
organize all hidden covers or partitions in the form of lattice struc-
ture. Furthermore, solutions to the problems are studied, such as
reduction, core and dependency. In short, the method presented in
the paper offers another way for expanding rough set, meanwhile,
it also helps to reasonably analyze and interpret rough set from
the perspective of concept lattice.

The following chapters are arranged as follows: Section 2 gives
a brief introduction on concept lattice and rough set; Section 3 in-
troduces parameters, studies the granularity of tolerance relations,
expands classical classes to 6-classes, and derives an one-valued
formal context from an information system; Section 4 builds an
algebraic structure from an information system based on concept
lattice; Section 5 mainly discusses methods to deal with common
problems from the perspective of concept lattice, such as attribute
reduction, core and dependency; Section 6 is a brief conclusion
and outlook.

2. Concept lattice and rough set

This section briefly introduces concept lattice and rough set,
about more detailed information, please refer to [7,31].

A formal context is a triple (G, M, I), where G is a finite
nonempty set of objects, M is a finite nonempty set of attributes, I
is a binary relation between G and M, namely I € G x M.

Definition 2. In K = (G, M, I), the map £(G) — Z(M) is defined
as: let A e 2(G), then

A'={meM|(g m)el VgeA}
the map 22(M) — 2(G) is defined as: let B e 22(M), then
B ={geG|(gm)ecl,VmeB}
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O-class

Fig. 2. Classical classes and #-class derived from Fig. 1 with 6 = 0.6

where £2(G) and £ (M) be power sets of G and M respectively.

In above definition, if A’ = B and B’ = A, then we say (A, B) is a
formal concept. The order relationship “<” between concepts (A;,
Bq) and (A,, By) is described as

(A1,B1) < (A2.By) © A1 CAy ¢ B 2B,

In essence, (#(K), <) is a complete lattice, where %#(K) is the
set of all concepts in K. Meanwhile, there exist following conclu-
sions as follows

Proposition 1. Let (G, M, I) be a formal context, A, Ay, A, < G, B, By,
B, € M, then

(1) A| C Ay = A) C A
(3)AcA”; BcB’

(2) By B, = B, C B,
(4) A/ :A///, B/ — B///

Proposition 2. Let K = (G, M, I) be a formal context, B € M, then
B"=n{T e #|B < T}
where % is the set of intents of all concepts in K.

Normally, an information system is formalized as a quadruple
(U, AT, V, f), where U called universe is a finite nonempty set of ob-
jects, AT is a finite nonempty set of attributes, V = (J;,,carVim with
Vi called the domain of attribute m, f: U x AT — V is a function,
that is, flx, m) € Vi for any x € U,m € AT. In the following, (U, AT,
V, f) is simplified as (U, AT).

In an information system (U, AT), there always exists a binary
relation Rp for any B C AT. In this case, let m € B, if Rg # Rg_p,.,
then we say m is indispensable in B, and core(B) consisted of all
indispensable attributes in B is called the core of B; let B, D C AT,
B < D, if B is a minimum-subset satisfying Rg = Rp, then we say B
is a reduction of D; let B, C C AT, if Rg € R, then we say B — C is
a dependency.

3. One-valued formal contexts derived from information
systems

It is known to us that Pawlak’s classical rough set is established
on the basis of equivalence relation and used to process only nom-
inal attributes. However, some common data sets always contain
numeric attributes (the domain of attribute is a real number set or

Table 1
A typical information system.

a b c d

yes u; Vv yes
yes U, V, yes
yes u3 V3 no
yes u; V4 no
no Us Vs No
no U Vg NO
no u; v, yes
no ug vg  yes

CONO UL A WN =

a subset of the real number set) in actual applications. In the case,
the classical rough set obviously has some limitations. Specially,
for any numeric attribute, it is rare that different objects pos-
sess completely identical attribute values. And further, too small
equivalence classes formed through equivalence relation would se-
riously affect the generalization ability of classification algorithms.
To address above problem, many scholars take information systems
containing numeric attributes as research background, and expand
equivalence relations to tolerance relations.

Table 1 is a typical information system, where a and d are
nominal attributes, b and ¢ are numeric attributes. In fact, for any
numeric attribute m, there are great research findings have been
made to obtain the tolerance relation I, on V. For example, a
simple method is described as

Let |Vm| = n, for any v;, vj € Vi, if sim(v;, vj) > &m, then (v;, v;)
e Im, where

[v; — v
max{vy, v, ..., Vp}

sim(v, vj) =1— , 0<dn <1

Since the solution procedure for generating tolerance relations
is not the focus of the paper, we will not elaborate on how the
tolerance relation I, on Vy, is obtained, that is, I, is directly given
in the paper.

3.1. Concept scales and concept scaling
Normally, the classical concept lattice is always used to study

one-valued formal contexts, but information systems are many-
valued formal contexts essentially. Therefore, to study information
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Table 2
Tolerance scales S, and S, relative to b and ¢ separately.
u u u; U Us U U7 Ug Vi Vo V3 Vg Vs Vg V7 Vg
up X X X V1 X X X X X
up X X X ' X X X X
us X X X X X V3 X X X X X
Uy X X X X X X Vg4 X X X X X X
us X X X X Vs X X X X X X X X
Ug X X X ' X X X X X X X
uy X X \'% X X X X
ug X X Vg X X X
Table 3 Table 4
The equivalence scale S, rela- A concept scale of an attribute without any
tive to a. prior knowledge.
no yes low  high  very high
no X low X
yes x high X
very high x

systems with operators in Definition 2, we should transform in-
formation systems into one-valued formal contexts. Recently, there
have been many ways of transforming an information system into
an one-valued context, such as concept scaling technology and
logic scaling technology. In the paper, we select the former.

The basic idea of concept scaling is to transform an information
system into an one-valued formal context via concept scales. Each
attribute corresponds to one concept scale, and different attributes
may correspond to different concept scales. The so-called concept
scale of an attribute can be viewed as the interpretation or detailed
description of the domain of attribute. That is, for any attribute m,
the corresponding concept scale essentially embodies the relation-
ship among different values in V. Concept scaling can be simply
understood as the strategy for transforming an information system
into an one-valued formal context on the basis of these concept
scales. The definition of concept scales and the selection of concept
scaling strategies directly determine the one-valued formal context
transformed. In fact, in the whole process of transformation, con-
cept scales only play the intermediary role, rather the final deriva-
tive context.

Definition 3. In S = (U,AT), we say Sy = (G, M, Ip) is a concept
scale of m € AT, if Vi, € Gp.

The definition above only requires V;; € Gp, without any more
restrictions on G, and My,. In order to meet some actual situa-
tions, other reasonable restrictions should be considered as well to
construct Sp,.

In Definition 3, if Gy = My = Vi, then Sy, is called a relation-
concept scale. Let S;; be a relation-concept scale, if I, is an equiv-
alence relation on Vj,;, then we say Sy is an equivalence scale; if
Im is a tolerance relation on Vp;, then Sy, is called a tolerance scale.
For instance, for the numeric attributes b and c in Table 1, the cor-
responding tolerance scales S, and S are shown in Table 2; for
the nominal attribute a (or d), the corresponding equivalence scale
Sa(or S4) is shown in Table 3. In above tables, if the crossing of v €
Vm row and w € Vi, column is denoted as “ x ”, then it means (v,
w) € Inm.

In fact, there are many different ways of concept scaling, this
means that we can flexibly carry out concept scaling according to
characteristics of information systems and the corresponding do-
main knowledge. In the paper, a relatively simple method for con-
cept scaling (called for short as plain scaling) is adopted, which is
formalized as follows.

In S= (U,AT), let S;m = (Vin,Vim,Im) be the relation-concept
scale of attribute m, then for any (x, y) € U x U and m < AT, by

Table 5
A concept scale of an attribute with some
prior knowledge.

low  high  very high
low x
high x
very high X X

the transformation rule

(xy).m)e] & W.v) €ln, f(x.m)=w, f(y.m)=v
S can be converted to an one-valued formal context

Ks = (U x U,AT,))

Ks is called the derivative context of S. In the paper, from the
whole transformation process shown in Fig. 3, we can see that the
concept scales and concept scaling play significant roles.

In the above transformation, for any values v, w € Vp,, the con-
cept scale can filter out there own information, but care about
whether they meet (v, w) € I,. Namely, Sy, is essentially an one-
valued formal context, which only remains the relationship among
different values of V;;, in the form of one-valued formal context.

It is worth to mention that concept scale is not only a sim-
ple transformation tool, may also contribute to solve actual prob-
lems more scientifically and rationally. It is known that classical
rough set always does not require additional prior knowledge dur-
ing the procedure of data analysis and processing, this is an advan-
tage, but is also its shortcoming, that is, when dealing with data
that requires additional information or knowledge, classical rough
set will be helpless. For instance, in classical rough set, for an at-
tribute “blood pressure”, the corresponding attribute values “low”,
“high” and “very high” are normally independent of one another by
default, namely, there is no relationship between above attribute
values. In the case, the corresponding concept scale is shown in
Table 4. However, there may exist relationship between “high” and
“very high” in many applications, namely, if one patient’s blood
pressure is “very high”, then it must be “high”. In the case, the cor-
responding concept scale is shown in Table 5. Obviously, by means
of concept scales, we can introduce some prior knowledge to the
final derivative context, rather than the simple transformation, and
then the actual problems can be solved more reasonably based on
concept lattice. The related content mentioned-above will be one
of the focus of our next research.
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Key steps

An information system

formal context

Stepl

Fig. 3. The process of one-valued contexts derived from an information system.

Fig. 4. The undirected graph derived from Table 2(b).

3.2. Granularity of tolerance relations and variable precision concept
scales

In fact, we can view the tolerance scale Sy = (Vim, Vin, Im) as
a relation graph, where Vy, denotes the set of all vertexes, and
Im is the set of all undirected edges. For instance, S. shown in
Table 2 (b) can be interpreted as the undirected graph shown in
Fig. 4. Clearly, in the worst case, if |Viz| =n, then || =nx (n—
1)/2. It is obvious that a bigger n indicates massive edges, and then
eventually resulted in a huge and complicated graph. This not only
brings about higher time and space complexity for further com-
puting and solving problems, but also does not help to further un-
derstanding the schematic configuration of graph on macroscopic

Vs
Vg Vi

Ve

view. In the case, to better understand and solve problems rather
than get lost in unnecessary details, the paper presents a new
method based on the granularity of V;;, in which the granularity
of I, plays an important role.

When processing large scope and complicated information, peo-
ple, due to their limited cognitive capability, usually divide the
complicated information into several simple blocks in terms of its
characteristics and performance so as to better analyze and solve
actual problems. Each block is always considered as a granule (or
a class). In fact, the granularity mechanism is also one major fea-
ture of human thinking. As one core problems of rough set, the
information granularity always serves as the foundation of knowl-
edge acquisition, so discovering and constructing new granular-
ity models is an effective mean for xpanding rough set theory.
For instance, the complicated tolerance relation graph shown in
Fig. 4 can be granulated into several relatively simple sub-graphs
shown in Fig. 5, and any sub-graph can be viewed as a class. For
any sub-graph, we can see there always exists a undirected edge
between any two vertexes.

Normally, classification analysis requires that “all” rather than
“most” elements in one class are similar to each other. Neverthe-
less, in many actual applications, users possibly just require that
“most” rather than “all” elements in one class are similar to each
other. Therefore, to further enhance the robustness and general-
ization ability of rough set, this paper, with concept lattice as the
theoretical foundation, discusses the classification problem in Vp,
by means of the granularity of I, and further expands classical
classes into f-classes. It is worth mentioning that the 6-classes
referred here means the classes in V; rather than the ones in U.
Hereinafter, by referring to Definition 1, the tolerance relation I
can be further decomposed into several strongly connected sub-
relations and several weakly connected sub-relations. In essence,
classical classes defined by people usually correspond to strongly
connected sub-relations, but classes defined in the paper always
correspond to weakly connected sub-relations.

V5 Ve

Fig. 5. Some sub-graphs derived from Fig. 4.
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O (@, 12345678)

(12345678, 5)

(5678, 57)

O (5, 12345678)

Fig. 6. 28(S,) and 28(S.) derived from Table 2.

Let X(I;) be the set of all sub-relations in I, then the follow-
ing conclusion can be inferred easily

Theorem 1. Let Sy, = (Vin, Vin, Im) be a tolerance scale, H, N € Vp,
then

(H,N) € 2(Sm) & HxN e X(In)

Proof. The conclusion can be deduced from Definition 1 and
Definition 2 immediately. O

Apparently, the theorem above shows that X(I) can obtained
by calculating %(Sp). Taking scales in Table 2 as examples, by
means of operators in Definition 2, corresponding concept lattice
structures can be calculated easily, which are shown in Fig. 6 (for
convenience, any v; or u; is simplified as “i”).

Definition 4. In Sy, = (Vin, Vi, Im), let 0 < o < 1, forany H x N €
Y (I;y), the connected-degree between H and N is defined as
|HNN|

¢o(H x N) = [HAN|+a x [(H=N)U (N—H)]

In above definition, H — N denotes the set of elements appear-
ing in H but not in N; N — H denotes the set of elements appearing
in N but not in H. In fact, (H— N) U (N — H) is the different part
between H and N, and HNN is the common part between H and
N. In addition, the parameter «, to a given degree, reflects that the
influence of the common part on the connected-degree is bigger
than the different part. Obviously, the bigger common part is, the
connected-degree is; on the contrary, the smaller common part is,
the lower connected-degree is.

Definition 5. In S;; = (Vin, Vin, Im), let 0 < 0 < 1, if 0 =HUN is
the maximum-subset satisfying

HUN € X(In) and ¢po(H x N) > 0

then we say ¢ is a O-class. In the case, we say HNN is the class
core of 0.

In above definition, when Sy, = (Vin, Vi, Im) is viewed as a tol-
erance relation graph, then the 0-class ¢ can be essentially inter-
preted as the sub-graph (H, N, H x N) in Sp. In the case, ¢o(H x
N) can be understood as quantitative measurement for the scale
of undirected edges in the sub-graph ¢ essentially. Since it is of

no practical significance to view ¢ with low connected-degree as
a class, we mainly discusses 0-classes with high connected-degree.
Especially, if « =1 and 8 = 1, then a f-class is essentially a classi-
cal class. And further, we can obtain the conclusion that the classi-
cal class is only a special case of the -class, which also indirectly
verifies the reasonability of the classification method based on the
relation granularity.
For instance, in Fig. 7, there are following sub-relations

1245 x 1245, 2345 x 2345, 245 x 12345,

368 x 368,678 x 678, 68 x 3678

From above sub-relations we know
{1,2,4,5},{2,3,4,5},{3.6,8}.{6,7,8}
are classical classes. By simple calculation, we can see
that Po (1245 x 1245) = ¢py (2345 x 2345) = ¢, (368 x 368) =
¢o (678 x 678) =1, ¢y (245 x 12345) = 0.6, ¢4 (68 x 3678) = 0.5,
taking ¢,(245 x 12345) as an example

1{2. 4,5}

[{2,4,5}] + {1, 3}]
when o =1,0=0.5, since {3,6,7,8} ={6,8}uU{3,6,7,8} and
{1,2,3,4,5} ={2,4,5} U{1,2,3,4,5} are the maximum-subsets
satisfying the conditions in Definition 5, they are O-classes, cor-
responding results are shown in Fig. 8.

In order to understand 6-class easily, another analytical method
is given from the perspective of mutually similar classes.

Go (245 x 12345) = =0.6

Definition 6. Let R be a tolerance relation on U, A, A, Ay € U, we
define

AT ={xeU|(x,y) eR VycA}

if A A3 and A, € A7, then we say A; and A, are similar to each
other; furtherly, if Ay =AJ and A, = A{, then we say A, is a class
relative to Ay, and A, is a class relative to A,, in the case, we say
A and A, are mutually similar classes.

In above definition, if A; and A, are are mutually similar classes,
then we can naturally think about whether the two classes can be
merged into one new class.

Theorem 2. In Definition 6, the following statements are equivalent
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2

Fig. 7. A tolerance relation graph.

Fig. 8. The O-classes in Fig. 7 with # = 0.5 and o = 1.

(1) Ay x Ay is a sub-relation in R, namely, A1 x Ay € X(R);
(2) Ay and A, be mutually similar classes.

In above theorem, if & =A; UA, is a O-class, then ¢ can be
viewed as the merging result of mutually similar classes A; and A,
(as shown in Fig. 9).

3.3. One-valued formal contexts derived from information systems

This section mainly presents variable precision relation-concept
scales, and finally derives an one-valued formal context from an
information system.

Proposition 3. Let R be a tolerance relation on the set A, then
R=U{X xX|X e ARR)}
where A(R) is the set of all classical classes in A.

Definition 7. Let S;;; = (Vi, Vin, Im) be a tolerance scale, the corre-
sponding f-tolerance scale is defined as

S8 = (Vim, Vi, 12)

in S, 19 is described as

1 =U{HxH|He Ay(In) }

where Ay(Im) is the set of all 6-classes in V.

Theorem 3. From above discussion, it is obvious that I, C I,% is true.

For example, in Table 2, O-tolerance scales with respect to nu-
meric attributes b and c are shown in Table 6, where o =1 and
6 =0.5.

Definition 8. Let S = (Vin, Vi, 1) be the O-tolerance scale of m
e AT, then an one-valued formal context transformed from S =
(U, AT) is defined as

K¢ = (U x U, AT, J)
where Jy is described as
(xy).m)ely & wv)el), fx.m)=w, f(y.m)=v

ng is called the derivative context of S.
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class A

(relative to class B)

class B
(relative to class A)

©-class core

)

O-classAUB

Fig. 9. Generating 0-class from the perspective of mutually similar classes.

Table 6
6-tolerance scales with respect to attributes b and c in Table 1.
Uy, u U3 ug Us Ug U; Uug Vi V, V3 V4 e Vg V7 Vg
uy X X X X Vi X X X X X X
up X X X X ' X X X X X X
us X X X X X X V3 X X X X X X
U4 X X X X X X V4 X X X X X X
Us X X X X Vs X X X X X X X X
Ug X X X X Vg X X X X X X X X
uy X X \'% X X X X
ug X X Vg X X X X
Table 7

An one-valued formal context
derived from Table 1.

a b

(s}
[=%

X X X X
X X X X
X X X X X X

»
J2
X

x

X

X

By referring to I; and I; shown in Table 3, and I;;’ and I shown
in Table 6, then an one-valued formal context shown in Table 7
can be derived from Table 1.

4. Variable precision rough set based on 6-concept lattice

Concept lattice, or Galois lattice, as the core data structure in
formal concept analysis theory, is a kind of powerful data analy-
sis tool. In this section, an algebraic structure is derived from an
information system, which is called 8- concept lattice.

Let R be a tolerance relation on U, then the corresponding cover
is denoted as UJR. Let U/R; and U/R, be covers of U, for any X €
U/R;, if there always exists Y € U/R, satisfying X C Y, then we say
U/R, is coarser than U/R; , which is denoted as U/Ry€U|R;. In the
case, we can easily find the following conclusion:

Ry € R,, if and only if U/R; € U/R,

It is known that there always exists a binary relation Rg for any
B C AT in an information system (U, AT). In the paper, by means of

s, m e B, the corresponding tolerance relation on U relative to B
is defined as

R) ={(x.y) eUxU|VmeB, (v,w)ell, f(x,m)=v, f(y,m)=w}

In the derivative context Kg, operators can be defined similar
to the ones in Definition 2, that is, for any R € U x U, we define

R ={m e AT|((x,y),m) € Jo.V(x,y) € R}
correspondingly, for any B € AT, we define
B ={(x,y) eU xU|((x,y),m) €]y, Vm € B}

if R =B and B’ =R, then (U/R, B) is called a 0-concept. For any
6-concepts (U/R;, B1) and (U/Ry, By), we define

(U/R1.B1) < (U/R3.By) & Ry SR, & U/Ry eU/R; & B, € By

Drawing on the above discussion, it is obvious that (%(Sp). <
) is a complete lattice, which is called 6-concept lattice, where
P(Sp) is the set of all 8-concepts. And further, the following con-
clusions can be immediately.

Theorem 4. In K¢ = (U x U, AT, Jy). let B C AT, then B’ = RY.
Theorem 5. In Kg = U xU,AT,Jy). let B< AT, R < U x U, then
(R,B) € #(K¢) < (U/R,B) € #(Sy)

Essentially, as an important algebraic structure in (U, AT),
(#(Sy), <) can organize all hidden covers or partitions of U in
the form of lattice structure. There is an indirect way to gen-
erate (#(Sy), <), namely, generating ,%(KSQ) by means of classi-
cal lattice generating algorithms firstly; secondly, for any concept
(R,B) e%(l(se), we replace it by (U/R,B) € #(Sy), then the re-
placed lattice is (#(Sp). <).

In Table 1, when @« =1 and 6 =1, then the corresponding
(%(Sp), <) is shown in Fig. 10, when o =1 and 6 = 0.5, then the
one is shown in Fig. 11. For convenience, any cover or partition
U/R={P, Py, ..., P} in figures is simplified as P, /P, ..., /P, mean-
while, P, = {uq, uy, ..., up} is simplified as uju;...up.

Theorem 6. In Kg’ = (U xU,AT,]J), let B, D € AT, if B' =D, then
U/Rg =U/Rp
where (U/Rp, D) € %(Sy).
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(1234/5678, a)

(134/24/56/78, abc)

(12345678, @)

(1278/3456, d)

(1/2/3456/78, cd)

(1/2/345/456/78, bcd)

(1/2/34/56/78, abcd)

Fig. 10. A O-concept lattice derived from Table 1 with ¢ =1,60 = 1.

(123456/5678, C)

(1234/5678, ac)

(1234/56/78, abc)

(1234/3456/78, bc)

(12345678, @)

(1278/3456, d)

(12/3456/78, bcd)

(12/34/56/78, abcd)

Fig. 11. A 0-concept lattice derived from Table 1 with « =1,6 =0.5.

From above theorem, by means of #-concept, the lower approx-
imation of X € U relative to B € AT is defined as

BX)= |J P

PeU/Rp and PcX
correspondingly, the upper approximation of X relative to B is
B(X) = U P

PeU/Rp and PNX#2

where D = B” and (U/Rp, D) € #(Sp).
Kang et al. have studied the similar problem, namely induc-
ing a lattice structure from an information system [15]. However,

this method is always used to process information systems only
containing nominal attributes. For instance, based the method in
above literature, a concept lattice shown in Fig. 12 can be derived
from Table 8, and the corresponding extent of any lattice node is
essentially a partition. Comparing with the method in [15], the one
presented in the paper not only can obtain the same conclusion
from Table 8, but also is valid for information systems containing
numeric attributes, the corresponding extent of any lattice node
can be a partition or a cover.

Based on above discussions, we can see that the method in the
literature [15] is only a special case of the method proposed in the
paper essentially.
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(1235/4,b)

(125/3/4, ab) (14/25/3, ad)

(1/25/3/4, abd )

(12345, @)

(15/2/3/4, abce )

(1345/2, ce)

(14/2/3/5, acde )

(1/2/3/4/5, abcde )

Fig. 12. An algebraic structure derived from Table 8.

Table 8
An information system about cars.
a b c d e

1 low full diesel low low
2 low full gasoline  high high
3 high full diesel medium  low
4  low compact  diesel low low
5 low full diesel high low

It is known that information granules, lower and upper approx-
imations are core factors in rough set. In the classical variable pre-
cision rough set, the so-called variable precision means approxi-
mations are changed by introducing a parameter, rather than infor-
mation granules are changed. However, in the paper, the variable
precision means the information granules are changed by introduc-
ing a parameter. Clearly, there exist some differences between two
methods, but when people explores approximate solutions rather
than accurate ones in some problems, they both contribute en-
hancing the robustness and generalization ability of rough set.

5. Reduction, core and dependency in information systems

This section offers concept lattice-based solutions to common
problems in rough set such as reduction, core and dependency. For
above problems, the paper present some relatively simple solutions
based on intents of &-concepts.

In the following theorems, the set of intents of all 6-concepts is
denoted as %.

Theorem 7. In K¢ = (U x U,AT.Jp), let m € B C AT, then m «
core(B), if

BZ N{T e %y|(B—m) C T}

Proof. Since B ¢ (B —m)” can be deduced from Proposition 2 and
B < B”,B” ¢ (B—m)” is true. This implies B” # (B—m)”. And fur-
ther, based on B” # (B—m)" = B # (B—m)’, RS #R)_ can be
inferred by Theorem 4 easily. Therefore, m € core(B) holds. O

Theorem 8. In Kg = (U xU,AT,Jy)., let C < B < AT, if C is the
minimum-subset satisfying

B < n{T € %y|C C T}

Table 9
Some computing results on the basis of %, with o =
1,60 =0.5.
B Tey:BCT N{T € 24|B< T}
abc  abc, abed abc
ab abc, abed abc
ac ac, abc, abed ac
bc bc, abc, bed, abed bc
a ac, abc, abed ac
b bc, abc, bed, abed bc
c ¢, ac, b, abc, bed, abed ¢
[4) Uy (4]

then C is a reduction of B.

Proof. From Proposition 2, it is not hard to see that B < '’ holds.
And further, we get B/ < C”. In addition, C'" < B” can be inferred
by C C B easily. Therefore, C” = B” is true. Since (" =B" = (' =
B'= RY =R and C is the minimum-subset satisfying R = R?, C is
a reduction of B. O

Theorem 9. In Kg = (U xU,AT,Jy), let B, C C AT, then B — C if
Ccn{T e #y|B< T}

Proof. We can see that C € B” holds by Proposition 2, then B <
(=B < C can be deduced. And further, R} < R? can be inferred
by Theorem 4 easily. Obviously, this implies B — C holds. O

For example, in Table 1, let B={a.b.c}, « =1 and € = 0.5, by
referring Table 9 we can see core(B) = {a}, {a} — {c} is a depen-
dency, and {q, b} is a reduction of B.

Definition 9. Let (G, M, I) be a formal context, B, D € M. If B € I/,
then we say B — D is an implication.

In fact, from the conclusion R} € R} < B' € D', we can see that
an implication in I<59 is essentially a dependency.

Theorem 10. Let B — D be an implication in K¢, if B < By and D;
C D, then By — D;s.

Proof. It is obvious that B € D’ can be inferred from B — D. In
addition, B’y € B’ and D’ € D’; can be deduced by B € B; and D,
C D separately. Hence B’y < D'y is true, that is, By — D; holds. O
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Table 10
The set of all core dependencies in Table 1 with & =1 and
6=1.
bd — bcd ab — ab cd — cd d—d
b—b abd — abcd  abc - abc @ — @
acd — abcd  ad — ad a—a ac — ac
c—>cC bc — bc
Table 11

The set of all core dependencies in
Table 1 with @ =1 and 6 = 0.5.

ab — abc b — bc a — ac
d—d ad — abed c¢— ¢
bd — bcd  c¢d — bcd Q-0

We know that dependency, as a kind of special rule-type
knowledge, is a common knowledge expression form for its advan-
tages such as strong description and easy understanding. Concept
lattice can organize data in the form of lattice, can manifest the
“generalization and specialization” relations among concepts, so it
is suitable to discover rules. In fact, (#(Sy), <), as a kind of spe-
cial concept lattice, is suitable for mining rule-type knowledge as
well. Although concept lattice can be applied to mining dependen-
cies, the number of dependencies acquired is big, and there are a
mass of redundant dependencies. In the case, we can further elim-
inate some common redundant dependencies by means of some
inference-rule, and finally obtain a smaller set of dependencies. At
present, there have been many findings on inference-rule. In the
following paper, we chose a relatively easy inference-rule, which is
deduced from Theorem 10.

Inference-rule: If B € By and D; <€ D, then By — D; can be
inferred from B — D. In fact, the inference-rule can also be repre-
sented as

B<By, D1<D, B—D
B]-)Dl

Inspired by previous research results [15,21], we define core de-
pendencies as follows:

Definition 10. In Kg = (U xU,AT,Jy), let BC AT, if D is a reduction
of some subset in AT, then we say D — D’ is a core dependency.

Theorem 11. For any B — C, if D is a reduction of B, then B — C
can be inferred from D — D'’ by means of the inference-rule.

Proof. Since D is a reduction of B, D < B and Rg = Rg =B =D
can be obtained easily. In addition, B" € C’' can be deduced from B
— C. Therefore D’ < (' holds, and then ¢ € D’ can be obtained.
Together with C € C'” we can get C € D”. In the case, we can see
that D — D" satisfies D € B and C < D”. Obviously, B — C can be
inferred from D — D’/ by the inference-rule. O

In above theorem, since D is a reduction of B, D — D'’ is a core
dependency. It is not hard to see that any B — C can be inferred
from core dependencies by the inference-rule.

Based on the points discussed above, we can provide users with
a small set of dependencies, and users can selectively derive other
dependencies from the core dependencies according to their inter-
ests. For instance, in Table 1, when o = 1,60 =1, then the set of
all core dependencies is shown in Table 10; when ¢ = 1,0 = 0.5,
then the set of all core dependencies is shown in Table 11. When
o =1,0 =0.5, taking abd — c as an example, we know {a, d} is a
reduction of {a, b, d}, and {a,d}’ ={a, b, c, d}, since {a, d} < {a, b,
d} and {c} < {a, b, ¢, d}, {a, b, d} — {c} can be inferred from {qa, d}
— {a, b, ¢, d} by the inference-rule.

6. Summary and outlook

Concept lattice is a kind of mathematical tool for data anal-
ysis and processing. As two mathematical branches generated in
the same era, concept lattice and rough set vary from each other
in their research methods, but the same research background and
objective indicate that they must have something in common. Con-
structing the connection between two theories via their respective
advantages is conducive to abstracting a more general and univer-
sal data analysis framework. In the case, the paper brings concept
lattice into rough set with a view to its advantages such as out-
standing mathematical property, intuitive lattice structure, abun-
dant semantics of concepts, and so on.

To further enhance the robustness and generalization ability of
rough set based on the tolerance relation, this paper, by mean
of the granularity of tolerance relation, expands classical classes
to O-classes, which actually just requires “most” rather than “all”
elements in one class are similar to each other. The so-called
granularity of tolerance relation means that the tolerance relation
can be decomposed into several strongly connected sub-relations
and several weakly connected sub-relations. And further, the pa-
per emphatically probes the 6-concept lattice (#(Sy), <) inferred
from an information system. As an important algebraic structure,
(%(Sp), <) can organically organize all covers or partitions of U in
the form of lattice structure. Meanwhile, the paper also offers solu-
tions based concept lattice to common problems in rough set, such
as attribute reduction, core and dependency.

Both theories and examples demonstrate that the conclusion of
the paper is reasonable and valid. Obviously, introducing concept
lattice into the study of rough set is an effective means to expand
rough set. In short, the paper not only can be viewed as an use-
ful exploration and attempt for the fusion study of the two theo-
ries, but also offers a new idea for the expansion of rough set. Fur-
thermore, it also helps to reasonably analyze and interpret rough
set from the perspective of concept lattice. Although the paper has
proposed some significant theoretical findings, these findings have
to be further supplemented and improved. Our research focuses
in the next step will include how to further apply concept lattice
to deal with more complicated information systems, how to effec-
tively reduce the time complexity and space complexity in the pro-
cess of knowledge acquisition based on concept lattice, and how to
further improve the fusion theory of two theories and finally ab-
stract a more common and universal data analysis tool, etc.
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