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Abstract

In some information system with order features, when users consider “greater than” or “less than” relations to a certain
degree rather than in the full sense, using traditional methods may face great limitations. In light of natural connections
among concept lattice, inclusion degree, order relations, and the feasibility of mutual integration among the three (concept
lattice is essentially a type of data analysis tool using binary relations as research objects, while inclusion degree is a type of
powerful tool for measuring uncertain order relations), the paper attempts to analyze uncertain order relations quantitatively
within the framework of integration theory of concept lattice and inclusion degree. By which, the research scope of order
relations undergoes an expansion-to-contraction process. Namely, certain order relations are first expanded to fuzzy or uncer-
tain relations, and then the fuzzy or uncertain relations are allowed to contract to a degree of certainty by setting threshold
parameters. Clearly, by properly widening the research scope of order relations, the model not only has good robustness
and generalization ability, but also can meet actual needs flexibly. On this basis, solutions for algebraic structure, reduction,
core, dependency, et al. are further studied deeply in ordered information systems. In short, the paper, as a meaningful try
and exploration, is conducive to the integration of theories, and may offer some new and feasible ways for the study of order
relations and ordered information systems.
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or similar subjects into one class based on similar features,
or close distances, or functional convergence, and then mark
this class as a word to form an abstract concept. In this case,
a concept is a unit of thought, and a large conceptual sys-
tem can be gradually established for humans to cognize the
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objective world. By simulating humans’ conceptual cogni-
tive process, Wille pioneered concept lattice in 1982, also
known as formal concept analysis [40], which, as an impor-
tant application branch of order and lattice theory, is essen-
tially a type of data analysis tool using binary relations as the
main research objects. On the one hand, by defining a pair
of intent and extent operators, it can obtain concepts of rich
semantics from data, and any concept consists of two parts-
intent and extent; on the other hand, with help of the lattice
algebra structure, it can intuitively present order relation-
ships among concepts. In recent years, theories, methods,
and tools for concept lattices are under continuous update
[18, 22,23, 27, 34, 53], especially the integration of concept
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lattice with rough sets [2, 3, 11, 12, 35, 36, 39, 49], fuzzy
sets [7, 15, 19, 32], granular computing [13, 16, 17, 29, 38,
41, 58], et al., making the theoretical system increasingly
sophisticated and also greatly improving the analysis capa-
bility to complex-datas.

1.1 Concept lattice and order relations

It is known that, as a special type of binary relations, order
relations are universal, and can intuitively show the sequence
or size relationship among objects. For instance, being early
versus being late, being superior versus being inferior, or
being tall versus being short are all concrete manifestations
of order relations, and in particular, transitivity is the most
basic feature of order relations.

Definition 1 “<” is called an order relation on the set L, if
it satisfies following conditions for all elements x,y,z € L

1. reflexivity: x < x;
2. antisymmetry: x < yand x # y=>noty < x;
3. transitivity: x < yandy<z=>x <z

In the case, we say (L, <) is an order set.

There is a natural connection between one-valued con-
texts and order relations. Generally, order relations can
always be divided into two different types, namely internal
ones and external ones. Here, an internal one refers to the
order relation existing within a single set, for instance, “<”
is internal in (V, <). An external one refers to the order rela-
tion among sets, for instance, “<” is external in (V U W, <),
where “<” represents the order relation from the set V to
the set W.

(1) An internal order relation is a special form of the exter-
nal one, i.e., although (V U V, <) and (V, <) have some
differences in the form of expression, they are essen-
tially the same.

(2) Any order relations, whether internal or external,
always can be uniformly expressed in a formal context,
i.e., by the rule

vXwe (v,w) ER,

(VUW,<) and (V,W,R) can be converted to each
other, where (V, W, R_) is a formal context. That means
we can use concept lattice to analyze order relations.
In the following, (V, W, R,) is simplified as (V, W, X).

For instance, for any internal order relation, it always
can be shown in two ways, one is in the form of formal
context shown in Table 1, the other is represented as
the order set shown in Fig. 1.

veV,weWw

Considering that concept lattice is a data analysis
tool using formal contexts as research objects, and both
(VUW,<)and (V, W,R) are two different manifestations
of the same subject, in the following, to facilitate a unified
formalization, for any order relation, whether internal or
external, it will be represented as a formal context, namely,
(V,x) will be expressed in the form of (V,V, <), mean-
while, (V U W, X) will be formalized as (V, W, X).

Fig.1 A typical order set

Table 1 A typical formal

context Vi V2 V3 V4 Vs Ve Vs vg vy
Vi <
Va < <
V3 < < <
Vy < < <
Vs < < < < <
Ve < < < <
V7 < < < < < <
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1.2 Inclusion degree and order relations

It is known that boundary ambiguity of concepts is univer-
sal, and even lots of opposite concepts such as “beautiful”
versus “ugly”, and “good” versus “bad” have no absolutely
clear-cut distinction. In the case, to define a fuzzy concept
accurately, it is necessary to quantitatively describe its
extent. For this reason, Zadeh proposed fuzzy sets theory
in 1965 [52]. It does not simply approve or disapprove
for an object whether belongs to or not belongs to a set.
Instead, it can use values of some membership function to
express the uncertainty.

It is also known that classical order relations are clear,
definite, and unambiguous, namely, they merely consider
“greater than” or “less than” in a full sense, and allow-
ing only one of the two relations to be valid. In fact, the
oversimplification of “relations” usually prevents the dis-
covery of potentially valuable knowledge from seemingly
unrelated things. Especially, when some user allows subtle
errors, or considers a certain degree of order relations, the
use of traditional certain order relation analysis logic will
face great limitations and may even lead to completely
erroneous conclusions.

To solve problems similar to the above, Zhang et al.
proposed inclusion degree theory [55, 56]. The theory,
as a new method for measuring uncertain relations, is of
great theoretical significance in advancing the research of
relations from the certainty stage to the uncertainty stage.

Essentially, fuzzy sets broadens the research scope of
sets by means of membership functions [37, 44, 48], while
inclusion degree broaden the research scope of relations
by means of inclusion degree functions. It is noteworthy
that inclusion degree can not only quantitatively describe
the inclusion relations among sets, but also provide an
effective quantitative analysis method for uncertain order
relations.

In recent years, inclusion degree has been extensively
studied [4, 45, 50], and applied to a variety of fields such as
pattern recognition [14], neural networks [33], uncertain rea-
soning [57]. Young and Fan defined inclusion degree from
an axiomatic perspective [6, 51]. Zhang et al. stated that
inclusion degree in a broad sense is the generalization of a
variety of uncertain reasoning methods including uncertain
probabilistic reasoning, evidential reasoning, fuzzy reason-
ing, and information reasoning. That is to say, inclusion
degree provides a unified theoretical framework and general
principle for uncertain reasoning [55, 56]. Liang and Xu
revealed relations between inclusion degree and various met-
rics in rough sets and proved that relevant metrics in rough
sets could be attributed to inclusion degree [20, 46]. Qian
et al. established relationships among the consistency, inclu-
sion degree and fuzzy measure in some different types of
decision tables [24]. Zhang et al. proposed a framework for

comparing two interval sets by inclusion measures, which
can be used to three-way decisions [54].

1.3 Inclusion degree, concept lattice and order
relations

Being able to deal with uncertainty is an important ability
for humans to achieve cognition and reasoning. Here, con-
sidering that inclusion degree is an effective measurement
method to describe uncertain order relations while concept
lattice is essentially a type of data analysis tool using binary
relations as research objects, including order relations, so
there is a significant connection among inclusion degree,
concept lattice, and order relations. In this case, concept lat-
tice and inclusion degree, as special relation analysis tools,
will certainly help to deal with order relations. That is to say,
exploring the integration theory among the three is not only
rational to some extent, but is of important theoretical sig-
nificance. From a macro-perspective, the integration theory
helps to abstract a new data analysis framework, which may
provides a more stronger theoretical basis for the uncertain
order relations processing; from a micro-perspective, the
integration theory can not only expand the data-analysis
scope of concept lattice from certain order relations to
uncertain order relations but also may provide some new
valuable ideas for the expansion of concept intent and extent.

At present, the integration studies on inclusion degree
and concept lattice are rare and still in their early stage.
Qu et al. introduced inclusion degree to FCA, and proved
intents, extents and implications can be reconstructed by
inclusion degree. These results will be helpful to understand
the essence of concepts and the structure of concept lattice,
and can be regarded as the main foundation of quantitative
measures for FCA [28]. When processing large-scale data
or solving some complicated problem, the size of the lattice
may be too large to be handled. To solve the problem, Xie
et al. provided a new method from the perspective of inclu-
sion degree [43]. Xiao and He applied concept lattice and
inclusion degree to the field of integrating multi-source geo-
ontologies [42]. For obtaining a concept lattice of appropri-
ate complexity and size, on the basis of inclusion degree and
neighborhood system, Ma et al. proposed a method which
could effectively reduce the number of concepts while con-
serving the main formal structure [21].

1.4 Knowledge acquisition models in ordered
information systems

To date, for ordered information systems, although scholars
have proposed many types of dominance-based rough set
models [1, 5, 9, 10, 25, 26, 30, 47], most ones are based on
certain order relations, and thus may be greatly limited in
actual application. It is known that compared to equivalence

@ Springer



3248 International Journal of Machine Learning and Cybernetics (2019) 10:3245-3261

relations, similarity relations are not concerned with “equal”
or “unequal” but with the degree of similarity. Similarly,
compared with classical order relations, uncertain order rela-
tions are not concerned with “greater than” or “less than”
in a full sense, but with the degree to which the relation
“greater than” or “less than” is valid. Clearly, when a cer-
tain degree of error is allowed or a certain degree of some
order relation is considered, lots of traditional dominance-
based rough set models will be incapable. In the case, how
to advance the research scope of order relations from cer-
tainty to uncertainty, or how to reasonably analyze uncer-
tain order relations, has gradually become research focus in
recent years.

In fact, uncertain order relation always plays an important
role, which is more effective to meet and explain the actual
human decision-making process. To date, research results
in the area are very few. For the reason, the study mainly
focuses on the integration of concept lattice and inclusion
degree to solve the problems in ordered information sys-
tems, and further attempts to offer some feasible idea for the
analysis of uncertain order relations as well as the common
problems of algebraic structure, reduction, core and depend-
ency in ordered information systems.

Following sections are arranged as follows: Sect. 2
recalls basic notions of concept lattice and inclusion degree
briefly; Sect, 3 discusses the integration of concept lattice
and inclusion degree; Sect. 4 widens the research scope of
order relations from certainty to uncertainty, and then intro-
duces threshold parameters to contract the research scope
of order relations from uncertainty to a certain degree of
certainty; Sect. 5 details corresponding solution methods
to the problems of algebraic structure, reduction, core, and
dependency within the integration framework of concept lat-
tice and inclusion degree; Sect. 6 discusses perspectives for
further works.

2 Basic notions of concept lattice
and inclusion degree

To facilitate follow-up research, the section primarily serves
as an introduction to some basic notions [8, 57].

Definition 2 [28] In (L, L, <), for all x,y € L, if Z(y/x)
meets following conditions

() 0 Ay/x) <1,

(2) ifx<y,thenZ(y/x) =1,

(3) ifx<y<z then Zx/2) < Dx/y);

(4) if x<y, then for each ze&€L there exists
Ux[z) < Dy/z).

then we say & is an inclusion degree of (L, L, ).

@ Springer

Ay [x)reflects the degree of x being less than y; it not only
reflect certain order relations, such as x < y © Z(y/x) = 1,
but can quantitatively reflect uncertain order relations, such
as0 < 9Y(y/x) < L

A formal context (G, M, I) consists of two sets G and M
and the binary relation / C G X M from the set G to the set
M. Especially, If I is a kind of order relation, we usually say
(G, M, I) is an order context. Note that, in the following, for
any formal context (G, M, I), if no otherwise specified, it
refers to an order context denoted as (G, M, ).

InK = (G,M, x), for any A C G, we define

A'={meM|g<mVgeA}
Correspondingly, for any B C M, we define

B ={g € Glg<m, Vm € B}

(A, B) is called a concept in K, if A’ = Band B’ = A. Let
(A, B) be a concept, we say A and B are concept extent and
concept intent separately. Further more, for concepts (A, B,)
and (A,, B,), if there exists the following order relationship

(A1,B) <(A3,B)) @A CA, & B, C B

then (#A(K), <) is a complete lattice, where A(K) is the set
of all concepts in K.

Proposition 1 In
A,A,A, €G,B,B,,B, CM,then

(G.M,x) , let

(DA, CA, > A CA|
3)AcA’;Bc B’

(2)B, C B, = B, C B
(4) A/ =A///, BI — BIN

3 The integration theory of concept lattice
and inclusion degree

It is known that inclusion degree is mainly used to measure
the degree of inclusion relationship among sets. A common
inclusion degree model is as follows:

[XNnY|

o(Y/X) = X

It is easy to observe that ¢(Y /X) denotes the extent to which
the set X is included in the set Y. ¢(Y /X) is derived from the
set theory, and does not have complicated external forms of
expression, nor does it have complex internal logic, thereby
making it very easy for people to recognize and understand
the essence of inclusion degree.

In recent years, although scholars have proposed many
complex inclusion degree models for measuring uncertain
inclusion relations or uncertain order relations, those models
are essentially derived from the extension and expansion of
¢(Y/X), with the core ideas not having undergone dramatic
change. Similarly, the inclusion degree model & that will be
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constructed in this study is also derived from ¢(Y /X). In the
following, we will discuss in-depth the link between ¢(Y /X)
and 2 in Definition 2 to provide a modeling basis for con-
structing an inclusion degree function specific to uncertain
order relations.

Definition 3 In(V,V, <), for any v € V we define
Vi={weVivsw), v={weViw<v}

v and v! are called the upper bound and the lower bound of
v separately.

For instance, for the nodes V; and V, in Fig. 1, the corre-
sponding upper bounds and lower bounds are shown in Fig. 2.

Lemma1 In(V,V,), forv,w € V, there exists

vswﬁ)ngvT@vigwl

Here, we employ the nodes V; and V; in Fig. 1 as exam-
ples. In Fig. 1, we can easily obtain V; < V; as well as
the conclusion shown in Fig. 3. In the case, we have
V. xV; & V3T c V7T & V7l c V3l immediately, that is also
can be used to verify the conclusion in Lemma 1.

As shown by Lemma 1, there is a close relationship
between certain order relations and certain inclusion relations,
and these can be transformed into each other. Does this mean
that there is also a close connection between inclusion degree
functions specific to order relations and inclusion degree
functions specific to inclusion relations? The answer to this
question is “yes” in this study, which means that there must
be a close connection of ¢(Y /X) to 2 in Definition 2. In the
case, this study proposes the following rationalization criterias,
which will provide a modeling basis for the construction of Z.

Criterion 1: The higher the degree to which w'is included
in !, if and only if the higher the confidence level of w € V
being greater than v € V. Namely,

c(v!'/wh) 1, if and only if Z(w/v) t

Criterion 2: The higher the degree to which w' is
included in v', if and only if the higher the confidence
level of v € V being greater than w € V. Namely,

c(vt/wh) 1, if and only if Z(v/w) 1

In what follows, any & constructed by lower bounds is
denoted as ext_.

In essence, both int_ and ext_ can be used to measure
the uncertain order relations in (V, V, <), but from different
perspectives of data analysis. Of course, it is also possible
to expand from a single perspective to a collaborative per-
spective, that is, to conduct fusion on the above-mentioned
inclusion degree models of different perspectives to avoid
the limitations and one-sidedness under a single perspec-
tive. Next, from the perspective of concept lattice, this
study will construct two different types of inclusion degree
models that matches above viewpoints.

Definition 4 In (G, M, <), for any m,,m, € M we define

[~ m' || |m m|

ext_(m,/m|) =

Imi| = (m} nm))|

where —m'y=G-m'y, ~(m\ nm))=G~—(m, nm).

Meanwhile, for any g,, g, € G we define

|=(g] U gh)l
lgh U gl

!/
1&g
=g

int_(g,/g,) =

where =g} =M — g, (g) Ngy) =M — (g, N g)).

In Definition 4, ext_(m,/m,) is constructed mainly on
the basis of following considerations:

[~y |

(1) ext_(m,/m,)1is proportional to a , Which is mainly

used to measure the size of |m’,|. That is,

|m

!
In what follows, any & constructed by upper bounds is ! ”f i 1, if and only if |m/| |
denoted as int_. |m1 |
Fig.2 Upper bounds and lower v v
bounds of V3 and V, in Fig. 1 3 v 3 VY
! common elements :4 i common elements #
0V, v,e ev, iev,i [0V, ev; @v, @V, OV, 0V, @V,
Fig.3 Upper bounds and lower Vf ; v
bounds of V3 and V, in Fig. 1 v ; i L B
,* common elements | ! ) Y7 common elements i
.V1 oV, oV, E.V4 .VS .V7 .V7 .Vs e Vq .Va ‘Vei
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That also means, when |m’1 | becomes smaller, then the

probability of m; < m, or m| C m) may be greater.
[m)m|

(2) ext_(m,/m,) is proportional to which is

=G A m))|”

mainly used to measure the size of [m] N ) |. That is,

|m/lﬂm/2| 1, if and only if |m, N ml| 1
————=— 1, ifand only if |m}, Nnm
=, )] YR AT
In the case, there may come to such a conclusion,
namely, on the premise of |m’1| with small value, if
|m' N m),| changes from small to big, then the credibil-
ity of m; < m, or m C m), may be becoming greater.

Here, what is worth mentioning is that ext_(m,/m,)is essen-
m\nm)|

tially a product of two inclusion degrees, namely, both

’ |m,||
|~ |

and are all inclusion degree functions met to

Definition 2.
Similarly, based on above viewpoints, we can also construct
the function int_(g,/g,), here, we will not elaborate.

Definition 5 In (G, M, <), we define

<884 .86€G

the corresponding order set is denoted as (G, G, X). Simi-
larly, we can define the order set (M, M, <), in which “<”
is described as

m <m,em,Cm, m,meM

Theorem 1 ext_ is an inclusion degree of (M, M, <), and
int_ is an inclusion degree of (G, G, X).

Proof First, we prove that ext_ is an inclusion degree of
M, M, =).
It can be easily verified that 0 < ext_(m,/m,) < 1 holds
from the following formula
|, v mi|

AR

|=m|

Further more, according to Proposition 1, we have following
conclusions
If m; < m,, then m’ C m/ and =m/, C =m/ hold. And fur-
ther, it is easy to see that ext_(m,/m,) = L
If m; < my < ms, then there exist m| C m), C m, and
—|m’3 C —|m’2 C —lm’l, and further we can obtain
[mi | |=mi] |m]

ext_(m;/m;) =—- <
[mi|  |=m | T |m)]

A
|=m|

[~m
=ext_(m,/m,)

@ Springer

It follows that ext_(m, /m;) < ext_(m, /m,).
If m; < m,, thenm C m) and = m), C = m’ hold. And fur-

ther, for any m; € M, we can obtain

!, vmi| |[~m |m), v m|

3l = m|

|| |mmyU-ml| = |m]

[~ my, U —m |

i.e., ext_(m;/m;) < ext_(m,/m;) holds.

From above conclusions, we can conclude that ext_ is an
inclusion degree of (M, M, <). Next, we show that int_ is an
inclusion degree of (G, G, X).

First, 0 < int_(g,/g,) < lis due to the fact,

!/ ! !/
g} 1 =g, N—gl
T gy u gl =g

Next, we show that int_ meets following properties by
Proposition 1.

If g < g5, then g} C ¢ and =g’ C —¢/, hold, and further
we can obtain int_(g,/g,) = 1 easily.

If g <g <g;, then we have g;Cg) Cg| and
—g) C gl Cng), and further there exists following
conclusion

!/ = / !/
81 el |g_2:

Ig,|x| g/| |g
1 3 1

¥ A

int_(g,/g;) = =int_(g,/g,)

If g, < g5 then g} C ¢ and - ¢! C = g/ hold, and further for
any g; € G, we have

|85 ><Img"lﬁ-'ggl< |85

int_(gl/g3)= ! ' ! =17 !
lg} Vgl =&l lg5 U g5l
~g,n-gil |
—_— = 111t_(82/83)
|~ 51

From above conclusions, we know int_ is an inclusion
degree of (G, G, X). O

For example, for the nodes V; and V, in Table 1, by int_
we have

Vil I~(Vzu vyl

int_(V,/V,) =
—(V3/Vy) B TATA

=0.625

where V] = {V|,V,,V;}, V, = {V,,V,, V,}. Meanwhile, by
ext_ we have
|_‘V/4| |V§nV4"| _

Vil = (vin vyl
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Wherevg ={V;,Vs, V;, Vg, Vg},V"t ={Vy, Vs, Ve, V5, Vg, Vo ).
For other nodes V; and Vi the corresponding int_(V,/ Vj)
and ext_(V;/V,) can be found in Tables 2 and 3 separately.

Lemma 2 In (G,M,x), let g€ G,m €M, then g’ =g,
m' = mb.

Lemma3 n(G,M, <), let g{ C g; C g;, then following con-
clusions hold simultaneously.

(1) c(gl/gh <e(gl/ghy
(2) int_(g3/g)) <int_(g,/g).

Lemmad /n (G,M, <), let mi - mé - mé, then following
conclusions hold simultaneously.

(1) e(m!/m}) < e(m!/m);
(2) ext_(m,/my) < ext_(m,/m,).

Lemmas 3 and 4 further verify that the construction of
ext_ and int_ can well meet the Criterion 1 and the Crite-
rion 2, which can also indirectly indicate the rationality and
feasibility of the two criteria.

Theorem 2 /n (G,M,x), if V=G =M, then inc_ is an
inclusion degree of (V,V, <), where inc_ is defined by

inc_(v,/v)) =a xXext_(v,/v;) + (1 —a)
xint_(vy/vy), v;,v, €V

Proof 1t can be easily verified that 0 < inc_(v,/v,) < 1from
the definitions of ext_ and int_ . Moreover, by Theorem 1,
we can easily complete the following reasoning.

Let v; <v,, then we can see inc_(v,/v;) =1 from
int_(v,/v)) =1landint_(v,/v|) = L

Let v, <v, <v;, since ext_(v;/v;) <ext_(v,/v,)

and int_(v,/v;) <int_(v,/v,), we can obtain
inc_(v,/v;) < inc_(v, /v,) immediately.
Let v, <v,, then for any v;€V, since

ext_(v,/v;) < ext_(v,/v3) and int_(v;/v;) <int_(v,/v3),
we have inc_(v; /v;) < inc_(v,/v3).

Form above conclusions, we can finally see inc_ is an
inclusion degree of (V,V, X). O

In the similar way, we can define the order set
(M, 2 <) and the corresponding inclusion degree
set_ext_.

Definition 6 In (G, M, <), let 2V be the power set of M,
we define
B,<B,s B, CB,, B,B,e2"

the corresponding order set is denoted as (2,2, X).

Table 2 The quantitative

analysis result of uncertain Vi V2 V3 V4 Vs V6 v Vs vo

order relation in Table 1 by int_ < 0.4375 02500 02500  0.1000  0.1563  0.0625  0.0357  0.0357
v, < < 05714 05714 02286 03571  0.1429  0.0816  0.0816
v, < < < 0.6250  0.4000  0.4000 02500  0.1429  0.1429
v, < < 0.6250 < 0.4000  0.6250  0.2500  0.1429  0.1429
Vs << < < < 0.6250  0.6250 03571  0.3571
Ve < < 0.6400 < 0.4000 < 0.2286  0.1000  0.1000
v, < < < < < 05714 < 05714 05714
Vg <0< < < < 04375 < < 0.4375
Vo << < < < 04375 < 04375 <

Table 3 The quantitati

azglss?;s resilctll:} lirfjet:r\;:jn " " vs V4 vs Ve v v8 Yo

order relation in Table 1 by ext_ < 00000  0.0000  0.0000  0.0000  0.000  0.0000  0.000  0.0000
v, << 0.1563 02500  0.1000  0.0156  0.0625 00156  0.0156
Vs < < < 0.6400  0.6400  0.0000  0.4000  0.1000  0.1000
vy < < 0.4000 < 0.4000  0.0625 02500  0.0625  0.0625
Vs < < < < < 0.0000  0.6250  0.1563  0.1563
Ve < < 0.0000 < 0.0000 < 0.0000  0.0000  0.0000
v, < < < < < 0.0000 < 0.2500  0.2500
Vg < < < < < 0.0000 < < 0.0000
Vo < < < < < 0.0000 < 0.0000 <
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Theorem 3 set_ext_ is an inclusion degree of 2M, 2, X),
where set_ext_ is defined as

set_ext_(B,/B,) = X s
B A S

B,,B, € M)

Proof The proving process is similar to that in Theorem 1,
here which will not be discussed in detail. O

In essence, above-mentioned inclusion degree models are
all derived from ¢(X/Y), that is, despite the fact that above
models are quite different than ¢(X/Y) in terms of forms, the
core modeling ideas remain the same.

4 Study on order relations from certainty
to uncertainty to a degree of certainty

In practical application, by properly widening the research
scope of order relations, It will be helpful to get more hid-
den knowledge from data. In this regard, inclusion degree
maybe provide a feasible solution method. Here, by means
of inclusion degree, the paper presents the following solu-
tion process:

The first step is to expand classical order relations to the
uncertain ones, where the uncertain ones are essentially a
special type of fuzzy order relations. For a given data set, the
classical order relation is usually known while the inclusion
degree function is unknown, thereby making it necessary to
construct a reasonable inclusion function from the classi-
cal order relation and then make a quantitative description
of uncertain order relations. For instance, suppose that we
start with a classical order relation < and derive an inclusion
degree function inc_. If inc_ is defined as the membership
function (v, w), namely (v, w) = inc_(w/v), then we can
obtain a fuzzy order relation “<_”, here, u (v, w) essentially
reflects the degree of v being less than w.

For instance, in Fig. 1, let us suppose that V; represents the
i-th solution to a problem, and that the order relation represents
the relative superiority (or inferiority) relationship among the
solutions. In this scenario, the relative superiority (or inferior-
ity) relationship among some solutions is clear, but for others
the relationship is unclear. In the case, when it comes to select-
ing three relatively good solutions, it is necessary to conduct
a quantitative analysis of the relationship between solutions
Vyand V,. Here, let @ = 0.5, then by means of inc_, we have
inc_(V3/V,) = 0.5125 and inc_(V4/V;) = 0.6325. Namely,
the degree of V, being superior to V, is greater than the degree
of V, being superior to V,. In the case, people may tend to
believe that V, is superior to V5 to some extent.

The second step is to contract the order relations from
uncertainty to a degree of certainty by artificially setting
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threshold parameters. In other words, it is to transform
infinite uncertainty into finite certainty and transform the
complex fuzzy relation into simple certain relation. In par-
ticular, let 0 < o < 1, then the fuzzy order relation “<_” with
u(v,w) = inc_(w/v) can be converted to the new certain
relation

<, = (v w)line_(w/v) 2 o)

Follow the example in the first step, if o = 0.55, then users
believe that V, is superior to V;. However, if ¢ = 0.5, then
we see V; and V, are all good solutions, namely, for users,
they are indistinguishable.

Obviously, the first step can employ inc_ to widen the
classical order relation “<” to the fuzzy order relation
”<.”. In fact, the ”<_” can also be described as a fuzzy
order context defined as follows

A fuzzy order context is of the form (G,M,<.),
where “<_” is a fuzzy order relation between G and M,
the corresponding membership function is defined as
g : GXM - [0,1] with u(g,m) =inc_(m/g). That is,
for any (g,m) € G X M, (g, m) means the degree that “m”
is greater than “g”.

Meanwhile, the second step can further contract the
fuzzy order relation “<_” into the simple certain relation
“<,”. In fact, the “<_” can also be described as a o-order
context defined as follows

Definition 7 Let (G, M, <) be a fuzzy order context such
that u(g,m) =inc(m/g),0 <o < 1,if

<, = {(g&.m) € GxMlui(g,m) > o

we say (G, M, <) is a o-order context.

For example, let « = 0.5, then by means of the method
in Theorem 2, the certain order relation in Table 1 can be
expanded to the fuzzy order context shown in Table 4. And
further, let ¢ = 0.55, then Table 4 can be contract to the ¢
-order context shown in Table 5.

5 Application of the integration theory
in ordered information systems

In this section, we try to introduce the integration theory
to ordered information systems. Here, the reason for which
we introduce concept lattice into information systems,
mainly in light of the natural connection between con-
cept lattice and binary relations. Since any binary rela-
tion can be uniformly expressed as the form of one-valued
formal context, In this case, concept lattice, as the special
analysis tool for relations, will certainly help to deal with
order relations and tolerance relations. In addition, how
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Table 4 A fuzzy order context

deducted from Table 1 " 2 v Ve Vs Yo v Vs Yo
v, < 0.2188 0.1250 0.1250 0.0500 0.0782 0.0313 0.0179 0.0179
v, < < 0.3639 0.4107 0.1643 0.1864 0.1027 0.0486 0.0486
V3 < < < 0.6325 0.5200 0.2000 0.3250 0.1215 0.1215
vy < < 0.5125 < 0.4000 0.3438 0.2500 0.1027 0.1027
Vs < < < < < 0.3125 0.6250 0.2567 0.2567
Ve < < 0.3200 < 0.2000 < 0.1143 0.0500 0.0500
\ < < < < < 0.2857 < 0.4107 0.4107
Vg < < < < < 0.2188 < < 0.2188
Vo < < < < < 0.2188 < 0.2188 <
T e e e e
vy <
v, < <
V3 < < < <
vy < < <
Vs < < < < < <
Ve < < < <
v, < < < < < <
Vg < < < < < < <
Vo < < < < < < <
to expand classical concept lattice and further apply to  Table6 A typical ordered information system
complex information systems, will surely be one of the a b . 4 -
mainstream directions of the development of concept lat-
tice in the future, so that is another reason why we apply 1 Good Big Vi Light High
concept lattice to complex information systems. 2 Good Small V) Light High
3 Poor Small \A Light Medium
5.1 One-valued formal contexts derived 4 Poor Small Vs Heavy Low
from ordered information systems 5 Good Big vy Light High
6 Good Small V3 Light High
An information system is (U, &, V,f), where V.=U ., V,, 7 Poor Small Vs Light Medium
f 1 Uxo/— V is a mapping such that f(x,a) € V, for 8 Poor Small G Heavy Low

eacha € & and x € U. Normally, members of U are called
objects, members of .of’ are called attributes; V/, is called the
domain of attribute a; U is called the universe of discourse.

In classic definition on information systems, for any
m € of , there is no further description of the relationship
between any v € V,, and w € V,,. But, in reality, there may
exist some complex relationship among values in V,,, which
often plays a determining role in scientifically and effec-
tively acquiring knowledge. At this point, we can see that
requiring no prior knowledge is both the advantage and dis-
advantage of rough sets, considering that, the study attempts
to introduce prior knowledge, namely scales, to further sup-
plement and expand the classical information system.

Note that the ordered information system in the paper
refer to the one containing two types of attributes, one kind
is nominal (the value set of any attribute consists of several

discrete values, and different values are mutually independ-
ent), another kind is order symbolic (the value set of any
attribute consists of several discrete values, and among val-
ues there may exist order relationship).

As an example, an ordered information system about
cars is given in Table 6, where U = {1,2, ..., 8} is the set
of objects and .o/ = {a, b, ¢, d, e} is the set of attributes with
a = acceleration performance, b = inner space, ¢ = perfor-
mance/price ratio, d = weight, and e = maximum speed.
In addition, attributes a, b, d and e are all normal, and c is
order symbolic. Here, as the priori knowledge, (V,, V., <X)is
given in the form of order set shown in Fig. 4. In the case,
let @ = 0.5, then by means of the method in Theorem 2,
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Fig.4 An order set V1
Vv
3
VZ
V,
\Y
6
VS
V7
V8

the result of quantitative analysis of the uncertain order
relation in Fig. 4 is shown in Table 7, its o-order context
is shown in Table 8, where o = 0.55.

Definition 8 In (U, &, V.f), we say S,, = (V,,,V,,,1,) is a
scaleofm € &7, if I, CV, XV,.

In above definition, S, essentially describes the relation-
ship among different values in V,,. Meanwhile, as the aux-
iliary prior knowledge, scales are useful supplement to the
classical definition of information systems.

In fact, on the basis of scales, an ordered information
system S can converted into an one-valued context by scal-
ing. The basic idea of scaling can be simply understood as

the strategy for converting an information system into an
one-valued formal context on the basis of scales. Generally
speaking, there are many kind of ways of scaling, here, we
will introduce a simple one [11, 31, 40].

Definition9 Let S, = (V,,,V,,.1,) be a c-order context as
well as a scale of m € 7, then by the rule
((x,y), m) eJ,ewwel, v=f(,m)andw = f(y,m)

the ordered information system S can be transformed to an
one-valued context

K, = (U d.J,)

where I, is defined as

o whenmisnormal, I,, = {(v,v)Ilv € V,, };
e when m is order
L= {0 wlv<, w, v,weV,}.

symbolic,

Clearly, in the transformation process, the scales
S,..m € o/ are essentially o-order contexts, which only
play intermediary roles, rather the final derivative con-
text. Further more, for any values v,w € V,,, K no longer
contains their own value information, and only reflects
whether they meet (v, w) € I,,. Based on the transforma-
tion idea, K is not only more simple than the original
ordered information system S, but also can better embody

Table 7 Results of quantitative

analysis of the uncertain order i V2 E V4 Vs V6 i Vs
relation in Fig. 4 v, < 0.2143 0.2143 0.0715 0.0429 0.0429 0.0102 0.0000
v, < < 0.5556 0.4445 0.2000 0.2000 0.0794 0.0238
Vs < 0.5556 < 0.4445 0.2000 0.2000 0.0794 0.0238
vy < < < < 0.4800 0.4800 0.1715 0.0429
Vs < < < < < 0.5556 0.3969 0.1191
Vg < < < < 0.5556 < 0.3969 0.1191
v, < < < < < < < 0.2143
Vg < < < < < < < <
Tabl A c-order contex
dizuecfed from %ﬁbfeofe t " " " " ' ' v "
\ <
\£) < < <
V3 < < <
Va < < < <
vs < < < < < <
V6 < < < < < <
v, < < < < < < <
Vg < < < < < < < <
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Table 9 An one-valued formal b
context derived from Table 6

I, ) x x X X X

(1,2) x X X
(1, 3) X
(1,4

(1,5 x X X X
(1,6) x X X
(1,7 X

(8, 6) X X

8,7 x x X

@88 x X X X X

the relationship between objects intuitively. For example,
by the transformation rule in Definition 9 and the scale
shown in Table 8, an one-valued formal context shown in
Table 9 can be derived from Table 6.

5.2 Algebraic structure in ordered information
systems

Concept lattice helps to endow an ordered information sys-
tem S with stronger algebraic structure. In this section, we
present the o-concept lattice, which can organize all binary
relations in S in the form of a lattice, which is very suit-
able for rules finding, and hierarchy and visualization of the
knowledge.

In an information system, for any subset B C .7, it can
always determine a binary relation R. In the following, the
corresponding binary relation relative to B is defined as

R} ={(x,y) € U*|Vm € B,f(x,m)
=f(y,m) orf(x,m)<,f(y,m)}

InK, = (U% 4,J,),let R C U*,B C &, then the operators
in Section 2 will be formally represented as

R ={me A (x,y).m) €J,, V(,y) ER}

and

B ={(x,y) € U*|((x,y),m) € J,, Vm € B}

In the case, we say (R, B) € #(K,) is a o-concept, while
(B(K,),< )is ac-concept lattice.

Theorem 4 In(U?, #,J,), let BC </, then B' = RS,

Proof The result is straightforward and the proof is omit-
ted. O

Lemma 5 Let (R, B) be a c-concept, D C &/ . If D" = B,
then

RS =R% =R

From above discusses, It is easy to observe that
(#(K,), <) can endow (U, o7, V,f) with a stronger alge-
braic structure. Namely, it can organize all the binary
relations in (U, &, V,f) in the form of a lattice. In prac-
tical applications, users can flexibly adjust parameters
to meet their actual needs. For example, in Table 6, let
a = 0.5, 0 = 0.55, then by Theorem 2, the corresponding
lattice structure is shown in Fig. 5, where for lattice nodes
only concept intents are given (concept extents are not
easy to show and are therefore omitted here). For another

abcde

Fig.5 A lattice structure deducted from Table 6 with o = 0.55

@
| /\ .
bc cd
abc ’ acde
abcde

Fig.6 A concept lattice deducted from Table 6 with ¢ = 0.07
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example, when o = 0.07, the corresponding lattice struc-
ture is shown in Fig. 6.

5.3 Reduction, core and dependency in ordered
information systems

Suppose (U, <7, V,f) is an ordered information system, if
R% # Ry, then we say m € Bis indispensable in B C &/
Further if every m € B is indispensable, we say B is inde-
pendent. The set of all indispensable attributes in B is
called the core of B denoted as CORE(B). If CC D C &/
and C is independent and Rg = R‘é, then C is called a
reduction of D.

Here, we can see that the order set (27,27, <) and the
corresponding inclusion degree set_inc_, defined in Sec-
tion 3, can also be deducted from Kj. In the following, by
means of set_inc_, the solutions to reduction, core, et al.
will be studied.

Theorem 5 Let B,L C o, if L € /\(K,), then
B’ C L & set_inc_(B/L)=1

where /\(K,) is the set of all intents of concepts in K.

Proof By Proposition 1 and Theorem 3, we have
Le A(K,) < L=L", and further implement following
reasoning processes

B'CL&B' ' CL' &/ CB < set_inc_(B/L) =1

which completes the proof. O

Theorem 6 Let B,C C <7, following statements are
equivalent

(1) R} CR
(2) VL e A(K,),set_inc_(B/L) # lorset_inc_(C/L) =1
holds

Proof It can be easily verified that following deduction pro-
cesses are true based on Proposition 1, Theorems 3 and 5.
2)-():
start: VLe A(KK,),
set_inc_(C/L) = 1holds

set_inc_(B/L) # 1 or

= VLe A(K,),B" ¢ LorC"” C Lholds
= Especially, for B” € /\(K,), B" ¢ B" orC" C B" holds
= C'CB"=>B CC =end: R;CR

1)—(Q):

Suppose: VLe A(K,),
set_inc_(C/L) # 1hold.

start: Suppose

set_inc_(B/L)=1 and
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VL e A(K,),B" C LandC" ¢ Lhold

Especially, for the intent B” € /\(K,), B” C B” and
C" ¢ B” hold.

= end: C" ¢ B" holds.

=
=

Moreover, from Rg - R‘é, we can implement following
deduction processes

RECRL.=>B cC =>C"cB'

Obviously, C"” C B” contradicts the earlier result C"” ¢ B”.
This also means above Suppose is false. On account of
this, we can immediately find that if RS C R‘é, then for any
L € /\(K,),set_inc_(B/L) # lorset_inc_(C/L) = 1holds.
Hence, when Rg C R‘é, then the conclusion (2) is true.

O

Theorem 7 Let B C o/, m € B is indispensable in B, if

AL € /AA(K,) such that set_inc_((B — m)/L)
=1 and set_inc_(B/L) # 1

Proof From Theorem 6, it follows that R}, € R}, this also
implies that R}, # R} _ . In the case, we can see m is indis-
pensable in B. O

Theorem 7 also states that for each m € B, if there
always exists corresponding L € /\(K,) such that
set_inc_(B/L) = 1 and set_inc_((B —m)/L) # 1, then it
will be verified easily that B is independent.

Theorem 8 Letm € B C AT, if

AL € /\(K;) such that set_inc_((B —m)/L)
= landset_inc_(B/L) # 1

then m € CORE(B).

Proof From Theorem 6, it follows immediately that
start: 3L € /\(K;) such thatset_inc_(B —m/L) = 1 and
set_inc_(B/L) # 1

= R} ¢ R;=R; #R;= misindispensable in B
= end: m € CORE(B)

O
Theorem 9 LetC C B C /. Cis a reduction of B, if follow-
ing conditions are met

(1) VL e A(K,),set_inc_(C/L) # lorset_inc_(B/L) =1
holds;

(2) for any m € C, there always exists corresponding
L € /A(K,) such that
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set_inc_(C —m/L) = 1 and set_inc_(B/L) # 1

Proof By Theorem 6, it follows that R7. C Rf, from the con-
dition (1). Moreover, starting from C C B, one can realize
following reasoning process based on Proposition 1 and
Theorem 4.

CCB=B CC =R.CR]

Obviously, one can know that R‘é = Rg holds.
And further, by Theorems 4, 6 and R{. = R}, starting from
the condition (2), there exists following induce process.
start: condition (2)

vme C,R?._ g R% holds
Vm € C,R7._, # R} holds
by RY. = R}, we have Vm € C, R, # R7.
end: C is a reduction of B

LR

O

For example, in Table 6, let a =0.5, ¢ =0.55,

B ={a,c,d,e}, then by referring to Table 10, we
can see that there exists intent L = {a,d, e} such that
set_inc_(B—c/L)=1 and set_inc_(B/L) # 1, then by
means of Theorem 8, we can judge ¢ € CORE(B). In the
similar way, we can further judge a,d, e & CORE(B), there-
fore, we have CORE(B) = {c}. In addition, by means of
Theorem 9, we can see that {a, c,d} and {c, e} are all reduc-
tions of B. Here, for any L € A(Kg) and any subset D C B,
the corresponding set_inc_(D/L) can be found in Table 10.

5.4 Dependency in ordered information systems

In complex information systems, there may be multiple
forms of dependency between B C & and D C </, such
as function dependency, order dependency. In the paper,
the dependency is defined by means of R} C R, that is, if
R% C R, then B—Z pis called a certain o-dependency; if
RS, € RY, then we say B—Z D is auncertain o-dependency.
Note that if there is no special description, any dependency
mentioned below refers to the certain one.

It is known that the scale of dependencies extracted from
a data set is often very large and finding valuable ones may
be a lengthy process. In the case, how to remove worthless
and redundant ones from mass dependencies has become
an important issue. For the reason, the study proposes an
analytical approach based on the inclusion-inference, which
can eliminate a large number of redundant rules to finally
obtain a smaller dependency set referred to as a dependency
generation set. Namely, if we know a dependency genera-
tion set, then we can obtain all dependency by means of the
inclusion-inference.

Theorem 10 Let B, D C <7, then following statements are
equivalent

(1) set_inc_(D/B) =1,

2 B D

(3) VL e A(K,)set_inc_(B/L) # lorset_inc_(D/L) =1
holds.

Proof Conclusions can be inferred immediately from Theo-
rem 6 and the following facts

Table 10 Quantitative analysis result of some uncertain order relation by set_ext_

A(K,) acde acd ace ade cde ac ad ae cd ce de c e

0] 0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
a 03913 0.3913 0.3913 0.6000 0.3913  0.5238  0.6000 0.6000 0.3913 03913 0.6000 0.5238  0.6000
b 0.1680 0.1680 0.1680 0.2000 0.1680  0.2348  0.2000 0.2000 0.2348 0.1680 0.2000 0.4105  0.2000
c 0.2677 0.2677 0.2677 0.2677 0.2677 0.3584 0.2677 0.2677 0.4681 02677 0.2677 1.0000 0.2677
d 0.2348 0.2348 0.2348 0.3600 0.2348  0.2348 0.3600 0.3600 0.4105 0.2348 03600 0.4105 0.3600
ab 0.4667 0.4667 0.4667 0.5556 0.4667 0.6522 0.5556 0.5556 0.4667 0.4667 0.5556 0.6522  0.5556
ac 0.7470  0.7470  0.7470  0.7470  0.7470  1.0000 0.7470  0.7470 0.7470  0.7470  0.7470  1.0000  0.7470
be 0.4092 0.4092 0.4092 0.4092 0.4092 0.5719 04092 04092 05719 0.4092 0.4092 1.0000 0.4092
bd 0.4667 0.4667 0.4667 0.5556 0.4667 0.4667 0.5556 0.5556 0.6522 0.4667 0.5556 0.6522  0.5556
cd 0.5719 05719 05719 0.5719 0.5719 0.5719 0.5719 05719 1.0000 0.5719 0.5719 1.0000 0.5719
abc 0.7156  0.7156  0.7156  0.7156  0.7156  1.0000 0.7156  0.7156 0.7156 0.7156  0.7156  1.0000  0.7156
ade 0.6522 0.6522 0.6522 1.0000 0.6522 0.6522 1.0000 1.0000 0.6522 0.6522 1.0000 0.6522  1.0000
bed 0.7156  0.7156  0.7156  0.7156  0.7156  0.7156  0.7156  0.7156  1.0000 0.7156  0.7156  1.0000  0.7156
abde 0.8400 0.8400 0.8400 1.0000 0.8400 0.8400 1.0000 1.0000 0.8400 0.8400 1.0000 0.8400  1.0000
acde 1.0000  1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
abcde 1.0000  1.0000 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000  1.0000  1.0000 1.0000 1.0000  1.0000
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B— D& R, CR, & B CD < set_inc_(D/B) =1
0

Lemma 6 For every D C o/, there always exists
set_inc_(D" /D) = 1.

Definition 10 Let D C &/ be independent, we say
set_inc_(D" /D) = 1is basic.

Lemma?7 Letset_inc_(D" /D) = landset_inc_(B/D) = 1,
then there always exists B C D".

Lemma 8 [f D is a reduction of some subset in <f , then it
must be independent.

inclusion-inference: Let ECE,, F;, CF, then
set_inc_(F,/E,) = 1can be inferred from set_inc_(F/E)=1.
To understand intuitionally and easily, the inclusion-infer-
ence can also be formally represented as

set_inc (F/E)=1,ECE,F,CF
set_inc_(F,/E,) =1

Theorem 11 Any set_inc_(C/B) = 1 can be inferred from
some basic one by means of above inclusion-inference.

Proof For any set_inc_(C/B) =1, there must exist
set_inc_(D" /D) = 1 such that D is a reduction of B C &7,
and then by Lemma 8, we see D is also independent. In
the case, from set_inc_(D"” /D) = 1and set_inc_(C/B) = 1,
it follows that C € D” by Lemma 7. In the case, since
set_inc_(D"/D)=1 and DCB and CCD” are all
true, set_inc_(C/B) =1 can be further inferred from
set_inc_(D" /D) = 1 by means of the inclusion-inference.
Since set_inc_(D"” /D) = 1is basic, so we can see the con-
clusion is true. O

Here, Theorem 11 states that for any set_inc_(C/B) = 1,
it needn’t to be calculated, but can be inferred from some
basic one by means of the inclusion-inference. Namely, what
we provide to users is only the set of basic ones, from which
users can selectively derive others to meet their specific
needs. In the following theorem, we say D_E, D’ is basic,
if set_inc_(D"' /D) = 1 is basic. In the case, we can easily
prove the following theorem.

Theorem 12 Any dependency can be inferred from some
basic dependency.

Proof The conclusion can be inferred immediately from
Theorems 10 and 11. O
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For example, in Table 6, let « =0.5, ¢ =0.55,
B = {c,d,e} and C = {a}. Then, by means of Theorems 7
and 9, and by referring to Fig. 5, we can easily see that
D = {c, e} is a reduction of B, while it is also independ-
ent. Meanwhile, by Theorem 10, we have B—6> C. In the
case, since D" = {a,c,d, e}, set_inc_(D"/D)=1, D CB
and C C D" are all true, set_inc_(C/B) = 1 can be inferred
from set_inc_(D"' /D) = 1by the inclusion-inference. Here,
D-Z D is basic while set_inc_(D"" /D) = 1is basic. That
also means B— C can be inferred from the basic depend-
ency p—2 p'.

As an effective complement to the rule-type knowledge,
confidence degree plays an important role, which is essen-
tially a quantitative description. In the following, for every
uncertain dependency B—2 p, the corresponding confi-
dence degree is defined as

Conf(B—6> D) = set_inc_(D/B)

It is easy to observe that the lower conf(B—a> D) is, the
weaker relationship between B and D is, and the lower valu-
able of g2, p we believe. In the case, we always introduce
some parameter suchaas 0 < w < 1to meet uses’ actual need.
Namely, if conf(B— D) > w, then we say the uncertain
dependency B2, p is credible. For example, in Table 6,
leta =0.5,06 =0.55,0=0.6, B={a,c,e}and D = {b,d}.
Then, fog any subset of B and subset D, we can calculate
Conf(B— D), and further judge whether B2 pis cred-
ible. Here, the related result is shown in Table 11.

To some extent, the methods, context, objectives in the
paper is similar to the ones in the literature [12], for better
understanding them totally, here, we give the comparison
and analysis to reveal the similarities and differences.

In terms of macroscopic, there are some similarities,
specifically,

(1) both help to expand the application scope of concept
lattice, and help to understand the essence of rough sets
from the view of concept lattice.

(2) both are oriented to information systems, and are
employed to solve similar problems such as algebraic
structure, core, reduction, et al.

(3) both need to transform information systems into one-
valued formal contexts, and then, the one-valued formal
contexts can be further severed as new data sets to solve
problems on the basis of concept lattice.

From microscopic angle, there exist significant dif-
ferences, specially,

(1) in terms of research objects, this paper emphasizes
order relation rather than tolerance relations.

(2) in terms of meeting users’ needs, there exists some
major differences, namely, what is emphasized in the
paper is how to satisfy the situation that if users con-



International Journal of Machine Learning and Cybernetics (2019) 10:3245-3261 3259

Table 11 Quantitative analysis b

d bd

result of some uncertain
dependencies by confidence Conf Credible Conf Credible Conf Credible
degree

a 0.6000 a— b 0.6000 a—s d 0.3333

c 0.4681 0.4681 0.2677

e 0.5556 1.0000 e—s d 0.5556

ac 0.7470 ac— b 0.7470 ac— d 0.5345

ae 0.5556 1.0000 ae—s d 0.5556

ce 0.7156 ce— b 1.0000 ce—s d 0.7156 ce—s bd

ace 0.7156 ace—s b 1.0000 ace—s d 0.7156 ace—s bd

sider “greater than” or “less than” relations to a certain
degree rather than in the full sense, while the literature
[12] emphasizes the situation that users just require
“most” rather than “all” elements in a class are similar
to each other.

(3) interms of technology path, both need to first transform
information systems into one-valued formal contexts
by means of scales, but as the most crucial, important
and basic elements during the process of transforma-
tion, scales in this paper and ones in [12] are essential
differences.

(4) in terms of algebraic structure, both of this paper and
the literature [12] all can organize relations in the form
of lattice, but the former is primarily concerned with
order relations and the latter is more oriented towards
tolerance relations.

(5) for how to solve issues in information systems such as
reduction, core, dependency, et al., the literature [12],
on the basis of concept lattice, gives some new feasible
ideas, while this paper emphasizes the solution within
the framework of integration theory.

In general, although there are many similarities in macro-
scopical, there are significant differences in terms of research
background, or solution ideas, or internal modeling mecha-
nism. These differences, while enriching the theory of con-
cept lattice, will certainly lay a solid foundation for the deep
expansion of application scope of concept lattice, and the deep
integration of concept lattice, inclusion degree and rough sets.

6 Summary and outlook

As we known, with the research scope continues to expand,
and the research content becomes more and more complex, it
is always accompanied by increasingly severe inconsistency
between the uncertainty of reality and the accuracy of clas-
sical mathematics. In the case, the research on uncertainty
has become more and more significantly. As a special type of
binary relations, uncertain order relation is universal, and which

is also the focus of this study. In light of inclusion degree is a
type of powerful tool for measuring uncertain order relations,
while concept lattice is essentially a type of data analysis tool
using binary relations as research objects, including order rela-
tions, the paper tries to build connections among concept lat-
tice, inclusion degree, order relations, and further offers a new
feasible way for analyzing and processing ordered information
systems. The mainly contributions are listed as follows:

(1) For properly widening the research scope of order
relations, the paper offers a kind of new way from the
perspective of the integration theory of concept lattice
and inclusion degree, which not only has good robust-
ness and generalization ability, but also can meet actual
needs flexibly.

(2) To solve problems such as algebraic structure, reduc-
tion, core, dependency in ordered information systems,
the paper provides some new and simply ways within
the framework of integration theory. Especially, for
eliminating redundant dependencies, a new idea on
the basis of inclusion-inference is proposed, by which
a smaller dependency set referred to as a dependency
generation set can be obtain. In short, the paper mainly
focuses on the integration of concept lattice and inclu-
sion degree to solve the problems in ordered informa-
tion systems. Both theories and examples demonstrate
the validity and rationality. Although some theoretical
findings are achieved, which should be further supple-
mented and improved. Issues of how to autonomously
determine parameter values, and how to extend concept
lattice based on inclusion degree in more complex data
sets, et al. will remain focuses of our future research.

Acknowledgements Authors would like to thank Prof. Jinhai Li at
Kunming University of Science and Technology, for his valuable sug-
gestions, and they would also like to thank the editors and review-
ers for their valuable comments on this paper. This work is supported
by National Natural Science Foundation of China (nos. 61603278,
61673301, 61672331) and National Postdoctoral Science Foundation
of China (no. 2014M560352).

@ Springer



3260

International Journal of Machine Learning and Cybernetics (2019) 10:3245-3261

References

10.

11.

12.

13.

14.

15.

16.

18.

19.

20.

21.

22.

23.

24.

Chen HM, Li TR, Ruan D (2012) Maintenance of approximations
in incomplete ordered decision systems while attribute values
coarsening or refining. Knowl Based Syst 31:140-161

Chen JK, LiJJ, Lin YJ, Lin GP, Ma ZM (2015) Relations of reduc-
tion between covering generalized rough sets and concept lattices.
Inf Sci 304:16-27

Chen YH, Yao YY (2008) A multiview approach for intelligent
data analysis based on data operators. Inf Sci 178(1):1-20
Cheng YS, Zhan WF, Wu XD, Zhang YZ (2015) Automatic
determination about precision parameter value based on inclusion
degree with variable precision rough set model. Inf Sci 290:72-85
Du WS, Hu BQ (2016) Dominance-based rough set approach to
incomplete ordered information systems. Inf Sci 346:106-129
Fan JL, Xie WX (1999) Subsethood measure: new definitions.
Fuzzy Sets Syst 106(2):201-209

Fan SQ, Zhang WX, Xu W (2006) Fuzzy inference based on fuzzy
concept lattice. Fuzzy Sets Syst 157:3177-3187

Ganter B, Wille R (1999) Formal concept analysis: mathematical
foundations. Springer, Berlin

Greco S, Matarazzo B, Slowinski R, Stefanowski J (2001) Vari-
able consistency model of dominance-based rough sets approach.
In: Ziarko W, Yao Y (eds) Rough sets and current trends in com-
puting, LNAI, vol 2005. Springer, Berlin, pp 170-181

Inuiguchi M, Yoshioka Y, Kusunoki Y (2009) Variable-precision
dominance-based rough set approach and attribute reduction. Int
J Approx Reason 50(8):1199-1214

Kang XP, Li DY, Wang SG, Qu KS (2013) Rough set model based
on formal concept analysis. Inf Sci 222:611-625

Kang XP, Miao DQ (2016) A variable precision rough set model
based on the granularity of tolerance relation. Knowl Based Syst
102:103-115

Kang XP, Miao DQ (2016) A study on information granularity
in formal concept analysis based on concept-bases. Knowl Based
Syst 105:147-159

Kuncheva LI (1992) Fuzzy rough sets: application to feature selec-
tion. Fuzzy Sets Syst 51:147-153

Lai HL, Zhang DX (2009) Concept lattices of fuzzy contexts:
formal concept analysis vs. rough set theory. Int J Approx Reason
50(5):695-707

LiJH, Ren Y, Mei CL, Qian YH, Yang XB (2016) A comparative
study of multigranulation rough sets and concept lattices via rule
acquisition. Knowl Based Syst 91:152-164

. LiJH, Huang CC, Qi JJ, Qian YH, Liu WQ (2017) Three-way cog-

nitive concept learning via multi-granularity. Inf Sci 378:244-263
Li JH, Kumar CA, Mei CL, Wang XZ (2017) Comparison of
reduction in formal decision contexts. Int J Approx Reason
80:100-122

Li LF (2017) Multi-level interval-valued fuzzy concept lattices
and their attribute reduction. Int J Mach Learn Cybern 8(1):45-56
Liang JY, Xu ZB, Li YX (2001) Inclusion degree and measures
of rough set data analysis. Chin J Comput 24(5):544-547

MaL, MilJS, Xie B (2017) Multi-scaled concept lattices based on
neighborhood systems. Int J] Mach Learn Cybern 8(1):149-157
Mi JS, Leung Y, Wu WZ (2010) Approaches to attribute reduct
in concept lattices induced by axialities. Knowl Based Syst
23(6):504-511

Qi JJ, Qian T, Wei L (2016) The connections between three-way
and classical concept lattices. Knowl Based Syst 91:143-151
Qian YH, Liang JY, Dang CY (2008) Consistency measure, inclu-
sion degree and fuzzy measure in decision tables. Fuzzy Sets Syst
159:2353-2377

@ Springer

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

Qian YH, Liang JY, Dang CY (2008) Interval ordered information
systems. Comput Math Appl 56(8):1994-2009

Qian YH, Liang JY, Dang CY (2009) Set-valued ordered informa-
tion systems. Inf Sci 179(16):2809-2832

Qian T, Wei L, Qi JJ (2017) Constructing three-way concept lat-
tices based on apposition and subposition of formal contexts.
Knowl Based Syst 116:39—48

Qu KS, Zhai YH (2006) Posets, inclusion degree theory and FCA.
Chin J Comput 29(2):219-226

Shao MW, Leung Y, Wang XZ, Wu WZ (2016) Granular reducts
of formal fuzzy contexts. Knowl Based Syst 114:156-166

Shao MW, Zhang WX (2005) Dominance relation and rules
in an incomplete ordered information system. Int J Intell Syst
20(1):13-27

Sai Y, Yao YY, Zhong N (2001) Data analysis and mining in
ordered information tables. In: Proceedings of the 2001 IEEE
international conference on data mining (ICDM’01). IEEE Com-
puter Society Press, San Jose, CA, USA, pp 497-504

Singh PK, Cherukuri AK, Li JH (2017) Concepts reduction in
formal concept analysis with fuzzy setting using Shannon entropy.
Int J Mach Learn Cybern 8(1):179-189

Sinha D, Dougherty ER (1993) Fuzzification of set inclusion:
theory and applications. Fuzzy Sets Syst 55(1):15-42
Sumangali K, Kumar CA, Li JH (2017) Concept compression
in formal concept analysis using entropy-based attribute priority.
Appl Artif Intell 31(3):251-278

Tan AH, Li JJ, Lin GP (2015) Connections between covering-
based rough sets and concept lattices. Int J Approx Reason
56:43-58

Wang LD, Liu XD (2008) Concept analysis via rough set and AFS
algebra. Inf Sci 178(21):4125-4137

Wang R, Chen DG, Kwong S (2014) Fuzzy rough set based active
learning. IEEE Trans Fuzzy Syst 22(6):1699-1704

Wei L, Wan Q (2016) Granular transformation and irreducible
element judgment theory based on pictorial diagrams. IEEE Trans
Cybern 46(2):380-387

Wei L, Qi JJ (2010) Relation between concept lattice reduction
and rough set reduction. Knowl Based Syst 23(8):934-938
Wille R (1982) Restructuring lattice theory: an approach based
on hierarchies of concepts. In: Rival I (ed) Ordered sets. Reidel,
Dordrecht, pp 445-470

Wu WZ, Leung Y, Mi JS (2009) Granular computing and knowl-
edge reduction in formal contexts. IEEE Trans Knowl Data Eng
21(10):1461-1474

Xiao J, He ZY (2016) A concept lattice for semantic integration
of geo-ontologies based on weight of inclusion degree importance
and information entropy. Entropy 18(11):399

Xie B, Mi JS, Liu J (2009) Concept lattices determined by an
inclusion degree. Inf Int Interdiscip J 12(6):1205-1216

Xu WH, Li MM, Wang XZ (2017) Information fusion based on
information entropy in fuzzy multi-source incomplete information
system. Int J Fuzzy Syst 19(4):1200-1216

Xu WH, MiJS, Wu WZ (2015) Granular computing methods and
applications based on inclusion degree. Science Press, Beijing
Xu ZB, Liang JY, Dang CY, Chin KS (2002) Inclusion degree:
a perspective on measures for rough set data analysis. Inf Sci
141(3-4):227-236

Yang XB, Yang JY, Wu C, Yu DJ (2008) Dominance-based rough
set approach and knowledge reductions in incomplete ordered
information system. Inf Sci 178(4):1219-1234

Yang Y'Y, Chen DG, Wang H, Wang XZ (2018) Incremental per-
spective for feature selection based on fuzzy rough sets. IEEE
Trans Fuzzy Syst 26(3):1257-1273



International Journal of Machine Learning and Cybernetics (2019) 10:3245-3261

3261

49.

50.
51.
52.
53.

54.

55.

Yao YY (2016) Rough-set analysis: Interpreting RS-definable
concepts based on ideas from formal concept analysis. Inf Sci
346:442-462

Yao YY, Deng XF (2014) Quantitative rough sets based on subset-
hood measures. Inf Sci 267:306-322

Young VR (1996) Fuzzy subsethood. Fuzzy Sets Syst 77:371-384
Zadeh LA (1965) Fuzzy sets. Inf Control 8(3):338-353

Zhai YH, Li DY, Qu KS (2015) Decision implication canonical
basis: a logical perspective. J Comput Syst Sci 81:208-218
Zhang HY, Yang SY, Ma JM (2016) Ranking interval sets based
on inclusion measures and applications to three-way decisions.
Knowl Based Syst 91:62-70

Zhang WX, Liang GX, Liang Y (1995) Including degree and
its applications to artificial intelligence. J Xi’an Jiaotong Univ
29(8):111-116

56.

57.

58.

Zhang WX, Xu ZB, Liang Y, Liang GX (1996) Inclusion degree
theory. Fuzzy Syst Math 10(4):1-9

Zhang WX, Liang Y, Xu P (2007) Uncertainty reasoning based
on inclusion degree. Tsinghua University Press, Beijing

Zhi HL, Li JH (2016) Granule description based on formal con-
cept analysis. Knowl Based Syst 104:62—73

Publisher’s Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

@ Springer



	A knowledge acquisition method based on concept lattice and inclusion degree for ordered information systems
	Abstract
	1 Introduction
	1.1 Concept lattice and order relations
	1.2 Inclusion degree and order relations
	1.3 Inclusion degree, concept lattice and order relations
	1.4 Knowledge acquisition models in ordered information systems

	2 Basic notions of concept lattice and inclusion degree
	3 The integration theory of concept lattice and inclusion degree
	4 Study on order relations from certainty to uncertainty to a degree of certainty
	5 Application of the integration theory in ordered information systems
	5.1 One-valued formal contexts derived from ordered information systems
	5.2 Algebraic structure in ordered information systems
	5.3 Reduction, core and dependency in ordered information systems
	5.4 Dependency in ordered information systems

	6 Summary and outlook
	Acknowledgements 
	References




