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Information granules among them induce a granular regression model. Furthermore, we propose a gradient des-
Gradient descent cent method for the granular regression model, and the optimal solution of granular
Granular regression regression is achieved. We prove the convergence of granular regression and design a gra-

dient descent algorithm. Finally, several UCI data sets are used to test and verify the gran-
ular regression model. We compare our proposed model with popular regression models
from three aspects of convergence, fitting and prediction. The results show that the gran-
ular regression model is valid and effective.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

In 1997, American scientist Zadeh [44] originally put forward the concept of information granule. He believed that gran-
ulation, organization and causation are the fundamental stones of human cognition. Agents perform computations on com-
plex objects including behavioral patterns, classifiers, clusters, sets of rules, aggregation operations, approximate reasoning
schemes [31]. All such structural objects are called granules [31]. Polkowski presented adaptive calculus of granules in [27].
In 1999, granular computing was first presented by Lin [16] and successfully applied in data mining [17]. Skowron and
Nguyen [2,20] proposed the granular computing from rough set theory [23]. Yao analyzed granular computing from the per-
spectives of philosophy, application and computation. He held that the granular computing is a method of structured think-
ing, problem-solving and information processing [41]. Canadian academician Pedrycz pointed out that the construction of
information granules is the key to granular computing. He proposed an interval-based information granule [24] that is
applied in schemes of knowledge management. He also constructed some information granules from the perspective of fuzzy
sets and used them for clustering [25,48] and further designed a variety of granular classifiers [1,26,30], which achieved good
results. Skowron [32] defined information granules in terms of semantics and grammar, and presented the structure and cal-
culation of granules. Liu [ 18] proved a principle of granular resolving from rough logic. Yao proposed a neighborhood relation
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[42] and developed the neighborhood granule computing [43]. Hu analyzed the neighborhood reduction [10] and designed
some neighborhood classifiers [11,47]. Wang discussed a big data processing method using granules [35,38]. Liang and Qian
proposed some fusing and processing methods for multi-granularity data [15,28]. We analyzed structures of granules from
the views of sets and formal concept analysis [12], further described a three-level granular structure in a neighborhood sys-
tem, and analyzed some uncertainty and distance measures of granules [4]. Granules and granulation are the significant
characteristics of human cognition, which play an important role in modeling complex data and have been widely used
in many fields [6,8,29,36,37,39,49].

Models of machine learning are divided into unsupervised learning and supervised learning according to whether or not
they have labels. Unsupervised learning mainly includes: clustering (such as k-means) [9], dimensionality reduction (such as
PCA) [14] and so on [33]. Supervised learning is related to classification and regression. Classification mainly includes: linear
classifiers [3], Support Vector Machine (SVM) [13], Naive Bayesian (NB) [40], K-Nearest Neighbor (KNN) [45], Decision Tree
(DT) [7], Convolutional Neural Network (CNN) [21], integrated models and so on [22]. The models of regression are: linear
regression [19], ridge regression [5], lasso regression [34] and elastic net regression [46]. These regression models have the
advantages of simplicity and high computational efficiency. They are also the basis of building stones of deep learning.

However, most of these models are weak in dealing with uncertain and vague data that can be represented by sets. These
models are difficult to tackle set-based data since their operations involve in real values. The structure of a granule is essen-
tially a set, and the operations of granules must be a form of set operations. As methods and techniques of information gran-
ulation spring up, many methods of clustering and classification of granules are proposed under the characteristics of set or
aggregation of granules. Since regression has an ability of handling continuous real numbers, it is difficult to operate granules
by a regression process. From a new angle, we propose a data representation based on set theory and single feature granu-
lation, and define the concepts of granule, granular vector and granular matrix. We put forward some related operations of
granule, granular vector and granular matrix, which induce a regression model of granules. Furthermore, we proved the con-
vergence of granular regression and propose a gradient descent method. Finally, we design a gradient descent algorithm of
granular regression, and successfully achieve good results of fitting and predicting with the form of information granules.
Several UCI data sets are used for experimental analysis, and the results show that the granular regression is valid and
effective.

2. Granules and granular vectors

Information systems are widely used in the machine learning field. We can acquire a granule according to distances
between samples on a single-atom feature in an information system. A sample forms different granules on different
single-atom features, and these granules constitute a granular vector of the sample.

Definition 1. An information system is represented as S = (X, C U Y) (decision table) [23], where X = {x1,X3,...,Xn} is a set of
samples, C = {c1,¢,,...,Cn} is a set of features, and Y is a decision attribute or a label.

Definition 2. Let S = (X, CUY) be an information system. For any two samples x;,x, € X and each single-atom feature c € C,
a distance between the samples x;,x, on the feature c is defined as:

Se(X1, %) = |v(x1,€) = (X2, €)],

where v(x,c) € [0,1] is a normalized value of sample x on c.

This is a Manhattan distance that measures the similarity between samples. If 0 < s.(x1,X2) < 1, then x; and x; satisfy a
similar relation. While s.(x;,x,) = 0 or s¢(x1,X2) = 1, the x; and x, are equivalent or distinct. Therefore, the distance metric is
not only suitable to numerical data but also to symbolic data.

Definition 3. [44] Let S = (X,CuUY) be an information system. For any sample x € X and each single-atom feature c € C, a
granule of x on c is defined as:

n "o Ty T,
8= g = J= 5+t =nn ),
j=1 j=1

where r; = s.(x,x;) is a distance between x and x;, |X| = n, ‘+’ represents a union of elements, and ‘—’ is a splitter.

A granule is also named as an atom granule, while g(x); is the j,, nucleus of a granule. A granule is a set of ordered gran-
ular nuclei induced by distances between samples. If Vr; = 1, then one = (1,1,...,1) is called as one-granule; if Vr; = 0, then
zero = (0,0,...,0) is called as zero-granule. For the decision attribute y € Y and any sample x € X, it is granulated as a deci-
sion granule, represented as g,(x) = >, %f where r; = s, (X, X;).

Definition 4. Let S = (X,CUY) be an information system. For any sample x € X and a feature c € C, the size and the norms of
a granule g.(x) are defined as follows:
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(1) Size of a granule: Size(g.(x)) = |g.(x)| = ZJ’;] 1j;
(2) Norm-1 of a granule: Norm-1(g.(x)) = [Ig: ()l = ||lgcX)I| = 354 Iil;
)=

llge ()l = /117

The size of a granule is an intrinsic characteristic. In order to avoid over-fitting problem, the norms of granules are used
for regularization in a machine learning process.

(3) Norm-2 of a granule: Norm-2(g.(x)

Property 1. The size and norm-1 of a granule are satisfied: 0 < |g,(x)| = ||g.(¥)||; < n.

Proof. From the definition of a granule, we know r; = s,(x, ;) = |v(x,a) — v(x;,a)|. Since v(x,a) € [0,1], then r; € [0,1] is
achieved. According to definitions of the size and norm-1 of the granule, we achieve |g,(x)| >0 and
18a(X¥)| = 32111 = Y5 || = [1g«(X)lly < n. So, the property is proved.

Property 2. The norm-1 and norm-2 of a granule are satisfied: 0 < ||g,(x)|], < ||g8.(%)]]; < n.

2
Proof. From the definition of norm-1 of a granule, we know ||g,(x)||> = (Z]'f’:] \rj|) = (ri +T2+...+1,)% According to the

-, : 2 n 2\ 22 2 g
definition of norm-2 of the granule, we obtain Hga(x)HZ:(,/Zj:]rj) =r{+r5+...+r. Since r; >0, then

(r1+T3+...4+1)% > r2+r2+... 412 is obtained. Therefore, 0 < ||g,(x)||, < |Ig.(X)||; < n is found.

Definition 5. Let S= (X,CUY) be an information system. For any sample x € X and any feature subset P C C, suppose
P={c1,C2,...,Cn}, then the granular vector of x on P is defined as follows:

8, (%) g, (X); Tqj r
Fo() = (@0 (00 (0,8, 00)T = | 5200 | =3[ S| 5| T | 5| 7
— —| ... — |

gcm (X) ] gcm (x)j : rmj : T'm j

where T is a transpose, ‘Y’ represents a union of granular nucleus vectors, and ry; = g, (x); indicates the j,, granular nucleus
of g, (%)

The granular vector is expressed by a list of granules. The elements of a granular vector are granules, and a granule is
composed of granular nuclei. Therefore, the granular vector can be formed by the union of granular nucleus vectors.

Definition 6. Let S= (X,CUY) be an information system. For any sample x € X and any feature subset P C C, suppose
P = {c1,¢a,...,Ccm}, then the size of a granular vector Fp(x) is defined as:

m m n
Fo() = Y lge (0] = D5 ry.
i=1 i=1 j=1
where rj = s, (x,%;), |[P| = m and |X| = n.
The size of a granular vector is also called the modulus of the granular vector. It is easy to know that the size of a granular
vector satisfies: 0 < |Fp(x)| < m* n.

Theorem 1. Let S = (X,CUY) be an information system. For any sample x € X and any feature subsets P,Q C C,Fp(x),Fq(x) are
two granular vectors on P,Q. If PC Q, then |Fp(x)| < |Fq(X)|.

Proof. For PC Q, suppose P = {a;,0ay,...,an}, then Q = PUB = {a;,0a,...,a,} UB, where B may be an empty set, and sup-
pose B={bi,by,....bs}. From the Definition 6, we know |Fp(x)| =31 [g, )| =313 i  then
[Fo ()| = Y21 86, (¥)] + Xokc1186, )] = 2224 o4 + 2ohea 2oa T = [Fe(X)] + 204y 2oL Tg- If B is an empty set, then s is 0, so
>k 21T = 0; otherwise, 37 ;37" 1y > 0. Therefore, |Fp(x)| < |[Fo(x)| is obtained.

Example 1. An information system S = (X, CUY) is shown in Table 1. Suppose X = {x1,x,,x3,x4} is a sample set, C = {a,b,c}
is a feature set, and Y = {0,0,1, 1} is a decision set.

For the sample set X = {x1,X2,X3,X4}, if the granulation is performed on the single-atom feature a, some granules are con-
structed as follows:



Y. Chen, D. Miao / Information Sciences 537 (2020) 246-260 249

Table 1

An information system.
X a b c =Y
X 0.2 0.1 0.2 0
X2 0.1 0.6 0.1 0
X3 0.4 0.2 0.5 1
X4 0.7 0.1 0.5 1

&1 =8ux1) =2+51+92+9=(0,01,02,05),
8 =8%2) =% + 2+ +%=(0.1,0,03,06),
83 =84(x3) =¥+ +2+%=(02,03,0,03), and
84=8.(xa) =92 +%8+%2+2-(05,06,03,0).

If the granulation is performed on feature b, the granules are:

=g (x)=2+%+%+2=(0,0501,0),
gsfgb(xZ):°5+ 2 +04.405—(0.5,0,04,0.5),
& *gb( 3) :‘;;+234+X3 +2; =(0.1,0.4,0,0.1), and

=gy(xa) =2 +%+%1+ 02— (0,05,0.1,0).

If the granulation is performed on feature c, the granules are:

89 =8c(%1) =2 +%1+93+03-(0,0.1,03,03),
810=8(%) =% +2+%+94-(0.1,0,04,0.4),
g1 = 8(x3) =L +%4+2+2-(03,04,0,0), and
812 =8c(Xa) =L+ +2+2=(03,04,0,0).

If the granulation is performed on label Y, the decision granules are:

di =gy(x) =2+ 2+4+5=(0,0,1,1)
dy =gy(%2) =g+ 2+ +5=1(0,0.1,1),
d; =gy(xs) =3+ +o+2=(1,1,0,0), and
d4:gy(x4):l+l+ﬂ+° (1,1,0,0).

The size, norm-1 and norm-2 of granule g, are:

Size(g,) = |8,(x1)|=0+0.1+0.2+0.5=0.38;
Norm-1(g;) = ||g,(*1)|l; =0+ 0.1+ 0.2+ 0.5 =0.8; and

Norm-2(g,) = ||gq(x1)|l, = V0 + 0.1 + 0.22 + 0.5% = 0.5477.

If C = {a, b, c}, then the granular vector of x; on C is:
Fe(%1) = (81.85.80)" = (€a(X1).8(%1),8:(x1))" = ((0,0.1,0.2,0.5),(0,0.5,0.1,0),(0,0.1,0.3,0.3))"
0 0 0
0.1 0.5 0.1
+ +
0.2 0.1 03
0.5 0 03

The size of the granular vector Fc(x;) is:
|[Fe(x1)]=(0+01+02+05)+(0+05+01+0)+(0+0.1+03+0.3)=2.1
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3. Operations of granules and granular matrices

The granules are forms of sets with structural data. A granular vector is an ordered array composed by granules that are
results of granulating on several single-atom features. Therefore, we can construct granular matrices based on these granular
vectors. Furthermore, we induce some operations on these granules and granular matrices.

Definition 7. Let S=(X,CuY) be an information system. For any xeX and VabeC, suppose
s:ga(x):zj’?:]§, t:gb(x):zle% are two granules of x on a and b, then operations of addition, subtraction,
multiplication and division among the two granules are defined as follows:

n

S+t =g(x)+8(X) = Z%: ($1+t1,82 +ta, ..., S0+ tn),
=
n

S—t=8,(0) —8(X) =D L= (51 —t1,5 — bo,.... 5 — ty),

=
n "
S* t=g,(X) x gy(X) = ijxj:(sl * 1,82 *ly,..., S0 *ly),
=1
n It
s/t
S/t =84(X)/8y(X) = } I = (s1/t1,52/t2,...,Sn/tn),

=
where ‘Y’ represents a union, and ‘-’ is a splitter. In division operation, if t; = 0, then it sets a tiny number approximated to

Zero.

Definition 8. Let S = (X, CUY) be an information system, where C = {¢1,¢3,...,¢n}. For any sample x € X, suppose s = g (x)
is a granule of the sample x on c;. For the sample set X and the feature set C, a granular matrix is defined as follows:

&, (Xl)vgcz(xl)""vgcm(xl) FC(XI)T
FelK) = (Foy 00 Fo ). ... Py ) = |50 80020 80 Bl . ... e
&, (Xﬂ)vgcz(xﬂ)7~~-7gcm(xn) Fc(Xn)T

Since a granule is composed of granular nuclei, we can express the granular matrix by a union of granular nucleus matri-
ces, which is showed in the follows:

8, (%1),8¢,(X1), .-, &c, (X1) 8, (X1);:8c,(X1)j5- - :8cn (X1); 1,712 - Timj 1,72, im

Fe(X) = 8, (%2),8,(X2), .., 8¢, (%2) z”: 8c,(X2)1,8c,(X2)js - -1 8c (X2); :z": T21j,T22); - - > T2mj :z": 21,722, T2m

)
= v J= o = .
gCl (Xn)vgcz (Xn),~-~,gcm(xn) gq (Xﬂ)jngZ(Xﬂ)jv"'ngm (Xn)j Tntj, Tn2jy -+ Tnmj Tnt,Tn2, -5 Tnm j

where romj = g, (Xn); is the jp, granular nucleus of the granule g, (xx).

Definition 9. Given an information system S = (X, CUY), there are two feature subsets P,Q C C, where P = {py,p,,...,Dx}
and Q = {qy,q3,.--,qn}- For two sample subsets S,T CX, they are S = {s1,52,...,Sn} and T = {t1,t2,..., t;}. Let g, (s) be a
granule of sample s<S on p; and g, (t) be a granule of sample t €T on g;, their cardinalities are equal, which are
card(gy, (s)) = card(gy (t)) = n. For the sample set S, a granular matrix on P is

gp1 (51)7gp2 (51)7 S 7gpk(51)

FP(S) = (Fpl (S)vFPz (5)7 s 7FPk(s)) = gpl (SZ)’gpz (52)7 o 7gpk(52)

gp] (Sn)agpz (Sn)> cee 7gpk (Sﬂ)
For the sample set T, a granular matrix on Q is
gq1 (tl)vng (t1)7 s 7gqm (t1)
&g, (62),84,(t2), .-, &, (t2)
Fo(T) = (Fg,(T), Fg, (T), ..., Fq, (T)) = | 7" o !

gql (tk)-,ng (tk)’ s ’ng (tk)
The multiplication of Fp(S) and Fq(T) is defined as
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gc](Xl)vgcz(Xl)v"'7gcm(x1)
Fo(S)  Fo(T) = | S0 B2 ga ()]
gcl(xn)7g52(xn),~~~,gcm(xn)

where g. (Xn) = &, (Sn) * &g, (£1) +&p, (Sn) * &g, (t2) + ... + &y, (Sn) * &g, (k).
The foregoing definition of multiplication of granular matrices is a general form. We can give another form based on gran-
ular nucleus, which is illustrated in the below.

Definition 10. According to the definition of the granular matrix with granular nuclei, suppose that two granular matrices
S11,812,- -+, S1k t11, b2, .. tim
areS=3y7, $21:522,-- 552k | qpd T = S fa1,622,- -+, tam | then the multiplication of two granular matrices is defined

Sn1,5n2, -+ -, Snk j tk17tk21"'7tkm j
das

M, M2, Mm

n
21,122,...,T2

S*T: bl ’ bl m ,

=

Tn1,Tn2, -y Tam j

where roym = Sm1 * tim +Sn2 * tam + ...+ Sk * time

Theorem 2. The multiplication of granular matrices by a general form is equivalent to that by a granular nucleus form.

Proof. According to the Definition 7, Definition 8 and Definition 9, it is easy to be proved.

Example 2. The following granules are obtained from Example 1. We have g; = 2 +%1+924 95— (0,0.1,0.2,0.5) and

g5 =2+234+0140_(0,05,0.1,0). Then, g, + g5 = %0+ 01105 4 02:01., 030 _ (0,0.6,0.3,0.5).
For the sample set X = {x1,X2,X3,X4} and the feature set C = {a, b, c}, the granular matrix is:

Fe(xy)" ((0,0.1,0.2,0.5),(0,0.5,0.1,0), (0,0.1,0.3,0.3))
Fo() = Fe(x)"| _ [((01,0,0.3,06),(05,0,0.4,05),(0.1,0,0.4,0.4))
Fe(xs)" ((0.2,0.3,0,0.3),(0.1,0.4,0,0.1), (0.3,0.4,0,0))
Fe(xa)" ((0.5,0.6,0.3,0), (0,0.5,0.1,0), (0.3,0.4,0,0))

701 0.2,0.5),(0,0.5,0.1,0))
1,0,0.3,0.6),(0.5,0,0.4,0.5)) .
2,03.0,0.3),(0.1.04,0.0.1)) and a granular matrix T=
(0.5,0.6,03,0),(0,0.5,0.1,0))

((0,0.01,0.07,0.25), (0, 0.05,0.06,0), (0,0.01,0.1,0.15))
((0,0.1,0.2,0.5),(0,0.5,0.1,0),(0,0.1,0.3,0.3)) | .o p_ | (0050, 0.18,0.6), (0.25,0,0.19,0.25), (0.05,0,0.25, 0.38))
((0.1,0,0.3,0.6), (0.5,0,0.4,0.5), (0.1,0,0.4,0.4)) |’ ~ 1 ((0.01,0.03,0,0.21), (0.05,0.15,0,0.05), (0.01,0.03,0,0.13)) |
((0,0.06,0.09,0),(0, .3,0.07,0),(0,0.06,0.13,0))

(

(
Suppose a granular matrix S= (E
(

4. The granular regression with a gradient descent method

According to different features, a sample can be granulated into some granules, which compose a granular vector. At the
same time, decision values of the samples are granulated into decision granules. For these aggregate granules or granular
vectors, we propose a granular regression model, provide an optimized solution, and design a gradient descent algorithm.

4.1. The model of granular regression

Definition 11. Let S = (X, CUY) be an information system, where the sample set is X = {x1,X,,...,X,} and the feature set is
C={c1,¢2,...,Cm}. For ¥x € X, suppose that a granular vector over C is Fc(x) = (g, (X),&,(X),.--,8&¢, (x))T, and a decision

granule over Y is gy (x). Given a shared weight granular vector W¢ = (w¢,, we,, ... ,wcm)T, where w,, is a weight granule, then a
granular regression model for the sample x is
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F(x) = Fc(0) We — gy (%) = (8¢, (X) ¥ We, + 8¢, () We, + .. + &, (%) + We,) — 8y (X).
As for all the sample set in X, its granular regression model is:
fx1) = Fe(x1) ' We — gy (x1) = (8, (X1) * We, + &, (X1) * We, + ... + 8, (X1) * We,) — 8y(X1),
fx2) = Fe(x2) ' We — gy (x2) = (8, (X2) ¥ We, + &, (X2) ¥ We, + ... + 8, (X2) * We,) — 8y(X2),

fxn) = FC(Xn)TWC —&y(Xn) = (8¢, (Xn) ¥ We, + 8¢, (Xn) ¥ We, + ...+ 8¢ (Xn) ¥ W) — 8y(Xn).
For convenience, the above formulas are expressed as

fX) = Fc(X)Wc — gy(X), where Fc(X) is a granular matrix.

Definition 12. Give an information system S = (X, CUY), for Vx € X, the decision granule is gy(x), then the loss function of
granular regression for x is

g (X)ll2 = lIFc(x) We — gy (%)l

As for the whole sample set, it has n samples and m features that can be represented by a matrix, noted as X. The loss
function for X is

18Xl = [IFc(X)We — gy(X)]],-

Fc(x)"W¢ is a product of two granular vectors. The result of F¢(x)"W¢ — g, (x) is a granule. It can be seen that the loss func-
tion is the norm-2 of a granule.

4.2. The optimization of granular regression

From the analysis in the previous subsection, we can see that a granular regression model is that the decision granular
vector subtracts the product of granular matrix and weight granular vector. In order to get the best weight granular vector,
we minimize the loss function of granular regression. The formula is expressed as follows:

1
We = argmin 3 |[Fe(X)We — gy (X)|3.
We

Here is the least square of the loss function. To facilitate calculation, a constant of 1/2 is added. Since
HIFeX)We — gy (X)) = LFcX)We — gy(X)T (Fc(X)We — gy(X)), then the loss function of granular regression is represented
as J(We) =3 (Fe(X)Wc —gy(X)T(Fc(X)Wc — gy(X)). The derivative of the loss function of granular regression is proved in
detail below.

Theorem 3. If the loss function of granular regression is J(W¢) = 1 (Fc(X)W¢ — gy(X))T(Fc(X)We — gy (X)), then its derivative is
Fe(X) (Fe(X)We — gy (X))

1,712, ., T1im We, $1 t
21,1 RN w, S: t
Proof. Suppose FeX) =00, | 20202l  We=| 72 | =30 [ 2, eyX) =30 2. then
Tn1, T2, -« Tam j Wcm Sm j tn j
T
T11,T12,-- -, T1im $1 t
a1 T 1 n | T21,T22,...,T2m n | S2 n %)
JWe) =} (Fe(X)We - gy(X)) (FeX)We — gy (X)) =3 { 5oy, | 720720 Tom g 2| o 16|
Tni,Tn2y -« Tnm j Sm j tn j
- T
1,712, T1m S1 t ri,T2,-Tm | | $1 t 1,2, Tm | | $1 t
n|T21,122,-.,12m n S2 n | b2 1x=n 121,122,...,T2m | | S2 Ly 21,722,...;Tom | | S2 ty
DA T DY SN N Y = =2 |0 - T - - 0
Tn1,Tn2,-- s Thm j _sm j tn j Tnt,Tn2,-- -, nm Sm tn j Tn1,Tn2,-- s hm Sm tn j
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We, S1
T . ; 5
2XTXW — XTY — (YTX)" = 2X"XW — XTY). Since We=| Yo | =xm 1%, s0 Ao _ _AWe)
.. . 0( 3 w-)
we, Sm | ; o
AN (XW-Y)T(XW-Y)) T r
% = 8(%(X1W1 -Y) XiWi1-Yy) +%(X2W2 -Y7)
()
11,712, Tim
(XaWa—Y2) 4. A Xa Wi —Yn)| (XaWn—Yn)) . _ < | T2y, Tam | -
W1 W Wa)=(XTX; W1 -XTY1 XIX, W, -X Y5 ., xﬁxnw,.fx;v,.)—zj":] (xwafxTy)j‘ Since FC(X) = Zj:l = Zj:l (X)jv We =
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We, S1 t
w, S2 ty (W, T T T
Ve | =y = S (W) 84(0) = X7, =LY, thus GO S (XTXW - XTY), = Fe(X)T (Fe(X)
Wey, Sm | ; tn |;

Wc — gy(X)). So, the theorem is proved.

According to the proof of derivative of the loss function, we can use a gradient descent method to solve the approximate
optimal solution of the granular regression model.

The gradient descent formula of the granular regression model is represented as follows:

WET = WL — aFc(X) (Fe(X)WE — gy (X)),

where o is a learning rate. Fc(X)W¢ — gy(X) is a granular residual. If the granular residual sets E, then the formula is abbre-
viated as: W' = WL — aF(X)"E.

4.3. The gradient descent algorithm for granular regression

In the previous chapter, we give the derivative of the loss function of granular regression and prove it. Therefore, it
ensures the feasibility of the gradient descent method for solving the optimization problem of a granular regression model.
We use the gradient descent with sample by sample. After a sample is granulated into granules, a granular vector is con-
structed. The granular vector is convoluted with a shared weight granular vector to produce a new feature granule. The pro-
duced granule is compared with the decision granule to obtain a granular residual, then the residual propagates back to
correct the shared weight granular vector. All samples are computed once, called a round of iteration, and then the error
has accumulated. When the error is small enough, the iteration terminates. The total error after each iteration is called gran-
ular error. There are two forms of granular error, which are expressed as follows:

-1 n
GMSE = n—zgnFc(xf)TWé ~ &y (®)ll2:
=

1 n
GMAE = n—ZZI\FC(Xf)TW[c — &y (X))l

Suppose the training set has a total of n samples, and x; represents the iy, sample. Fc(x;) is a granular vector of x; on the
feature set C, and gy (x;) represents a decision granule of x; on a decision. t denotes the number of iterations. The granular
weight shared by all samples is updated as follows:

W = W¢ — oFc(x1)(Fe(x1) WE — gy(x1)),
W = WE — oFc(X2) (Fe(x2) WE — gy(X2)),

WET = Wi — oFc(xa) (Fe(%a) We — gy (%a)).

Repeat the above steps until GMSE or GMAE converges.

The gradient descent principle of granular regression is given in detail, so we can design the gradient descent learning
algorithm of granular regression, which is described as follows.

Algorithm: Gradient Descent Algorithm of Granular Regression (GDAGR) (01) GMSE® = 400, AGMSE = GMSE?; (02)
While AGMSE > e Do (03) t=1; (04) Fori=1,2,...,n (05) Residual(i) = Zj’zlgcj(x,») * Wéi —yy(i); (06)
For j=1,2,....,m (07) Partial(j) = g, (x;) = Residual(i); (08) End For (09) Wi — WL — o« Partial;
(10)  End For (11) GMSEY = LS |[Residual(i)||,; (12)  AGMSE = GMSE®" — GMSE"; (13) t=t+1; (14)
End While

In the gradient descent algorithm, it is an iterative and convergent process. The update process is sample by sample with
constantly changing weights. The parameter o is a learning rate for tuning the learning speed.
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5. Experimental analysis

In the following experiments, we use UCI data sets Slump, Concrete and QSAR to test several regression models. Slump
has seven conditional features and three decision features. In order to reduce the regression error, we expand the conditional
features. Each feature multiplies oneself or another to induce a new feature, then we get 49 features, and plus the original 7
features, so a total of 56 features are obtained. For the three decision features (SLUMP, SLOW, CS), we randomly select the
SLOW as a decision feature in these experiments. Similarly, Concrete and QSAR have eight conditional features expanded to
72 features respectively. We compare our proposed model with traditional regression models from the convergence and
regression error on Slump data set, and further analyze the learning rate of granular regression on different data sets.

In the granular regression model, the weight granular vector is initial a random value and changed by a training process.
The test sample is granulated into a granular vector, which is calculated with the weight granular vector, and then a predic-
tive result is obtained. It is a granule, not a real number. Therefore, it is necessary to optimize the predictive result to achieve
a real value. Let there be n training samples with a label set Y = {y;,¥,,...,¥,}. After the granulation and prediction of the
test sample t, a predictive granule is obtained. Suppose it is g, = (1,72, ...,m,), how to get the predictive real value? In fact, it
is an optimization problem. The formula is expressed as follows:

L 2
y' = argmin Zl (V' =y ="
y i=

Similarly, we derive the function, use a traditional gradient descent algorithm to solve it, then we obtain the predictive
value. In this way, we can compare our proposed granular regression with the classical regression models.

5.1. Convergence analysis of granular regression

In this subsection, we use all samples for granulation and training to check whether the regression error converges or not,
and compare the convergence effect with the traditional linear regression and ridge regression. The Mean Absolute Error
(MAE) is used for evaluating regression models. It is expressed as follows:

1<,
MAE = EZHY,* =il
i1

The experimental results are shown in Figs. 1 and 2. In Fig. 1, the horizontal axis represents the number of iterations and
the vertical axis represents the regression error. In Fig. 2, the horizontal axis shows the number of iterations and the vertical
axis represents the subtraction of errors between adjacent iterations.

Fig. 1 shows that the fitting errors of the three regressions decrease monotonously with the increasing of iterations. The
fitting error of linear regression is close to that of ridge regression. The fitting error of linear regression is smaller than that of
ridge regression. The fitting error of granular regression is smaller than those of linear regression and ridge regression.

Fig. 2 illustrates that the subtraction of adjacent fitting errors decreases with the increasing of iterations. When the num-
ber of iterations reaches 100,000, the subtraction of adjacent fitting errors is close to zero. Therefore, granular regression,
linear regression and ridge regression converge. The convergence speeds of linear regression and ridge regression are very
close. The convergence speed of granular regression is faster than those of linear regression and ridge regression.
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Fig. 1. Fitting errors of all samples.
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Fig. 2. Subtraction of adjacent fitting errors for all samples.

5.2. Comparisons of granular regression and classical regressions

The classical regression models include linear regression and ridge regression. We use MAE to evaluate the prediction
performance of regression algorithms. Eighty percent of the data set is used for training and twenty percent for predicting.
For the linear, ridge and granular regressions, we use gradient descent methods. The number of iterations is related to the
prediction error. Therefore, we draw a comparison in Figs. 3-10. In Figs. 3 and 7, the horizontal axis is the number of iter-
ations and the vertical axis represents the regression evaluation index MAE. In Figs. 4-6, the horizontal axis is the number of
samples of the training set and the vertical axis shows the fitting values of the training set with fifty thousand iterations. In
Figs. 8-10, the horizontal axis is the number of samples of the test set and the vertical axis represents the predictive values of
the test set with fifty thousand iterations.

Fig. 3 shows that the fitting error of the training set decreases monotonously with the increasing of iterations, and the
fitting error of granular regression is smaller than that of linear regression, and the fitting error of linear regression is smaller
than that of ridge regression.

From Figs. 4-6, we can see that the fitting curves of linear regression and ridge regression are appropriate, and the fitting
effect of granular regression is evident.

In Fig. 7, the predictive error of granular regression decreases monotonously with the increasing of iterations. The predic-
tive errors of linear regression and ridge regression are not monotonic. When the number of iterations is small, the predictive
error of ridge regression is smaller than that of linear regression; and when the number of iterations is large, the predictive
error of linear regression is smaller than that of ridge regression. Moreover, the predictive error of granular regression is
smaller than those of linear regression and ridge regression.

From Figs. 8-10, we can see that the linear regression, ridge regression and granular regression have similar predictive
effects. Because the predictive errors of the three methods are large, ranging from 0.17 to 0.2, the prediction effects of

0.18 T T T

— — Linear regression
017 1 Ridge regression
—¥— Granular regression
0.16 a

Mean Absolute Error (MAE)

0 5 10 15 20 25 30 35 40 45 50
lteration (10°%)

Fig. 3. Fitting errors of the training set.
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Fig. 4. Fitting curves of the training set for linear regression.
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Fig. 5. Fitting curves of the training set for ridge regression.
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Fig. 6. Fitting curves of the training set for granular regression.
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Fig. 7. Predictive errors of the test set.
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Fig. 8. Predictive curves of the test set for linear regression.
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Fig. 9. Predictive curves of the test set for ridge regression.

the three methods are not obvious. Moreover, the predictive error of granular regression is smaller than those of linear
regression and ridge regression, the predictive curve of granular regression is slightly better than those of the other two.
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Fig. 10. Predictive curves of the test set for granular regression.
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Fig. 12. Learning rate influence of granular regression for Concrete data set.
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Fig. 13. Learning rate influence of granular regression for QSAR data set.

5.3. Influence of learning rate of granular regression

The three data sets Slump, Concrete and QSAR are used for testing the learning rate of granular regression. The 80% sam-
ples are randomly selected for training while the rest for testing. The learning rate sets three values with o = 10~3,10~* and
107°. The experimental results are shown in Figs. 11-13. The horizontal axis represents the number of iterations and the
vertical axis shows the mean absolute error. The maximum number of iterations is five thousand.

From Figs. 11-13, we can see that the mean absolute error decreases with the number of iterations increasing for the
granular regression. As for different data sets, the mean absolute error decreases faster while the learning rate is bigger.
In the experimental process, we also find that the mean absolute error will be not convergent when the learning rate is
too big. While the learning rate is too small, it will be convergent slowly.

6. Conclusion

In the traditional regression models, the values involved in operations are real numbers. Starting from the study of sample
granulation, a new set-form regression model is proposed by defining the concepts of granular vector and granular matrix.
Firstly, a single feature granulation method is introduced to construct information granules and granular vectors in informa-
tion systems, and the size measurement and operation rules of granular vectors are defined. Furthermore, the granular
matrix and its related operations are proposed. The granular vector and granular matrix are applied in a classification field
and the granular regression model is put forward. Secondly, the granular regression model is optimized to obtain an approx-
imate solution, and the gradient descent algorithm of the granular regression is proposed. Finally, the feasibility and validity
of the granular regression model are demonstrated by an experimental analysis. In the future work, the local granulation
method will be studied for regression and prediction in big data systems. By defining the norm of a granular vector, the gran-
ular sparse regression model will be explored for feature selection and classification in machine learning.
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