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1. Introduction

Concepts are fundamental units of conceptual knowledge presentation and processing. Proposed by Wille [38], formal
concept analysis (FCA) provides an effective way to formulate and interpret concepts within a formal context. A formal con-
text is a triple (U, V,R), where U is a set of objects, V is a set of attributes, and R is a binary relation over U and V; a concept is a
pair (X,A), where X C U and A C V. The object set X is the maximal set of objects having all properties in the attribute set A,
called the extent of the concept; the attribute set A is the maximal set of attributes common to all objects in the object set X,
called the intent of the concept.

Over last several decades, FCA has seen a rapid development both in theoretical foundation and in application
[4,43,47,50]. Different kinds of concepts have been proposed according to different semantics. Existing results of FCA can
be classified in the following way: (i) From the perspective of research technique, one relies on constructive approach or
axiomatic approach or both to obtain different kinds of concepts. A constructive approach defines a concept through a pair
of derivation operators [6,8,26,38,48]; an axiomatic approach characterizes concepts through a set of axioms
[13,17,19,24,31,39]. (ii) From the perspective of data type, contexts are divided into formal context (which is the original
context proposed by Wille [38]), incomplete context [2,5,18,44,48], L-context [1,10], multi-scale context [23,33], triadic con-
text [15,35], decision context [37], etc. (iii) From the perspective of decision, one has two-way concepts (such as formal con-
cept [8,38], property-oriented concept [6], object-oriented concept [22,40,41], cognitive concept [19,24], L-concept [1,3,9])
and three-way concepts (such as OE-concept [26], AE-concept [26], three-way cognitive concept [13,17,21], approximate
concept [18,20], ill-known concept [5], neutrosophic concept [34]). For two-way concepts, both the intent and extent are
represented by a single set; thus, the universes are divided into two disjoint parts. For three-way concepts, at least one of
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the intent and extent is represented by a pair of sets or an interval set [44]. As a result, the universe is divided into three
disjoint parts.

Three-way concept analysis is the outcome of the combination of FCA and three-way decision [11,12,14,28,42,45]. A
semantic difference exists between three-way concepts in complete contexts and three-way concepts in incomplete contexts
(in which the connections between some objects and attributes are unknown according to current information). Qi, Wei, and
Yao [26] studied three-way concept analysis in complete formal contexts. They proposed two kinds of three-way concepts,
namely, OE-concept and AE-concept. The intent of an OE-concept is composed by two parts: a set of attributes shared by all
objects in the extent and a set of attributes not shared by any object in the extent. The extent of an AE-concept is also com-
posed by two parts: a set of objects sharing all attributes in the intent and a set of objects not sharing any attribute in the
intent. Followed by are OEP-concept and OED-concept proposed by Zhi et al. [49], and OEO-concept and AEP-concept pro-
posed by Wei and Qian [36]. In [16], Li and Deng reviewed the development of three-way concept analysis and pointed out
possible problems occurred in this area.

In an incomplete context, the actual intent and extent of a concept can not be determined precisely because of the
unknown information. Burmeister and Holzer [2]| generalized the standard derivation operators to a pair of modal-style
derivation operators in incomplete contexts. The new operators give rise to a pair of certain and possible extents and a pair
of certain and possible intents of a concept. Djouadi, Dubois, and Prade [5] represented an ill-known concept through a pair
of formal concepts coming from the least and greatest completions of an incomplete context. Li, Mei, and Lv [18] introduced
the notion of approximate concept with a pair of lower and upper operators. Adopting the idea of three-way concepts from
Qietal. [26,27], Li and Wang [20] constructed OE-approximate concepts and AE-approximate concepts through a pair of pos-
itive and negative operators. Based on interval interpretation of incomplete formal contexts, Yao [44] built a framework of
three-way concept analysis for incomplete formal contexts. Four forms of partially-known concepts were investigated in the
paper: SE-SI (i.e., set extent and set intent) concept, SE-ISI (i.e., set extent and interval set intent) concept, ISE-SI (i.e., interval
set extent and set intent) concept, and ISE-ISI (i.e., interval set extent and interval set intent) concept. In this framework, the
formal concept [38] is an example of Form SE-SI, the approximate concept [18] and OE-approximate concept [20] are exam-
ples of Form SE-ISI, the AE-approximate concept [20] is an example of Form ISE-SI, and the ill-known concept [5] is an exam-
ple of Form ISE-SI.

The relationship between different kinds of concepts is a meaningful topic in FCA. In [32], Ren, Wei, and Yao studied the
structures of and relationship between SE-ISI, ISE-SI, and ISE-ISI concepts. Qi et al. [25,27,29] investigated the relationship
between three-way concept lattices and classical concept lattices. Qian, Wei, and Qi [30] studied the relationship between
object (property) oriented concept lattice and three-way object (property) oriented concept lattice. In the framework of
three-way granular computing, Yao [46] divided the eight kinds of two-way concepts into two groups—disjunctive group
and conjunctive group—and investigated the relationship between concepts in each group. To the best of our knowledge,
there is no unified framework showing the relationship between different kinds of three-way concept lattices. Inspired by
the work of Yao [46], this paper mainly discusses the relationship between three-way concept lattices in complete formal
contexts. Besides, the relationship between the eight kinds of two-way operators is investigated to facilitate the study of
the relationship between three-way concepts.

The rest of this paper is organized as follows. Section 2 reviews basic notions and properties of formal concepts. In Sec-
tion 3, we investigate first the relationship between and properties of two-way operators, and then the relationship between
two-way concepts. In a similar way, Section 4 investigates the relationship between and properties of three-way operators
and the relationship between three-way concepts. We prove the isomorphic relations between different kinds of three-way
concept lattices. The last section serves as a conclusion part.

2. Formal concepts
A useful notion in FCA is the formal context which serves as a basic structure of the theory of FCA.

Definition 1 [8]. A formal context K = (U, V,R) consists of two sets U and V and a relation R between U and V. The elements
of U are called the objects of the context and the elements of V are called the attributes of the context.

Considering the maximal set of attributes shared by all objects in an object set and the maximal set of objects sharing all
attributes in an attribute set, one achieves a pair of derivation operators.

Definition 2 [8]. Let K = (U,V,R) be a formal context. For a set X C U of objects, we define
X ={acV|vx € X(xRa)}

the set of attributes common to the objects in X. Correspondingly, for a set AC V of attributes, we define
A" ={x e UVa e A(xRa)}

the set of objects which have all attributes in A.
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Applying the operator * to a set of objects, one obtains a set of attributes owned by all objects in this object set. Similarly,
applying the operator * to a set of attributes, one obtains a set of objects having all attributes in this attribute set. An object
set and an attribute set that mutually determine each other play a key role in FCA.

Definition 3 [8]. A formal concept of the context K = (U, V,R) is a pair (X,A) with XCU and ACV such that X* = A and
A" = X. The set X is called the extent and A the intent of the concept (X, A).

Diintsch and Gediga [6,7] referred to the operator * as a kind of modal-style operator, called sufficiency operator, and
introduced another three kinds of modal-style operators: dual sufficiency operator #, necessity operator [J, and possibility
operator <. Considering attributes which are not related to an object as negative attributes of the object, Qi et al. [26,27]
introduced a kind of negative operator ¥, called negative sufficiency operator. Afterwards, the negative necessity operator O

and negative possibility operator { were given by Wei and Qian [36] and the negative dual sufficiency operator # by Zhi
et al. [49]. Each operator derives a kind of concept; each concept divides the object universe and attribute universe into two
disjoint parts. To distinguish with three-way operators, we call the aforementioned eight kinds of derivation operators two-
way operators [26], sometimes, object-induced two-way (short for O2W) operators and attribute-induced two-way (short
for A2W) operators when considering different meanings of sets.

3. Relationship between two-way concept lattices

A formal context K = (U, V,R) represents connections between objects and attributes through the binary relation R. Based
on the connections, one can define eight kinds of mappings from 2" to 2" with existential and universal quantifiers in a nat-
ural way: for X € 2Y,

f1(X) ={a € V|vx € X (xRa)},
f2(X) ={a € V|vx € X(—(xRa))},

X)
f3(X) ={a e V|vx € X“(xRa)},
F4(X) = {a e VI¥x € X< (~(xRa))}, 0
f5(X) ={a e V|3x € X(xRa)},
fe(X) = {a € V|3x € X(~(xRa))},
£7(X) = {a € V2x € X (xRa)},
fs(X) = {a e V|3x € X (=(xRa))},

where - is the logical negation. The eight mappings correspond to the eight O2W operators, respectively:
F1X) =X, LX) = X7, f3(X) =X, f4(X) =X, f5(X) =X, fo(X) =X, f(X) = X", fg(X) = X". (2)

The meanings of each obtained attribute set are listed below:

1) X" is the maximal set of attributes shared by all objects in X;
2) X is the maximal set of attributes not possessed by any object in X;
3) X~ is the maximal set of attributes shared by all objects in the complement of X;
4) X" is the maximal set of attributes not possessed by any object in the complement of X;
5) X° is the maximal set of attributes shared by at least one object in X;
6) X® is the maximal set of attributes not possessed by at least one object in X;
)
)

(
(
(
(
(
(
(7 X# is the maximal set of attributes shared by at least one object in the complement of X;
(8) X* is the maximal set of attributes not possessed by at least one object in the complement of X.

Take as an example, Table 1 exhibits a formal context with U = {x1,x2,x3,x4} and V = {a, b, c,d, e,f}. The notation 1 rep-
resents that an object has an attribute; the notation 0 means that an object does not have an attribute. For X = {x1,x,}, we
have

Table 1
A formal context.
a b c d e f
X 0 1 0 1 1 0
X2 1 1 1 0 1 0
X3 0 1 0 1 0 1
X4 1 1 1 0 0 0
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X' ={b.e}, X" = {f}, X = {b}, X" = {e},
X% ={a,b,c,d,e}, X° = {a,c,d.f}, X* = {a,b,c,d.f}, X* = {a,c,d,e.f}.

Remark 1. Above operators are revisited from the perspective of connections between objects and attributes. For simplicity,
we do not change the notations of each operator which have already existed in other studies. It is, however, not difficult to
find the correspondence with those notations used in [46], that is,

X = X5, X0 =X, X0 =X, XF =X X0 = XI€, X = X206, Xt = XIE, XD = XCt

The difference is that the operators in [46] were revisited from the perspective of granule computing.

Since R is a binary relation, —(xRa) is equivalent to xR°a, where R is the complement of R, i.e., R® = U x U — R. We can thus
rewrite definitions of negative sufficiency, necessity, negative possibility, and dual sufficiency operators in the following
way:

X ={aeV|vxeX(xRa)},
X' ={aeV|vxeX (xR°a)},
X ={aeV|IecXxRa)},
X* ={aeV|KxeX (xRa)}.

3)

In other words, ¥ can be regarded as  (respectively, O as 0, as <, and # as #) defined in the dual formal context
K¢ = (U,V,R°). Considering different semantics, however, each operator will be studied equally.

Inspired by Egs. (1) and (2), the relationship between O2W operators is shown in Fig. 1a. Eight nodes represent the eight
02W operators, respectively. A double-headed arrow line connects a pair of operators from one of which the other can be
obtained by taking the operation attached with the line. Totally, there are three different operations—X°¢, R®, and “—attached
with lines. The notation X means the operators connected by the line can be converted into each other by replacing X with
its complement X°. For example, X7 can be obtained by substituting X for X in the definition of X*, that is, X7 = (X°)". The
notation R° means the operators connected by the line can be converted into each other by replacing R with its complement
R. For example, X" can be obtained by substituting X° for X in the definition of X", that is, X" = (X").. The notation  repre-
sents the complement operation. For example, X° can be obtained by computing the complement of X*, that is, X0 = (XS,
From Fig. 1a, one can conclude that any two operators are mutually converted. For example, starting from X*, one can get X*
in the following way: Replace X with X in X* to obtain X7, and then compute the complement of X7 to obtain X*, namely,
X* = (X7)° = (X))

Table 2 summarizes the relationship between O2W operators illustrated by Fig. 1a. For notational simplicity, we omit
parentheses by simply reading operations from left to right. Take as an example, ((X“)")C is simply denoted by X“*“. The sixth
line of Table 2 implies four dual pairs of operators: (x,#), (¢,0), (%, #), and ($,0).

(a) Relationship between O2W operators. (b) Relationship between A2W operators.

Fig. 1. Relationship between two-way operators.
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Table 2

Relationship between O2W operators.
X=X X0 = X5, X7 = XG X* = XE X' =X X% = X5, X7 = X3 X7 =Xt
X =X XO = xF X0 =X X# = X0 X=X XO = x<# XO = xe X = x<¢
X =X%¢ X0 =Xx* XE = x7 Xt = x=¢ X =x% Xo =x€ XE = xie X7 = x=¢
X =Xg X =Xt X7 =Xg X* =X X =XP x° = x X7 = X§ xF = x$
X' = X3¢ X0 = Xif X7 = e X* = X X = X X® = X X0 = X7 XF =X
X* = XC# X0 — xe XE — x0c X# = Xe*¢ X — Xci,c X5 _ Xcic XE _ Xc& X# _ X©c
X" =XF X® = Xg* X7 = xe X* =X X =X X% = xge X =xge X* =X

The three operations, X%, RS, and ¢, are commutative with each other. For example, starting from X*, one obtains X" by
taking X¢ first and R second, or R* first and X° second. But they are not commutative with any of the O2W operators. For

instance, X # X7, since X = X" and X™¢ = X*; (Xge)" # (X)ge, since (Xp)' = X and (X"*)ge = X

Remark 2.

(1) For an operator XR;C, which is obtained by replacing R with R® in the definition of X*, one has two ways to interpret it:

X* in the formal context K and X* in the dual formal context K¢ (% = *, [, $, and #, respectively).

(2) In [46],Yao studied the connection between the eight kinds of two-way operators from the perspective of inference
rules and exhibited the connection through two groups of hexagons. Each hexagon reveals the relationship between four
kinds of two-way operators from positive or negative attribute view. In this study, we show the connection between the
eight kinds of two-way operators from an overall view (see Fig. 1).

For comparative study, we summarize some basic properties of O2W operators.

Proposition 1. [8,36,38,41,46] For a given formal context K = (U,V,R) and X, X1, X2 C U, we have

1) X1CXo = X5CX, X, X, X X)X XD, X0 XS, XX, X¢ cXt, XF cXF;

N

(
) XCX™, XCX™, XP XX, X cXx X, X 2 X*, X 2 X*,;
gy _ oy 000 _ w0 w000 _ 30 w000 _ w8 w000 _ O yh#h _ y# yhE _
B) X =X" X' =X" X0 =XV, XUV =X, X =X, XEVS =X, X = X X = X
@) (UX) =X;nXy, X nX)" =XT XY, (X UXy)® =XPUXS, (X; nXa) =XFUXE,

X1 UX2) =X nX5, (X1 nXo)” =XP X5, (X UXe)® =X UXS, (X1 nXa)” = X7 UX];

(5) (XinX2)" 2X;UXy, X1 UXo)” DXTUXY, (XinXa) CXYNXS, (X1 UuXy)¥ CXP nXy,

X1nX2) DX, UX), (X1 UXy)” DXTUXS, (X1 nX2)? €Xd nXY, (X UXe)? CXf nX].
These properties can be mutually proved with the help of the information shown in Fig. 1a and Table 2. For example, sup-
pose X; C X! for X; C X, then X{ € X7, since X = XS, X5 = X5, and X" € XS'. Properties in (1) show the monotonicity of each
operator. Properties in (2) show the relationship between the original set and the derived set by two applications of an oper-

ator. Properties in (3) show that the result of three applications of an operator is the same with the result of the first appli-

cation of the operator. Properties in (4) and (5) show the distributivity of the eight operators with respect to set union and
intersection.

Table 3 shows the connections between two derived sets by applying two operators on the same set. (Even though col-
umns 2, 4, 6, and 8 contain the same results with columns 1, 3, 5, and 7, respectively, we keep them both to help to quickly
check the properties.) Tables 2 and 3 still support the equivalent representations of three applications of an operator:

* QOOC  yOOd FHRC v OO0 HrHC 060c
D GEED CatiD CANEEY AN canlsd CEAND CALIED Cao

(4)

ok HOOC HOO *F*C 000 C O60c
X=X X000 = Xt XHOD _ xR x#ERE _ X .

In the very same way, for a given attribute set ACV, one can define eight kinds of A2W operators using existential and
universal quantifiers:
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Table 3
Connections between two derived sets by applying two operators.
X = X% X0 =x% X0 = Xo X# = X% X = X% X = X% X0 = X%# XH#=x%0
X+ — x#0 XW _ X XD;O _ X#* XE# _ X#5 Xﬁz _ x#0 Xﬁ\ ) _ x#F Xﬁ<> _ X#ﬁ XW _ x#o
X% =xT X0 = x XO0 = x# X0t =x*¢ X% =x°0 X0 = x* X%0 = x*F XOF = x*0
Xt = X X#T = X7 X#O = XT# x## = x5 XH# = X0 X#9 = XF X#O = xTF X#F = X730
X7 — x00 X0 = xo* X0 — xO# X# = 00 X7 = X8 X =X X0 — xOF XF = 00
X = x#0 X0 = x# XT® = x## XO# = X7 X7 = x#0 X7 = x# X0 = x## XTF = x#0
X0 — XTE XOE — X X<>5 — X XOo# — X:5 X0+ — x0 X080 — x* X000 — Xﬁ XO; — X*
X# — x70 XF0 _ x0= XFO — xO# XF# — x50 X# — xo XFO _ xOF XFO — xOF XF — x50

A" ={xeU|VaeA(xRa)},
A ={xeU|VacA@xRa)},
A7 = {x € U| Va € A° (xRa)},
A” = {x € U|Va € A° (xR°a)},
A° = {x e U|3a c A(xRa)},
AY = {x € U| 3a c A(xRa)},
A* = {x € U| 3a € A (xRa)},
A" ={x e U|Jac A (xRa)}.

The meanings of each obtained object set are listed below:

(1) A" is the maximal set of objects sharing all attributes in A;
(2) A" is the maximal set of objects not possessing any attribute in A;
(3) A7 is the maximal set of objects sharing all attributes in the complement of A;

(4) A" is the maximal set of objects not possessing any attribute in the complement of A;
(5) A® is the maximal set of objects sharing at least one attribute in A;

(6) A% is the maximal set of objects not possessing at least one attribute in A;

(7) A* is the maximal set of objects sharing at least one attribute in the complement of A;

(8) A* is the maximal set of objects not possessing at least one attribute in the complement of A.

Remark 3. If we do not consider the concrete meanings of sets, each A2W operator just corresponds to one O2W operator.
Therefore, the relationship between the eight kinds of A2W operators is the same with that between O2W operators
(shown in Fig. 1b). Properties of A2W operators are consequently the same with those of O2W operators. One actually
obtains the properties of A2W operators by simply replacing the object set X with an attribute set A in Proposition 1 and

Tables 2 and 3.

The connections between O2W operators and A2W operators are listed as follows. They can be mutually proved as the

properties in Proposition 1.

Proposition 2. [36,38,41,46]Let K = (U, V,R) be a formal context, X CU, and ACV. Then,

(1) XCA <= ACX";
(2) XCA <= ACX';
(3) XCA” < X° CA;
(4) XCA” = X CA;
(5) X2 AY <= X" D A;
(6) X2 A® <= X" D A;
(7) X2 A" <= X* D A;
(8) X DA = X" DA

Based on different 02W operators and A2W operators, we obtain different kinds of two-way concepts.
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Definition 4. Let K = (U,V,R) be a formal context, X C U, and AC V. Then,

(1) (X,A) is a x-concept (i.e., formal concept in [8] or positive formal concept in [46]) if X" =A and A" =
(2) (X,A) is a Od-concept (i.e., object-oriented formal concept in [41] or positive object-oriented formal concept in [46])
if X =A and A® =
(3) (X,A) is a $O-concept (i.e., property-oriented formal concept in [6,41] or positive attribute-oriented formal concept in
[46]) if X =A and A” = X;
(4) A) is a #-concept (i.e., dual positive formal concept in [46]) if X* = A and A* =X
(5 A) is a ¥-concept (i.e., formal concept in [40] or negative formal concept in [46]) if X* = A and A" = X
A)
A)
A)

(X,
(X,
(X,
X
X

)
(6) is a O¢-concept (i.e., negative object-induced formal concept in [46]) if X7 — A and A® = X;
(7) (X,A) is a $O-concept (i.e., negative attribute-induced formal concept in [46]) ifX° =Aand A” =
(8) (X,A) is a #-concept (i.e., dual negative formal concept in [46]) if X* = Aand A” = X

A %-concept in K is a x-concept in K¢, and a x-concept in K is a x-concept in K. The same correspondences exist between
O<¢-concepts and CI-concepts, {-concepts and (CI-concepts, #-concepts and #-concepts, respectively. Besides, we have
the following equivalences between x-concept, O{-concept, #-concept, and {O-concept.

Theorem 1. [[46] Let (U,V,R) be a formal context, X C U, and AC V. Then, the following statements are equivalent:

(1) (X,A) is a x-concept;
(2) (X<,A) is OO-concept;
(3) (X,A) is a $O-concept;
(4)

4) (X°,A%) is a #-concept.

Proof. We first prove that Item (1) is equivalent to Item (2). According to Definition 4, Table 2, and Remark 3, we have
(X,A)isa * —concept = X" =A, A" =X = XT A, A% = X = XD =A, A% = XC = (X%, A) is a0 — concept.

The others can be proved similarly based on the information shown in Fig. 2. (A double line connects two equivalent
statements, and the equivalence can be proved by taking the operation attached with the line. Two nodes of the same color
in Fig. 2 correspond to a kind of two-way concept.)

Expressing one kind of two-way concept in terms of another, although theoretically possible, is somewhat inconvenient
in formulation and interpretation. From a practical point of view, it is useful to keep the eight kinds of two-way concepts. A
subset of objects generates a two-way concept; also, a subset of attributes generates a two-way concept.

Theorem 2. [8,36,38,41,46]Let K = (U, V,R) be a formal context, X CU, and ACV. Then,

(1) (X™,X") and (A",A™) are x-concepts;
(2) (X™,X") and (A",A™) are %-concepts;

(a) Equivalences between O2W operators. (b) Equivalences between A2W operators.

Fig. 2. Equivalences between two-way concepts.
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A ,Am are {-concepts;
A", A™®Y are ¢O-concepts;
are [J<{-concepts;

are #-concepts;

d {47.47)
d (47.47)
<A A% > are O%-concepts;
(a%.a%)
")

403

Theorem 2 provides us a way to construct different kinds of two-way concepts by using object sets and attribute sets. The

order, supremum, and infimum of two-way concepts are defined as follows.

Definition 5. Let K = (U,V,R) be a formal context, X;,X, C U, and A;,A, C V.

(1) [8] For two *-concepts (X1,A1) and (X3, A,), (X1,A1)<.(X2,A,) iff X1 C X, (equivalently, A, CA,), and

(X1, AD AL (X2, A) = (X1 0 Xa, (A1 UAD)™) = (Xy 1 X, (X1 A1 Xa)"),
<X1,A1>\/*<X2,A2> = ((X] UXz)M,Al ﬂAz) = <(A] ﬂAz)*,A1 QA2>.

(2) [46] For two *-concepts (X1,A;) and (X3,Az), (X1,A1)<:(X2,A2) iff X; C X, (equivalently, A, CA;), and

<X1,A1>/\;<X2,A2> . (X] ﬂXz, (A] UAz)**> <X] ﬂXz, (X] ﬂXQ)*>,
<X1,A]>\/;<X27A2> = <(X1 sz) A] ﬁA2> ((A] ﬂAz);,Al ﬂAz).
),

(3) For two Od-concepts (X1,Aq) and (X2, Az), (X1,A1)<5 5 (X2, Az) iff X, C X; (equivalently, A, C A;), and
_ _ oo\ _ g
0 - ) - ) )
(X1, A1) A5 (X2, As) <xl UXa, (A UAy) > <x1 UXa, (X1 UXo) >
- _ 3
5] = ) :
(X1,A1)Veg (X2, Aa) <(x1 NX2)™ Ay mA2> <(A1 NA)° A mA2>
(4) For two O<-concepts (X1,A1) and (X2,Az), (X1,A1)<00(X2,A,) iff X5 C X; (equivalently, A, CA;), and
(X1, A1) Ao (Xa,Az) = (X1 UXz, (A1 UA2)™ ) = (Xi UXa, (X1 UXa)T),
(X1,A1)Vao (X2, A) = <(x] NX2)™ A mA2> - <(A1 NA)°, A mA2>.
(5) [46] For two ¢T-concepts (X1,A1) and (Xa,Az), (X1,A1)<z5(X2,Az) iff X1 CX; (equivalently, A CAy), and
o _ oo\ _ 3
0 - ’ - ) ;
(X1,A1) A (X2, Aa) <x1 NXa, (A1 NAy) > <x1 NXa, (X1 N X2) >
(=)
zatia, A2) = ' :
(X1,A1)Var (X2, Aa) <(x1 UX2)%", A UA2> <(A1 UA)", A qu>
(6) [40,46] For two {O-concepts (X1,A1) and (X2,A,), (X1,A1)<¢0(X2,A2) iff X1 C X, (equivalently, A; CA), and
(X1, A Aoo(Xa,Az) = (X1 01Xz, (A1 0A2)™ ) = (X1 01 Xa, (X1 1 X2)°),
X1, A1)Vor (X2, A) = <(x1 UX2)%", Ay qu> - <(A1 UA)", A UA2>.
(7) For two #-concepts (X1,Aq) and (X3, Az), (X1,A1)<4(X2,A2) iff X, CX; (equivalently, A; CA,), and
X1,AN)Nu(X2,Az) = <X1 UXz, (A ﬁAz)##> = <X1 UXs, (X; UXZ)#>7
(X1,A1)V4 Xz, Ag) = <(x1 NX2)* A qu> <A1 UA)*, Ay qu>
(8) For two #-concepts (X;,A;) and (X3,Az), (X1,A1)< 7(X2,Az) iff X, C X, (equivalently, A; CA), and
(X1,A1) A5 (X2, Az) = <x] UXa, (A NAy) ##> < UXa, (X1 UX2) >
(X1, A1)V (X2, Az) = <(x1 NX2) 7, A qu> - <(A1 UA)? A uA2>.

(10)

(12)

Denote by C*(K) the set of all x-concepts in the formal context K = (U, V,R), where % = x,% 0, 0, OO, OO0, #, and #,
respectively. According to the equivalences between two-way concepts shown in Theorem 1 and Fig. 2, we have changed the
order of T¢-concepts, CI-concepts, #-concepts, and #-concepts, respectively, compared with those in [46]; consequently,
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the infimums and supremums defined in Eqs. (7), (8), (11), and (12) are different from those in [46]. The collection of two-
way concepts of the same kind forms a complete lattice with the corresponding infimum and supremum defined in Defini-
tion 5.

Theorem 3 [46]. Let K= (U,V,R) be a formal context. Then, (C*(K),/\,U\/*) is a complete lattice, where
* =, % 00, 0O, OO, OO, #, and #, respectively.

Proof. (We only prove that (C*(K),A4 V4) is a complete lattice, for the others can be similarly proved.) Let
(X1,A1), (X2,A2) € C#(K). Using Proposition 1, we have

(A NA)T* = (A NA)* = AT UAT =X, UX,,

X1 UXy)* = ((A1 ﬂAz)###)# = ((A1 ﬁAz)#)# = (A; A,

which means <x1 UXa, (A mAz)##> € C*(K).
By Definition 5, Proposition 1, and Remark 3, it is straightforward that

(X1 UXa, (A1 NA)* )< (X1, Ar),
(X1 UXa, (A1 NA) )<, (Xa, A),
which support that <X1 UXa, (A OAZ)##> is a lower bound of (X;,A;) and (X;,A;).

Next, we prove that <X1 UXa, (Aq ﬂAz)##> is the infimum of (X;,A;) and (X3,A;). If not, suppose
(X, A)<u(X1,A1), (X,A)<4(X2,A2), and <X1 UXy, (Aq mAZ)##>§#(X,A). Using Definition 5, we have X; C X and X, C X (which
follow the result that X; uX, CX), and at the same time X CX;uX,. Finally, we obtain X =X; UX,; besides,
A=X* = (X; UXz)* = (A; NAy)**. Equivalently saying, <x1 UXa, (A mAz)##> is the infimum of (X;,A;) and (X, As).

In a similar way, one can prove that <(X1 NXy)** A UA2> is a #-concept and also the supremum of (X;,A;) and (X2, A3).
Consequently, (C#(K)7 A, \/#> is a complete lattice.

The results in Fig. 2 imply two groups of isomorphism relation among the eight kinds of concept lattices.

Theorem 4. Let K = (U,V,R) be a formal context. Then,

(1) C(K)=CK) =~ (K) = C*(K);
(2) C°(K) =~ C™(K) = C*7(K) =~ C*(K).

The notation =~ means isomorphic relation.

Proof.

(1) Given (X,A) € C*(K), let f((X,A)) = (X°,A). Then, (X°,A) € CD—O(K), and f is a bijection between C*(K) and CD—O(K) by
Theorem 1.
Suppose (X1,A1), (X2,A2) € C'(K), then according to Egs. (5) and (7), we have

F((X1,ANA(Xa, Al)) = (X1 N X3, (AT UAR)™)) = <(X1 NX2)S, (A UAZ)**>7
FOX A AT (Ko, A2)) = (X5, A1) A (X5, Az) = (X5 UXS, (A UAL) ™).
It is obvious that (X; N X2) = X§ U X5, and at the same time it follows from Table 3 that (A; UA)™ = (4, UAZ)Q—D. Equivalently
saying, we have
FXL,ANN(X2, A2)) = F(X1, A Agsf (X2, Az)),

which demonstrates that f is A-preserving.
On the other hand, it follows from Eqgs. (5) and (7) that

FX1, ANV (X2, A2)) = F({((X1 UX2)", AL N A)) = (X4 sz)iyAl NAz),
FUX1, A))Vasf (X2, Az)) = (X5, An)Vas (X5, Az) = (X5 NX5)™ A1 N Ay),
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and from Table 2 that
(X UXo) ™ = (X UXa)
(X3 mXC)D<> (X1 UXa) ) = (X7 UX9)™ = (X, UXZ)*5
Equivalently saying, we have
F(X1, A0V (X2, Ag)) = F((X1, A1) Vasf (X2, A2)),
which supports that f is v-preserving.
Therefore,  C'(K)=C™®(K).  Similarly, by  setting f:C7(K) — C*(K),f((X.A)) = (X,A) (respectively,
f:CHK) — COP(K),f((X,A)) = (X, A), and f: C°P(K) — C*(K),f((X,A)) = (X,A%)), one can prove that C7°(K) = C*(K) (re-

spectively, C*(K) =~ C°7(K) and C°”(K) =~ C*(K)).
(2) The proof is similar to that of (1).

On the basis of Theorem 4, the eight kinds of concept lattices are reasonably grouped into two classes, namely,
{C*(K), 7 (K), CU(K), c#(K)} and {6(1(), C™(K), C7(K), cﬂm}. The concept lattices in each group are order isomorphic
to each other. A similar result is given in [46], however, there is a difference in the way of the definition of infimum and

supremum of 00¢-concepts, J-concepts, #-concepts, and #-concepts. Theoretically, one kind of concept lattice is enough
to generate other three kinds within the same class. To maintain the semantic interpretations of different concepts, however,
each kind of concept lattice is equally important.

4. Relationship between three-way concept lattices

Three-way concepts are defined by three-way operators. Table 4 summarizes different kinds of three-way operators
appearing in literatures [26,27,36,49], where X and Y represent object sets, and A and B represent attribute sets. To avoid
confusion, the eight kinds of object-induced three-way (short for O3W) operators are classified into two groups: Type-I
O3W operators and Type-Il O3W operators; each contains four kinds of operators. In the same way, we classified the eight
kinds of attribute-induced three-way (short for A3W) operators. A Type-I O3W operator and a Type-II A3W operator deter-
mine a kind of O3W concept; a Type-11 O3W operator and a Type-I A3W operator determine a kind of A3W concept. Note that

definitions of XV and X" in Table 4 are slightly different from those in [36,49]. We change the order of X" and X7 in X¥ and

the order of X® and X° in X" for the convenience of operator relation discussion (see Table 5); it’s the same case for AY and

AY. Regardless of the meanings of sets, there are totally eight kinds of three-way operators. In other word, O3W operators
and A3W operators are correspondingly same.
For two pairs of sets (P,Q) and (Z, W) of the same meaning, define

(P,Q)N(Z,W)=(PNnZ,QNnW),
(P,QQU(Z,W)=(PUZ,QUW), (13)
(P,Q) = (P, Q).
The pairs of sets are ordered in the following way:
(P,QC(ZW)«=PCZ QCW.

4.1. Relationship between object-induced three-way concept lattices

Some basic properties of Type-I and Type-Il O3W operators are listed in Propositions 3-6. We only prove the properties in
Proposition 5, for the proof of others can be found in corresponding references.

Proposition 3 [27]. For a given formal context K = (U,V,R) and X, X;,X, C U, we have

(1) X1CXo=X5 CX55(2) (X1,Y1) C(Xa, Vo) = (Xa,Y2)” C (X1, Y1)

3) XcX*7:(4) (X, Y)c(X,Y)™"

(5) X*=X""7(6) (X.,Y)" =(X, Y)><>

(7) X1UX)® =X7nX558) ((X1,Y1)U (X2, Y2)” = X1,Y1)" N(X2,Y2) ™5
(9) (X] ﬂXQ) DX] UXZ ,(]O) ((X17Y1) n (XQ,YQ))> D) (X],Y])> @] (XZ,Y2)>.

Proposition 4. [36] For a given formal context K = (U,V,R) and X,X;,X, C U, we have
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XiCXp = XY CXY; (2) (xl,yl) C (X2, Y2) = (X1,Y1)" C (X, Y2) ™
XVECX; (4) (X,Y)C(X,Y)™

X7 =XV (6) (X,Y)" :(X,Y)AVA;

XiNX2)Y =XV NXY; (8) ((X1,Y1)U (X2, Y2))" = (X1,Y1)" U (Xa,Y2)";
X1UX2)Y DXV UXY; (10) ((X1,Y1) N (X2, Y2)) C (X4, Y1) N (Xp, Ya2)".

~ N~~~
N G
= D D —

Proposition 5. For a given formal context K = (U,V,R) and X, X;,X, C U, we have

1) XiCXo=>XTCX): (2) (X4,Y1)C(Xa,Y2) = (X1, Y1)* C(Xa, Y2)*;
3) XcxX™ @) X7 CXY);

(5) X" =X"7 (6) (X, V) =X V)"

(7) X1UX2)" =XTUXY; (8) ((X1,Y1)N(Xz,Y2))* = (X1, Y1)* N (Xz, Y2)*;
Q) XinX)"cXTuXy; (10) ((Xi,Y1)U (X2, Y2)* 2 (X1, Y1)* U (Xa, Vo).

Proof.

(1) Since X; C X, then X] = (X?,X?) c (x?,xg) = X7 using Proposition 1.

(2) Suppose (X;,Y1)C (X2,Y2), then X;CX, and Y;CY, by Eq. (14). Accordingly, we have (X;,Y{)*=
X7 Ny Xy nYd = Xy, Y)*.

(3) It follows from Proposition 1 that X¥* = (X<> XO) =X X oXnX=X.

(4) It follows from Proposition 1 that (X, Y)*Y = XD N YD ( XD N YD XD N YD> > C (Xm NY™, x%n YDO) C
(xm, YD<>> C(X.Y).

(5)  According to Items (1) and (3) in Proposition 5, it follows XYcX"4Y. On the other hand,
XVAV _ (X57x<>)A (XOD ﬂXQD) ((xOD mxom) (XQD ﬂXOD> > C (XW ﬁXOE@,XﬁO nXomo) C (ijxoﬂo) —
(x<> x<>> X". Finally, X¥ = X"4".

(6) According to Items (2) and (4) in Proposition 5, it follows (X,Y)*Y*C(X,Y)*. On the other hand,
YT = (N2, 6)R) = ST A YA D (1) (X 0% = (Y%,

(7) It follows from Item (4) in Proposition 1 that (X;uUX,)" = ((X1 UX2)®, (X1 UX2)<>> = (Xl6 UXS, X9 uxg) =
(x;> ) (xg,xo) =xTux].

(8) It follows from Item (4) in Proposition 1 that ((X;,Y1) N (X2, Y2))* = X1 N X2, Y1 NY2)* = (X sz)E nY:n Yz)D =
(x mxﬂ) (YYnYy) = (x]D n Y?) n (x? n Y?) = (X1, YD) N (X2, Ya)

(9) It follows from Item (5) in Proposition 1 that (X;NXs)" = ((xl NX2)%, (X4 mxz)o) c (x? nxs,Xx¢ mxg) =
(X7.x7) 0 (X3.X3) = X7 nXJ.

(10) It follows from Item (5) in Proposition 1 that ((X;,Y;) U (X, Y2))* = (X1 UX,, Y1 UYy)* = (X4 qu)i N(Y;UYy)” D
(X7 uX3) (Y7 uYs) 2 (X7 YY) u (X5 0 YY) = (i, Yt U (Xa, V)b

Proposition 6 [49]. For a given formal context K = (U,V,R) and X, X;,X, C U, we have
(1) XiCXo=X,CXy; (2) (X1,Y1)C(X2,Y2) = (X2, Y2)" C (X1, Y1)5;

(3) X2X7 (4) X,Y)2(X,Y)™;

(5) X' =X"7" (6) (X,Y)' =(X, V)"

(7) XinXy) =XjUX5; (8) ((X1,Y1)N(X2,Y2))" = (X1,Y1) U (X2, Y2)%
9) (X1 UXy) CXinX5; (10) ((X1,Y1) U (X2, Y2))"C (X1, Y1) U Xz, Ya)"
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The relationship between different kinds of Type-I O3W operators are exhibited in Fig. 3a. Four nodes represent the four
kinds of Type-I O3W operators, respectively. A double-headed arrow line connects a pair of operators from one of which the
other can be obtained by taking the operation (namely, X or €) attached with the line. The notation X° means the operators
connected by the line can be converted into each other by replacing X with its complement X°. For example, X~ can be
obtained by replacing X with X° in XV, that is, X = (X°)V. The notation ° represents the complement operation. For example,
X~ can be obtained by computing the complement of X", that is, X< = (X')C. (In the following discussion, we will omit the

parentheses for simplicity.) Similar interpretations are for notations in Fig. 3b. The difference is that the notation (X,Y)"
means that the operators connected by the line can be converted into each other by replacing X and Y both with their com-
plements X and Y¢. We list the properties in detail in Table 5 and only present the proofs of equations in the first and fifth
columns, for the others are similarly proved. According to Tables 2-4, the following hold:

X7 = (XTX7) = (X, X7) =X

X" = (x5,x<>)c = (X% x%) = (x X)) =x7
KY) = (XY =XT YD =X nY = (X,Y)”;
(V) = (X5, Y9 = (X¥# Y@)C — XH Y X MY = (X,Y);
(X, Y)Y~ = (xguyo)c — X AYE X NY = (X,Y)”.

Table 5 implies four pairs of dual operators, that is, (<,»), (v, ¥), (>,<), and (A, A). Properties of 03W operators shown
in Propositions 3-6 can be mutually proved based on the results shown in Fig. 3 and Table 5. For example, suppose X] C X3
for X; C X, then it follows X5 C X", since X;* = X7¢ and X5 = XJ°.

c c c c
X© X, Y)
XY X~ XY e X"
(a) Relationship between Type-I O3W operators. (b) Relationship between Type-II O3W operators.

Fig. 3. Relationship between O3W operators.

Table 4
Three-way operators.
Type-1 O3W operator Type-II O3W operator Type-1 A3W operator Type-II ASW operator
X< = (x.X7) X.Y)" =Xx'ny* A% = (a.A) (A.B)” =A'NF
XV = (XiXD) X, V) =x°uy® A7 = (A7.A7) (AB)® =A° UB®
XY = (x?xo) (X,Y)* =x7ny" AY = A5,A<>) (A,B)* = A" n B2
X = (x#,x;) (X, Y =Xt uY? A= (A#,A?) (A,B)" = A* UA?
Table 5
Relationship between O3W operators.
X< =X~ XV = X°< X =X XY =Xx=¢ X.Y)” =(X,Y)” X' =(X,Y)” (X,Y)" = (X,¥)7¢ X0 =(X0)"°
X< =XV XV =XV X" =Xve XV = x°ve (X,Y)” = (X, ) X, V* =X, * (X, V) = (X, Y)* (X, )2 = (X,Y)™¢
X< =X*¢ XV =X X=X XY = x& (X,Y)” = (X,Y) X, Y)* =(X,Y)* X,Y)'=(X,Y)° X, V)2 = (X,Y)

X=X  XV=XxT X =X X7 =x" XY)” =X, X=XV (XY =XY)" X, V)% = (X, )*
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Proposition 7. Let K = (U,V,R) be a formal context and X,Y C U. Then,

(1) X<> :XVA7 X<A :qu, X<A :XV>7 X< :XVA7

Xv> :XDA7 XvA :XDQ. XvA :XI>>~ qu :XDA;

(2) XY)7" =X, (X,V)7V = (X,V)"7, (X,Y)7 = (X, V)T, (X,Y)77 = (X, )7,
XYM =XV, (XY = (X)), (XY =X N)T, (XY = (X Y)"

Proof. For X C U, by repeatedly using properties in Table 5, we have X*> = (X") T (X'C)CA = X"*. All other items can be

proved in the same way.
Item (1) shows the connection between two derived sets by applying a Type-I and a Type-Il O3W operators successively.
Item (2) shows the connection between two derived sets by applying a Type-II and a Type-1 O3W operators successively.

Remark 4. Since A3W operators and O3W operators are correspondingly same, the properties of and relationship between
O3W operators discussed above also hold for A3W operators. In case of redundancy, discussions of the relationship between
and properties of A3W operators are omitted.

An O3W concept is defined by a pair of Type-I O3W and Type-II A3W operators.

Definition 6. [26,36,49] Let K = (U, V,R) be a formal context, X C U, and A,BC V. Then,

(1) (X,(A,B)) is a <-object-induced three-way concept (short for <-O3W concept) if X~ = (A,B) and (A,B)” =X;
(2) (X, (A,B)) is a v-object-induced three-way concept (short for 57-O3W concept) if XV = (A, B) and (A,B)* = X;
(3) (X,(A,B)) is a Y-object-induced three-way concept (short for ¥-O3W concept) if X' = (A,B) and (A,B)* = X;
(4) (X,(A,B)) is a >-object-induced three-way concept (short for >-O3W concept) if X = (A,B) and (A,B)" = X.

Denote by OC3 (K) the set of all x-O3W concepts of the formal context K = (U, V,R), where x = <,v, ¥, and ». The rela-
tionship between different O3W concepts is shown in the following theorem.

Theorem 5. [49] Let K = (U,V,R) be a formal context, X C U, and A,B C V. Then, the following statements are equivalent:

(1) (X,(A,B)) is a <-O3W concept;
(2) (X, (A,B)) is a x7-O3W concept;
(3) (X%, (A,B)) is a=-O3W concept;
(4) (X,(A,B)") is a Y-O3W concept.

Proof. Suppose that (X, (A,B)) is a <-03W concept, then according to Table 5, we have
(X, (A,B))isa < — O3W concept «< X~ = (A,B), (A,B)” =X
<~ XV =(A,B), (A,B)*“=X
= (X9 =(A,B), (A,B)" =X
«— (X%, (A,B)) isa v —03W concept.
The other equivalences can be similarly proved.
Theorem 5 provides a theoretical support of expressing one kind of O03W concept in terms of another. Fig. 4 helps us to

explain and prove Theorem 5. Two nodes of the same color in Figs. 4a and 4b represent a kind of O3W concept. The equiv-
alence between two kinds of O03W concepts is depicted by two double lines in Figs. 4a and 4b, respectively. In consideration

Xe (A, B
X< =(A,B) XV = (A,B) (A,B> = X (A,B)r = X
I
[¢ ¢ c ¢
Xe (A, B
XY = (A, B X = (A, B (A,B)® = X°© (A,B)< = X°©
(a) Equivalences between Type-1 O3W operators. (b) Equivalences between Type-II A3W operators.

Fig. 4. Equivalences between O3W concepts.
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of formulation and interpretation, even though the four kinds of O3W concepts are equivalent to each other, it is meaningful
and more convenient to use separate of them. Based on Eqs. (13) and (14), the order, infimum, and supremum of O3W con-
cepts are defined as follows.

Definition 7. Let K = (U,V,R) be a formal context, X;,X, C U, and A;,A;,B;,B, CV.
(1) [26] For (X1, (A1,B1)), (X2, (A2, B2)) € OC5 (K), (X1, (A1, B1))< < (X2, (A2, B2)) iff X; C X, (equivalently, (A, B2) C (A1, B1)),

and

(X1, (A1, BO))A< (X2, (A2,B5)) - = (X1 N Xa, (A1, Br) U (A2, B5))" )
—Exlmxz,(xmxzﬁh (15)
=(((

(X1, (A1,B1))V < (X2, (A2, B2)) X1UX3)"7,(A1,B1) N (A2, By))

((A1,B1) N (A2,B5))”, (A1,B1) N (A2, Bo)).
(2) For (X1, (A1.B1)), (X2, (A2, B2)) € OCY (K), (X1, (A1, B1)) <, (X2, (A2, By)) iff Xo C Xy (equivalently, (A,,By) C (Ay,By)), and
(X1, (A1, B1)) Ao (X2, (A2, By)) <x1ux2, (A1,B1) U (A2,By)) V>
= (X; UXa, (X1 UX2)Y),
(X1, (A1, B1))Vo (X2, (A2, By)) <X10X2 (A1,B)) N (A2,32)>
= (((A1,B1) N (A2,B2))", (A1,B1) N (A2, By)).

(16)

(3) For (X, (A1,B1)), (Xa, (A2, Ba)) € OC;(K), (X1, (A1, B1))<. (X, (A2, By)) iff X CX; (equivalently, (A;,B;) C (A, B,)), and

(X, (A1, B))A (Xa, (A2, B2)) - = (X1 UXa, ((Ar, Br) 1 (A, B))®)
= (X1 UXa, (X1 UX2)"), (17)
< )

<

<X1, (A],Bl)>\/D<X27(A2,Bz)> = (X] NXsy . 7(A1,B]) U (Az,Bz)>

= (((A1,B1) U (A2,B2))", (A1, B1) U (A2, B)).

(4) [29] For <)(17 (A],B]))7 <X2, (A2732)> S OC;(K), <)(17 (A] ,B1)>§y <)(27 (Az,Bz)) iff X] ng (equivalently, (A],B]) C (Az./Bz)),
and

(X1, (A1,B1))Av (X2, (A2,By)) = <X1 N Xy, ((A1,B1) N (AZ’BZ))">

= <x1 NXa, (X; mxz)'>,
(X1,(A1,B1))vy(Xs, (A2,By)) = <(X1 UX2)™, (A1, Bi) U (A27Bz)>

= (((A1,B1) U (A2,B,))*, (A1,B1) U (A2, By)).

To be consistent with the equivalences between O3W concepts, we have changed the order, infimum, and supremum of
v-O3W concepts and >-O3W concepts in [29]. The collection of 03W concepts of the same kind forms a complete lattice
with the corresponding infimum and supremum defined in Definition 7.

(18)

Theorem 6. Let K = (U,V,R) be a formal context. Then, (OC§‘ (I(),/\*,v*> is a complete lattice, where % = <,~7, ¥, and v,
respectively.

Proof. (Given is the proof of (OCY(K),Ay,Vy) being a complete lattice. The others can be proved similarly.) Suppose
(X1, (A1,B1)), (X2, (A2, B,)) € OCY (K), then XY = (A;,B;) and (A, B;)” = X;,i = 1,2. According to Proposition 1 and 4, we have
A
(A1 B U (A2 B2))™Y) " = ((Ar,B1) U (A2,B2)™" = (A1, By) U (A2, Ba)”
= (A17B]) U(Az,Bz) :X] UXz.
Still, applying Proposition 4, it follows that

X1UXy)Y = (((AlvBl) U (/\2732))MA>v = ((A1,B1) U (A3, B))"Y

Therefore, <X1 UXz, (A1, B1) U (szBz))Av> € 0G5/ (K).
It is straightforward from Definition 7 and Proposition 4 that
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<X1 UXy, ((A1,B1) U (Az,Bz))Av>§v(X1» (A1, B1)),
(X1 UXa. (A1, B1) U (A2, B2))"7 ) < (X, (A2, Ba)).

Next, we prove that <X1 UXz, ((A1,B1) U (AZ,BZ))AV> is the infimum of (X1, (A1, By)) and (X3, (A;, B,)). If else, suppose that

(X, (A,B)) is another lower bound of (X1, (A1,B1)) and (X3, (A2,B,)), and <X] UXa, ((A1,B1) U (A27Bz))ﬁv>§v<x, (A,B)). Then,
X;CX and X,CX on one hand; on the other XCX;uX,. This leads to X=X;uX, and
(A,B) =XV = (X; UX3)Y = ((A1,B1) U (A3,B,))*". Equivalently saying, <X1 UXa, ((A1,B1)U (Az,BZ))Av> is the infimum of
(X1, (A1,B1)) and (X, (A, By)).

In a similar process, one can prove that <(X1 nXy)V2, (A1,B1) N (Az, Bz)> is a ;7-O3W concept and also the supremum of
(X1, (A1,B1)) and (X3, (A2, B,)). Consequently, (OCY (K), Ay, Vy) is a complete lattice.

The equivalences between different kinds of O3W concepts in Theorem 5 provide a hint on the relationship between the
four kinds of O3W concept lattices stated in Theorem 6.

Theorem 7. Let K = (U, V,R) be a formal context. Then, OC5 (K) = OCY (K) = 0C5(K) = 0CY (K).

Proof. Given (X, (A,B)) € OC*(K), let f((X, (A,B))) = (X%, (A, B)). Then, using Theorem 5, we have (X, (A,B)) € OCY(K), and f
is a bijection between OC*(K) and OCY (K).
Suppose (X1, (A1,B1)), (X2, (A2,B,)) € OC=(K), then according to Egs. (15) and (16), we have
F(X1, (A1, B)A< (Xs, (A2, By))) = F (X1 N Xs, (A1, Br) U (A2, B2)) ™)) = (X1 N X2)", (A1, B1) U (A2, B2))™ ),

(X, (A, BO)AGS (X2, (A2, B2))) = (X5, (A1, B1))Aq (X5, (A2, Bp)) = <X§ UX;, ((Ar1,B1) U (AzaBz))Av>~

It is obvious that (X;nXz)*=X{uX5, and at the same time it follows from Proposition 7 that
((A1,B1) U (A2,B2))” = = ((A1,B1) U (A2,B,))"Y. That is to say,

F((X1, (A1, B1))A < (X2, (A2, B2))) = f((X1, (A1, B1)))Aof (X2, (A2, B2))),

which means that f is A-preserving.
On the other hand, it follows from Eqgs. (15) and (16) that

f(X1, (A1, B))V < (X2, (A2, By))) = f(((X1 UX2) ™7, (A1, B1) N (A2, By))) = (X1 UX2) ™7, (A1,B1) N (A2, By)),
F(Xa, (A1, BO))Vof (X2, (A2, B2))) = (X5, (A1, B1)) Vo (X3, (A2, Bp)) = <(X§ QXE)VAy (A1,Bi)N (A2732)>-
According to the properties shown in Table 5, we have
X1 UX2)“" = (X1 UXy)™%,
(X5nX5)75 = (X1 UX2))"" = (X1 UXo) ™2 = (X3 UXa) ™2,
which means
(X1, (A1, B1))V < (X2, (A2,B))) = f((X1, (A1, B1)))Vof (X2, (A2, Ba))).
That is to say, fis v-preserving.
Therefore, OC5 (K)=~OCY(K). Similarly, by setting f:0CY(K)— OC5(K),.f((X,(A,B))) = (X, (A B)°) (respectively,
f:0C5(K) — 0CY (K).f((X,(A,B))) = (X%, (A,B)), and f : OC (K) — OC5 (K),f({X.(A,B))) = (X, (A,B))), one can prove that
CV(K) = 0CJ (K) (respectively, 0C;(K) = OCY (K) and OCY (K) = OC5* (K)).

The order isomorphic relation in Theorem 7 supports that any of the four kinds of O3W concept lattices can produce
another three. The following is an example of the application of Theorem 7.

Example 1. Table 6 is a formal context with U = {x1,X3,%3,x4} and V = {a, b, c,d, e} (cited from [26]). The <-O3W concept
lattice is shown in Fig. 5a, where 13 represents {x;,x3} and (d, c) represents ({d}, {c}); similar interpretations are for other
notations of different nodes. Applying Theorems 5 and 7, the 7-O3W concept lattice (shown in Fig. 5b) is obtained by
replacing all extents in Fig. 5a with their complements. The ¥-O3W concept lattice (shown in Fig. 5c¢) is obtained by
replacing all intents in Fig. 5a with their complements. The >-O3W concept lattice (shown in Fig. 5d) is obtained by replacing
all extents and intents in Fig. 5a with their complements, respectively. A line in these figures connects two O3W concepts
one of which from the lower level is the subconcept of the one in the upper level.
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Table 6
A formal context (cited from [26]).
a b c d e
X1 1 1 0 1 1
X2 1 1 1 0 0
X3 0 0 0 1 0
X4 1 1 1 0 0
(U, (0,0)) (0,(0,0))
(13,(d, ¢)) (234, (0, ¢)) (124, (ab, 0)) (24,(d,c)) (1,(0,¢)) (3, (ab, 0))

(1, (abde, c)) (3,(d,abce)) (24, (abc, de))

0, (V. V))

(a) The <-O3W concept lattice.
(U, (V,V))

(13, (abce, abde)) (234,(V,abcd))  (124,(cde,V))

(1, (c,abde))

(3, (abce, d)) (24, (de, abc))

(0.(0,0))

(c) The ¥-O3W concept lattice.

(234, (abde,c))y  (124,(d,abce)) (13, (abc,de))

(U,(V,V))

(b) The v-O3W concept lattice.
0, (V,V))

(24, (abce,abde)y (1, (V,abcd))

(3,(cde, V))

(234, (c,abde)y (124, (abce,d)) (13, (de, abc))

(U, (0,0

(d) The >-O3W concept lattice.

Fig. 5. The O3W concept lattices.

4.2. Relationship between attribute-induced three-way concept lattices

This section mainly discusses the relationship between different kinds of A3W concept lattices. Since the properties of
A3W operators are similar to those of O03W operators, we only present some critical results of A3W concepts.

Definition 8. [26,36] Let K = (U, V,R) be a formal context, X,Y C U, and AC V. Then,

(X, Y),A)
(X, Y),A)
(X,Y),A)
(X,Y),A)

)

is a <-attribute-induced three-way concept (short for <-A3W concept) if A¥ = (X,Y) and (X,Y)” = A;
is a v-attribute-induced three-way concept (short for 7-A3W concept) if AY = (X,Y) and (X,Y)" = A;
is a V-attribute-induced three-way concept (short for ¥-A3W concept) if AY = (X,Y) and (X,Y)* = A;
is a >-attribute-induced three-way concept (short for >-A3W concept) if A" = (X,Y) and (X,Y)" = A.

Denote AC; (K) the family of all x-A3W concepts of the formal context K = (U, V,R), where * = <, <7, ¥, and v. The rela-
tionship between the four kinds of A3W concepts is summarized in Theorem 8 and explained through Fig. 6.
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X X, Yy ; A°
X, Y)> =A X, Y)* =A A< = (X,Y) }:i A% = (X,Y)

¢ [¢ ¢ [¢
X, Yy AC
X, V)% = A° X Y)s = A° AV = (X, Y) A = (X, Y)
(a) Equivalences between Type-I1 O3W operators. (b) Equivalences between Type-1 A3W operators.

Fig. 6. Equivalences between A3W concepts.

Theorem 8. Let K = (U,V,R) be a formal context, X,Y CU, and AC V. Then, the following statements are equivalent:

(1) ((X,Y),A) is a <-A3W concept in K;
(2) ((X,Y),A%) is a 7-A3W concept in K;
(3) ((X,Y)",A%) is a >-A3W concept in K;
(4) ((X,Y)",A) is a Y-A3W concept in K.

The order, infimum, and supremum of A3W concepts are defined as follows.

Definition 9. Let K = (U,V,R) be a formal context, X;,X,,Y,Y, CU, and A;,A, CV.

(1) [26] For <(X1, Y]),A]), <(X2,Y2),A2> GAC; (K), <(X],Y]),A]>S<<(X2,Y2),A2> iff (X1,Y1) C (Xz./ Yz) (equivalently, Az g/h ),
and

(X1, Y1), AN (X2, Y2), Az) = (X1, Y1) N (X2, Y2), (A1 UA)™7)
= Exuyl) (X2,Y2), (X1, Y1) N (X2,Y2))7),

5 (

((X1,Y1),A1)V < ((X2,Y2),Az) (X1, Y1) U (Xa, Yz))> A NA) 1o
2
1)<

(A1 NA2) <, A NA
(2) For ((X1,Y1),A1), (X2,Y2),A2) € ACY (K), {(X1,Y1),A1)<{(X2,Y2),As) iff (X1,Y1) C (X2,Y2) (equivalently, A; CA,), and
((X1,Y1),ADNAG (X2, Y2),A2) = <(X1,Y1) N (X2,Y2), (A ﬂAz)VA>
= (X1, Y1) N (X2, Ya), (X1, Y1) 0 (X2, Y2) ),
(X1, Y1), AV {(Xa, Ya), Az) - = (X1, Y1) U (X2, Y2))°7 A UAg)
= {(A1 UA)Y, AL UAY).
(3) For ((X1,Y1),A1), (X2,Y2),A2) € AC5(K), (X1, Y1),A1)<.((X2,Y2),A;) iff (X2,Y2) C (X1,Y1) (equivalently, A; CA,), and

(X1, Y1),A)A((X2,Y2),A2) = (X1, Y1) U (X2, Y2), (A1 NA)™)
((X1,Y1) U (X3, Y2), ((leyl)U(XLYZ))q)v
=

(

(20)

——

(21)

(X1, Y1), A Ve (X2, Y2), Az) ((X1,Y1) N (X2, Y2))", A1 UAy)

(A1 UA), A1 UA,).

(4) For <(X1, Yl),A]>, <(X2 Yz).Az S ACv(K), <()(17 Y1),A]>§v<(X2, YZ),A2> iff (Xz, YZ) - (X1,Y1) (eqUiValently, Ay CA ), and

=

(61, Y1), A Av((Xa, V), A2) - = (X, Y1) U (Ko, Vo) (A UAR) T
=((X1,Y1) U(X2,Y2), ((X1 Y1) U Xz, Y2))h),
(X1, Y1) 1 (X, Y2))*7 A1 0142 )

< (22)
= (A nA) A A,

((X1,Y1), A1) vy ((X2,Y2),A2)

The collection of A3W concepts of the same kind forms a complete lattice with the corresponding infimum and supre-
mum defined in Definition 9.

Theorem 9. Let K = (U,V,R) be a formal context. Then, (AC?(K),/\*,\/*) is a complete lattice, where % = <,</, ¥, and b,
respectively.

Proof. Similar to that of Theorem 6.
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The four kinds of A3W concept lattices are order isomorphic to each other.

Theorem 10. Let K = (U, V,R) be a formal context. Then, AC5 (K) = ACY (K) = AC;(K) = AC} (K).
Proof. Similar to that of Theorem 7.

5. Conclusion

Three-way concept analysis is a new theory which investigates concepts in the background of three-way decision. In this
paper, we examined the relationship between different kinds of three-way concept lattices in complete formal contexts by
revisiting the connections between different kinds of two-way operators. A unified framework exhibiting the relationship
between the eight kinds of two-way operators was given to gain an overall understanding of two-way operators and
two-way concepts. On the basis of the connections between two-way operators, three-way operators are classified into four
groups: Type-I O3W operators, Type-1I O3W operators, Type-1 A3SW operators, and Type-II A3W operators. A Type-I O3W
operator and a Type-Il A3W operator determine a kind of O3W concept; a Type-Il O3W operator and a Type-I A3W operator
determine a kind of A3W concept. Based on the equivalences between different kinds of three-way concepts, we proved that
the four kinds of O3W concept lattices are order isomorphic to each other and the four kinds of A3W concept lattices are also
order isomorphic to each other.

The results in this paper provide a systematic understanding of three-way concepts including how to construct three-way
concept lattices through existing ones. One can define a three-way concept in incomplete formal contexts through a Type-I
O3W operator and a Type-II A3W operator, or through a Type-II O3W operator and a Type-1 A3W operator [20]. Therefore,
the relationship between three-way concepts in complete formal contexts can be applied into three-way concepts in incom-
plete formal contexts. On the other hand, by generalizing formal contexts to L-contexts, sets to L-sets, and binary relations to
L-relations, one can use a similar method proposed in this paper to characterize the relationship between L-two-way con-
cepts [1,3,9] and between L-three-way concepts [10]. These two subjects are our future work.
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