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An Asymmetric Approach to Three-Way
Approximation of Fuzzy Sets

Xuerong Zhao *”, Duogian Miao

Abstract—The three-way approximation of fuzzy sets represents
membership values using a three-valued set {1, m, 0}, where 1
indicates total belongingness, 0 total nonbelongingness, and m an
intermediate state. This approach elevates values of membership
function above a threshold « to 1, reduces those below 3 to 0,
and assigns the remaining ones to an intermediate value m. A key
challenge lies in determining the thresholds o and (3 and selecting
the value of m, as existing models often lack analytical solutions and
fail to fully explore the relationship between m and membership
structures. This study introduces an asymmetric three-way approx-
imation model for fuzzy sets, removing the constraint o + 3 = 1.
Analytical formulas are derived for the thresholds o and 3 by
minimizing information loss, and the relationship between m and
membership structures is thoroughly examined. An adaptive opti-
mizer is proposed to learn the approximate optimal value of m by
minimizing the information loss. The experimental results show
that information loss decreases initially before increasing as m
grows. Besides, our model achieves the best classification across
most datasets.

Index Terms—Fuzzy set, shadowed set, three-way approxi-
mation, three-way decision.

I. INTRODUCTION

UZZY sets extend set theory by allowing partial member-
F ship, making them helpful in handling uncertainty and im-
precision [1],[2], [3], [4], [5]. This flexibility is advantageous for
representing real-world data where boundaries are often unclear.
However, while fuzzy sets offer greater expressiveness, their
high precision associated with membership values can also hin-
der interpretability and complicate decision-making processes,
as it may be challenging to define appropriate membership
functions and decision thresholds.
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The three-way approximation of fuzzy sets [6], [7], [8], [9],
[10], [11] was introduced to address challenges in interpretabil-
ity and decision-making associated with high-precision mem-
bership functions. It represents a key application of three-way
decision theory [12], [13], [14], [15], [16] and can be formally
characterized using two distinct approaches: three mutually
exclusive sets and a three-valued set.

A. Three Mutually Exclusive Sets

This approach approximates the fuzzy set using three distinct
regions: the positive, negative, and boundary regions. The pos-
itive region comprises elements with high membership values,
indicating they are essential to the fuzzy set. The negative
region includes elements with low or zero membership values,
signifying they are not part of the set. The boundary region
contains elements with intermediate membership values, whose
membership status is uncertain or ambiguous. This classification
enhances the understanding and interpretation of fuzzy data by
clearly tracing the degrees of membership. One way to define
these three mutually exclusive sets is by employing a pair of cut
sets from fuzzy sets, such as the a-core and [-support [11].

B. Three-Valued Set and Shadowed Set

In this alternative approach, each element of the universe is
assigned one of three values, typically denoted as {0, m, 1}.
Here, O signifies total nonmembership (indicating the element
is excluded from the set), 1 signifies total membership (indi-
cating the element is included in the set), and m represents an
intermediate value that reflects partial or uncertain membership
(where the element is neither fully included nor fully excluded).
Shadowed sets (SS) are a typical model of three-valued sets
and provide a crucial method for constructing three-valued sets
from fuzzy sets [6], [7]. This framework simplifies the represen-
tation of uncertainty and captures the ambiguity between full
membership and nonmembership. The interpretation of these
three values can be approached from two distinct perspectives:
computational and semantic.

From a computational perspective, these values can be as-
signed specific numerical values to facilitate the model’s calcu-
lation and application. While 0 and 1 are straightforward to
define, determining the intermediate value m is more complex
and presents a significant challenge. The interpretation of the
intermediate value m in three-way approximations of fuzzy sets
varies across different methodologies. One approach represents
this uncertainty using an interval. For instance, Pedrycz [6]
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employed the unit interval [0, 1] to capture maximum uncertainty
in SS. Building on this, Zhang et al. [17] introduced the interval
shadowed sets (ISS), where m is defined as the interval [3, «]
(0<pB < a<1l). Alternatively, m can be a specific real
number between 0 and 1, offering more flexibility. Cattaneo and
Ciucci [18], [19] used 0.5 to represent ambiguous membership
grades, leading to 0.5-shadowed sets (0.5-SS). Recognizing
the limitations of a fixed value like 0.5, Deng and Yao [20]
introduced a mutable constant for m in their mean-value-based
decision-theoretic SS (MVDTSS), which uses the mean of mem-
bership grades that are neither 1 nor 0. Gao et al. [21] refined this
further by defining m as the mean of fuzzy entropy, creating
mean-entropy-based SS (MESS).

From a semantic perspective, these values are assigned mean-
ings carrying certain semantic significance. Yao et al. [10]
proposed a generalized three-valued set with values n, m, and
p torepresent negative, indeterminate, and positive instances, re-
spectively, providing greater flexibility in modeling uncertainty.
Later, Yang and Yao [22], [23] used w, g, and b to denote
three distinct membership grades of SS, representing the white,
gray, and black objects of SS.

When developing a three-way approximation model for fuzzy
sets, whether using three mutually exclusive sets or a three-
valued set, computation of the two thresholds « and f is
essential. Elements with membership degrees greater than or
equal to « are classified as belonging to the fuzzy set, while
those with membership degrees less than or equal to [ are
excluded. Elements with membership degrees between « and
£ fall into an intermediate, uncertain category. Thus, deter-
mining the appropriate thresholds is critical for constructing
an effective three-way approximation model. Typically, three
theoretical frameworks are employed to calculate the threshold:
optimization, decision, and game theory.

C. Optimization Theory

The optimization-based approach determines thresholds by
minimizing or maximizing an objective function, guided by
specific principles [6], [7], [8], [10], [17], [20], [21], [24],
[25]. Yao et al. [10] outlined three key principles: uncertainty
invariance, minimum distance, and least cost. The uncertainty
invariance principle ensures that the inherent uncertainty of the
fuzzy setis preserved during approximation. Pedrycz [6] derived
optimal thresholds by minimizing discrepancies in membership
values during elevation and reduction operations. Later, Tahay-
ori et al. [24] extended this by accounting for the fuzziness
in the shadowed region. Gao et al. [21] introduced a broader
optimization approach using fuzzy entropy as the objective. In
many cases, « and [3 are calculated under the assumption that
a + 6 =1 to simplify computations. However, this introduces
symmetric constraints in the parameters, reducing the model’s
flexibility. In contrast, the Minimum Distance principle aims
to minimize the distance between the three-way approximation
and the original fuzzy set. Zhou et al. [26] introduced the
minimal distance objective function in constructing three-way
approximations and concluded that this function is continuous
but nonconvex.
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D. Decision Theory

The Least Cost principle focuses on minimizing the risks or
costs associated with decision-making, leading to cost-sensitive
methods [9], [27], [28], [29]. This decision-theoretic approach
aims to establish thresholds by evaluating various decision crite-
ria. Deng and Yao [9] introduced a decision-theoretic framework
for three-way approximations of fuzzy sets, where thresholds are
derived based on a loss/cost function. Zhang et al. [27] extended
this model by replacing the fixed value 0.5 with a variable
value to optimize the thresholds « and [ across different data
distributions. Ibrahim and William-West [28] further critiqued
the rigidity of using 0 and 1 to represent total nonmembership
and membership in three-valued sets, proposing a more flexible
three-way approximation using a generalized three-valued set

{n,m, p}.

E. Game Theory

The game-theoretic approach leverages strategic interactions
to determine threshold values in three-way approximations.
Zhang and Yao [30], [31] introduced the game-theoretic SS
(GTSS), which computes thresholds by modeling the interplay
between elevation and reduction errors as a game, iteratively
adjusting threshold values to balance these errors. Zhang et
al. [32] extended this approach by incorporating fuzzy entropy
into the error characterization, resulting in the fuzzy-entropy-
based GTSS (FeGTSS). Gao et al. [33] argued that existing SS
rely on a single principle and lack a multiprinciple perspective.
As aresult, they proposed the UC-GTSS which integrates game
analysis between uncertainty and decision cost.

In addition to research on modeling of three-way approxi-
mations of fuzzy sets, there is extensive theoretical and applied
work in this area [18], [19], [34], [35], [36], [37], [38], [39],
[40], [41], [42]. Cattaneo and Ciucci [18], [19] investigated the
algebraic structures of 0.5-SS. Zhang et al. [43] extended this
by studying three-way approximations of L-fuzzy sets, treating
the three values as white, grey, and black memberships. At the
same time, the three-way approximation of fuzzy sets has been
widely applied in fields such as medicine [44], biology [45], and
computer vision [39], [46] to achieve various downstream tasks,
including classification [46], [47], [48], clustering [38], [40],
[45], [49], [50], [51], [52], image retrieval [39], recommender
systems [42], group decision-making [41], and more.

Although research on three-way approximations of fuzzy sets
is extensive and encompasses a wide array of methodologies,
two fundamental issues continue to pose challenges in the con-
struction of these models.

1) In optimization-based approaches, parameters « and [
are often assumed to satisfy « + 8 =1, simplifying
computation but imposing symmetry. This assumption
limits the model’s flexibility in representing real-world
complexities, where asymmetric configurations are more
appropriate. For example, in medical diagnosis systems,
the threshold for accepting a hypothesis (e.g., disease
presence) is typically higher than for rejection, resulting in
values like = 0.85and 8 = 0.1, violating the symmetry
assumption. Such configurations are common in decision
risk control and cost-sensitive classification.
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2) There is a lack of comprehensive exploration regarding
how different values of m interact with variations in
uncertainty and their corresponding effects on three-way
approximation results. Understanding this relationship is
crucial, as it can significantly enhance the model’s ro-
bustness and capacity to accommodate varying degrees
of uncertainty across different contexts.

To address these challenges, this article introduces an asym-
metric three-way approximation model that departs from the
conventional requirement that « + [ = 1. This flexibility al-
lows for a more comprehensive representation of uncertainties
inherent in decision-making. Additionally, we provide analyt-
ical expressions for calculating the optimal thresholds « and
B, facilitating easier implementation of the model in practical
applications. Moreover, the article delves into the relationship
between the intermediate parameter m (which we assume to be
a real number within the interval [0,1] and denote as m) and the
underlying membership structures, offering insights into how
variations in m can influence decision boundaries.

The rest of this article is organized as follows. Section II
provides a detailed introduction to the asymmetric three-way
approximation model, outlining its theoretical foundations and
presenting analytical solutions for the thresholds «, /3, and
the intermediate value m. Section III conducts different exper-
iments to demonstrate the model’s effectiveness and to address
the limitations associated with using fixed values, such as 0.5,
for the parameter m. Finally, Section IV concludes this article.

II. FRAMEWORK FOR ASYMMETRIC THREE-WAY
APPROXIMATION

In this section, we present the asymmetric three-way ap-
proximation model, which relaxes the traditional symmetric
constraints on threshold values, allowing for flexibility in defin-
ing the boundaries between different regions. This approach
enables a more subtle treatment of uncertainty by decoupling
the thresholds «vand /3, making them independently adjustable.
We also provide analytical solutions for determining the optimal
threshold values, offering precise calculations for «vand £ in this
context. Additionally, we explore the role of the intermediate pa-
rameter m and its relationship with the underlying membership
structures, shedding light on how it influences the classification
process within the model.

A. Asymmetric Three-Way Approximation Approach

Let A be a fuzzy set with membership function w4 : U —
[0,1], where U = {x1, 29, ..., x,} represents the universal set
of objects. By introducing threshold (o, 3) € [0, 1]* with 3 <
«, we approximated A with a three-valued set

L palz) >a
m, B<palz;)<a
0, palz)<p

ap(A) =

where m € (0, 1) is an intermediate value. The approximation
method focuses on the membership degrees of elements in a
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Fig. 1. Three-way approximation of f.

fuzzy set rather than the elements themselves. These member-
ship values, ordered in ascending or descending order, can be
represented as discrete points in a Cartesian coordinate system.
Each element z; is mapped to a pair (pa(x;), pa(z;)), where
both coordinates reflect its membership degree in fuzzy set A.
This geometric representation uses the line function f(z) =z
or f(z)=—x (with z € [0,1]) as a reference to model mem-
bership degree distribution, enabling analysis of approximations
within the unit square domain while preserving the structural
information of membership degrees.

To generalize, let f : [a,b] — [0, 1] be a continuously differ-
entiable, strictly decreasing function. Given that «v, 8, m € [0, 1]
satisfy 0 < 8 <m < a < 1. The asymmetric three-way ap-
proximation (A3WA for short) of f is defined as

L f®)za
ws(f)=qm, B<f(z)<a (1)
0, flz)<p.

Here, “asymmetric” indicates that « + 8 # 1. The three-way
approximation represents a qualification of f: values greater
than or equal to « are mapped to 1, those less than or equal
to [ are mapped to 0, and values in between are mapped to the
intermediate level m, reflecting uncertainty. Fig. 1 illustrates this
process, where upward arrows indicate regions where values are
raised to 1 and m, and downward arrows show where values are
lowered to 0 and m. Regions marked (1) and (4) are certain, while
(2) and (3) represent uncertain regions with values approximated
as m.

The key challenge in A3WA is determining the optimal thresh-
olds «, (8, and m. Various methods have been proposed over the
past two decades, each with its strengths and limitations depend-
ing on the application scenario [10]. However, a consensus on
the best approach remains lacking. In the following, we establish
a relationship among the thresholds by minimizing information
loss, defined as the reduction in membership information.

B. Threshold Optimization for Information Loss Minimization

When a value increases from « to b, the information loss is
b — aunits; when a value decreases from cto d, the information
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loss is ¢ — d units. Therefore, the total information loss from
the three-way approximation of f can be computed as follows:

Definition 1 (Information loss for ASWA): Let f:[a,b] —
[0,1] be a continuously differentiable and strictly decreasing
function. Given that «, 8, m € [0, 1] satisfy 0 < S <m < o <
1. The information loss for the three-way approximation of f
is defined as

F (o
L(a,f.m) = i / (1— f(x))da

ft(m)
+A2/fl(a) (f(z) — m)ds

b
+ 1 / f(z)dz
f1(8)

FHB)
- /f (m—f@)de (@)

~1(m)

where Aq,Ag, 11, o are nonnegative factors that balance the
membership loss in certain and uncertain regions.

The factors A1, Ag, (1, and po in (2) quantify distinct
information losses in the three-way approximation. Specifically,
A1 penalizes assigning elements with membership degrees not
less than « to the positive region, accounting for residual uncer-
tainty; Ao addresses the loss from assigning elements in (m, «)
to the uncertain region, reflecting deviation from the neutral
threshold m. Likewise, g1 penalizes assigning elements with
membership degrees not greater than [ to the negative region,
capturing uncertainty in rejection, and o corresponds to the
loss from assigning elements in (3, m) to the uncertain region,
representing hesitation in rejecting low-support elements.

For convenience, we denote

(e
L(a,m) = Al/

b
L(8,m) = /f T

F1(B)
+ o / (m— f(2)de. @)

ft(m)

Thus, the total information loss can be rewritten as

L(e, B,m) = L(e,m) + L(8, m). (5)

Since L(a,m) > 0and L(f,m) > 0, minimizing L(a, 5, m)
for a fixed m is equivalent to independently minimizing
L(a,m) and L(f3,m). This is formalized in the following
theorem, which provides explicit formulas for the optimal values
a® and [°P, assuming f is continuously differentiable and
strictly decreasing.

Theorem 1: Let f:[a,b] — [0,1] be a continuously dif-
ferentiable and strictly decreasing function, and m € [0, 1] be
a fixed intermediate value. The total information loss function
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L(a, B, m) is separable as

L(e, B;m) = L(e,m) + L(B,m)

with L(a,m) and L(S3,m) depending only on « and /3,
respectively. The optimal values a° and [3°" are found by
solving the independent subproblems

a® = argmin L(a,m) B%' = argmﬁin L(B,m).

These optimal values are explicitly given by

ot = AL AR oy pam )
AL+ Ao p A 2
Moreover, (a°, 5°P') minimizes the total information loss
function, satisfying

(™, ) = arg min L(a, ,m). @)
Proof: We aim to find the unique optimal values a® and 3P
that minimize L(a,m) and L(83,m), respectively, and show
that these solutions achieve the global minimum of L(«, 3, m).
Step 1. Optimization for « °P': Taking the derivative of
L(a, m) [shown in (3)] for a, we have

Al —a) = ra(a—m)
J'(FHa)

Setting a%L(oz,m) =0, we solve A1(1 —a) = ta(ax —m).
This simplifies to

9
5 Laym) =

o )\1 + )\,Qm
R
To ensure the solution is the global

f'(f(a)) <0Oand

minimum, note that

1é) AtAiam
2) #=L(a,m)>0for o> i;_i;”

Thus, L(a,m) has aunique critical point at P! = 1tk2m

A1tAz
which is a global minimum.
Step 2. Optimization for [(°': Taking the derivative of
L(3,m) [shown in (4)] with respect to /3, we have

9 15 ) = —HB+ pa(m — f)
o3 P = Gy

Setting a%L(/B,m) =0, we solve —u15+ pz2(m — B) = 0.
This simplifies to

_ _fam
TR
As with «, note that f'(f~1(3)) < 0 and
1 %L(ﬁ, m) < 0for § < k2
2) &L(B,m)>0for §> L2,
Thus, L(3,m) has a unique critical point at §°P' = M’fi’fm,

which is a global minimum.
Step 3 Uniqueness and globality of L(«, 3,
L(a, B, m) is given by

L(a, B,m) = L(e, m) + L(B, m).

Since L(a,m) and L(5,m) are minimized independently
at their respective unique global minima, substituting «°P
and [° ensures that L(«, 3, m) is globally minimized. The

m): The total loss
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separability of the terms guarantees that solving the subproblems
independently leads to the global minimum for the total loss. l

This proof ensures that the solutions for « and [ are unique
and globally optimal. Equation (6) demonstrates the relationship
between the optimal values of « and [ and the intermediate
value m. This relationship is independent of the specific form
of the function f, suggesting that the results possess a general
characteristic.

Note 1: Equation (6) suggests that imposing the condition
o + B = 1is not necessary, although this condition holds when
the parameters A;, Ao, 1, pe, and the intermediate value m
satisfy the equation

o Aoft1 + Aopio
Ao + Aopir + 2ho 10

such as when Ay = Ao, p1 = e = 1, and m = 0.5. Thus, in-
sistingon a4+ 3 = 1isunnecessary, though it can simplify solv-
ing the optimization problem in (7). Furthermore, when A; =
t1 =A, o =ps =1,and m = 0.5, the result is («, ) =
(Oﬁr‘x}‘, %), which matches the result presented by Yue
et al. [47].
The following outlines several properties of the optimal values
o and 3P,
Proposition 1: The optimal thresholds «°P* and /3°P* exhibit
the following monotonicity property:
1) P monotonically increases with A; and monotonically
decreases with Ao;
2) [°P' monotonically decreases with 1 and monotonically
increases with fis;
3) «a°and B°P monotonically increase with m.
Proof:
1) Taking the derivative of «°" with respect to A; gives

o™ _ a(l-m) q
o (atha)2e Since m € [0,1] and A2 > 0, we have
ot

opt

o = 0, implying that " increases monotonically

with A;. Similarly, taking the derivative of «°P* with
0a A (m—1)
Oha — (M1+2r2)?"

reasoning, we have %QTT <0, indicating that «°"* de-
creases as Ao increases.

2) This is similarly proved.

3) This result is straightforward and self-evident.

respect to Ao yields Using the same

|

As a result of Proposition 1, we observe that the shadow area
increases monotonically with Ay and pq, while it decreases
monotonically with A5 and po. Additionally, the value of m
affects the positions of «vand S—increasing m leads to higher
values of both « and 3. The above discussion assumes a fixed
value of m. Next, we outline the method for determining the
optimal value of m for a given pair of «a and .

Theorem 2: Let f:[a,b] — [0,1] be a continuously dif-
ferentiable and strictly decreasing function. For a fixed pair
(o, B) satisfying 0 < 8 < a < 1, the optimal value of m in
the optimization problem

m®" = arg min L(«, 3, m)
m

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 33, NO. 7, JULY 2025

is given by

oot ((P2f (@) +pafH(B)
o ()

Proof: We begin by differentiating the loss function
L(a, B, m) concerning m, as described in (2). This yields

0
%L(a767m)
= h2(f7H(a) = F7H(m)) + p2(F71(B) — £ (m)).

Setting %L(a, B, m) = 0, we solve

_ of Ha) + pafH(B)
Ao+ o .

FHm)
From this, we can express m as
A -1 -1
m:f< of () +pof ([3))
Ao+ o

Next, we examine the second derivative of L(«, 8, m) with m.
Differentiating a%L(a, B,m) with m, we get

& __ et
b = =

om?

Since f is strictly decreasing, f’(z) <O for all x € [a,].
Th2erefore, the second derivative is always positive, namely,
%L(a,ﬁ,m) > 0. This implies that L(c, 3,m) is convex
with m. Thus, the critical point is the global maximum. There-

fore, the optimal value of m is uniquely determined by

o (sz%a) + uzfl(ﬁ))
B Ao+ 2 '

]

The theorem shows that the optimal intermediate value m°"
is the function value of a weighted average of the inverse images
of aand Bunder f~!, with weights Ao and p. This provides
a solid mathematical foundation for determining m based on
« and fS. In practice, m is selected according to task-specific
criteria. Once m is defined, « and § are efficiently computed
using (6), ensuring minimal information loss.

Note 2: If f is a continuously differentiable and strictly
increasing function, the principal results remain consistent with
those in Theorems 1 and 2. Therefore, further discussion on
monotonically increasing continuous functions is omitted to
avoid redundancy.

Note 3: The information loss for a discrete membership
function is computed as

>

{zla<f(z)<1}

2.

{zlm<f(z)<a}

> f@)

{z]0<f(2)<p}

>

{z|p<f(@)<m}

Le, B,m) = 2 (1= f(x))

+ Az (f(z) —m)
tm

+ e (m — f(z))
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Fig.2. Illustration of membership functions and information loss with varying
parameters. (a) Membership Functions. (b) Information Loss vs. m Variations.

where « and [ are computed by (6).

III. EXPERIMENTAL STUDIES

This section presents experiments to evaluate the proposed
A3WA model. We start with a sensitivity analysis to examine
how different parameters affect information loss, using both
continuous membership functions and UCI datasets. The second
part compares classification performance, evaluating the A3WA
model against others with various classifiers. We conduct com-
parative experiments and statistical tests and analyze the impact
of parameters on accuracy, providing insights into the model’s
effectiveness.

A. Sensitivity Analysis of Parameters Affecting Information
Loss

In this section, we perform two parametric sensitivity anal-
yses, one based on continuous membership functions and the
other on discrete data. These analyses explore the relationship
between the intermediate value and membership structures and
the impact of each parameter’s variation on information loss.

1) Continuous Membership Function Analysis: This section
conducts a parametric sensitivity analysis of commonly used
membership functions, including Gaussian, bell, triangular, and
trapezoidal functions. The membership functions are defined as
follows, with Fig. 2(a) showing visual representations of each
function.

1) Gaussian function:

r—c 2
fla)=e 57, (0,0) = (2,5).
2) Bell function:
1
flz) = Wa (a,b,c) = (1,1,5).

3) Triangular function:

0, r<a

T, a<z<hb, b 3

fay =i L 202, @b =059
0, T > c.
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Fig.3. Illustration of membership functions and information loss with varying

parameters. (a) Information Loss vs. A; Variations. (b) Information Loss vs.
Ao Variations. (c) Information Loss vs. g1 Variations. (d) Information Loss vs.
2 Variations.

4) Trapezoidal function:

0, r<a
e, a<w<b
flx)=141, b<xz<e, (a,bcd =(0,57,9)
Z:? c<zx<d
0, x> d.

We conducted five experiments to analyze the impact of the
intermediate value m and the factors X, Ao, i1, fto on informa-
tion loss. In each experiment, we kept the other four parameters
fixed and varied the selected parameter according to predefined
rules: Ay, A2, p1, po € {0.1,0.2,...,1.0,2.0,...,9.0}, while
m took values from {0.1,0.15,...,0.95}. The fixed values for
A1, Ao, 1, po and m are 1.0,1.0,1.0,1.0, and 0.5.

Fig. 2(b) shows how information loss changes with m for each
function. Initially, information loss decreases as m increases,
reaches a minimum, and then increases. Table I lists the thresh-
olds and corresponding losses. As m increases, both « and (3
increase. Notably, m = 0.5 is not always optimal. The optimal
value for the Gaussian function is 0.45; for the bell function,
it is 0.25; for the triangular and trapezoidal functions, it is 0.5.
Additionally, m = 0.5 is the only value for which oo+ 3 =1,
corresponding to the S3WA model in [47] and [48].

Fig. 3(a)—(d) illustrates that the information loss increases
with Ay, Ag, 1, po across all membership functions. Detailed
results are provided in Tables II-V. The information loss is con-
stant for all tables involving triangular and trapezoidal functions.
This behavior arises from the parameter settings in the second
and third experiments.

1) Second experiment:

r €{0.1,0.2,...,1.0,2.0,...,9.0}, Ao =p1 =pg =
1.0, m = 0.5.

2) Third experiment:

)\.2 € {O]., 02, ey 107 20, ey 90}, )\.1 = M1 = H2 =
1.0, m = 0.5.
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TABLE I
INFORMATION LOSS VERSUS m VARIATIONS

No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
m 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
@ 0.550 0.575 0.600 0.625 0.650 0.675 0.700 0.725 0.750 0.775 0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975
B 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.225 0.250 0.275 0.300 0.325 0.350 0.375 0.400 0.425 0.450 0.475
Gaussian func. 1.5718  1.4410 1.3416 1.2667 1.2120 1.1750  1.1538  1.1472 1.1543 1.1745 1.2078 1.2539 1.3132 1.3861 1.4737  1.5774  1.6999  1.8461
Bell func. 1.0823  1.0278  0.9999  0.9890  0.9900  1.0001 1.0174  1.0408 1.0693  1.1025 1.1399 1.1813 1.2267 1.2761 1.3297  1.3879  1.4516 1.5223
Triangular func. 1.0250  0.9313  0.8500 0.7813  0.7250 0.6813  0.6500 0.6313  0.6250 0.6312  0.6500 0.6812 0.7250 0.7812 0.8500 0.9313  1.0250 1.1313
Trapezoidal func. 1.4350  1.3038  1.1900  1.0937 1.0150 0.9537 0.9100 0.8837 0.8750 0.8837 0.9100 0.9537 1.0150 1.0938 1.1900  1.3038  1.4350 1.5838
Bold values indicate the minimum information loss among the varying values of m.
TABLE II
INFORMATION LOSS VERSUS A1 VARIATIONS
No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
AL 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00
o 0.545 0.583 0.615 0.643 0.667 0.688 0.706 0.722 0.737 0.750 0.833 0.875 0.900 0.917 0.929 0.938 0.944 0.950
B 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250
Gaussian func. 0.7581 0.8272  0.8868 09388 09847 1.0257 1.0625 1.0959 1.1264 1.1543  1.3460 1.4566  1.5308 1.5850 1.6269 1.6604  1.6881 1.7115
Bell func. 0.8994  0.9309 0.9573 09798 0.9994 1.0167 1.0320 1.0457 1.0581 1.0693  1.1445 1.1865  1.2141 12342 1.2495 1.2618 1.2718 1.2803
Triangular func. 0.3693 04167 04567 0.4911 05208 0.5469 0.5699 0.5903 0.6086 0.6250  0.7292 0.7813  0.8125 0.8333  0.8482 0.8594 0.8681  0.8750
Trapezoidal func. | 0.5170  0.5833  0.6394 0.6875 0.7292  0.7656  0.7978  0.8264  0.8520 0.8750  1.0208 1.0938  1.1375 1.1667 1.1875  1.2031 1.2153  1.2250
Bold values indicate the minimum information loss among the varying values of X .
TABLE III
INFORMATION LOSS VERSUS A2 VARIATIONS
No. 1 2 3 4 5 6 7 8 9 10 11 2 3 4 15 16 17 18
A2 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00
a 0.955 0.917 0.885 0.857 0.833 0.812 0.794 0.778 0.763 0.750 0.667 0.625 0.600 0.583 0.571 0.562 0.556 0.550
B 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250
Gaussian func. 0.7818 0.8580 0.9187 0.9688 1.0111 1.0475 1.0793  1.1072  1.1320  1.1543  1.2932  1.3621 1.4035 1.4312 14510 1.4659 1.4774 1.4867
Bell func. 0.9035 0.9355 09617 09837 1.0027 1.0193 1.0339 1.0470 1.0587 1.0693 1.1380 1.1738  1.1958 1.2108 1.2217 1.2299 1.2364 1.2416
Triangular func. 0.3693 04167 04567 0.4911 0.5208 0.5469 0.5699 0.5903 0.6086 0.6250 0.7292 0.7813  0.8125 0.8333  0.8482 0.8594 0.8681  0.8750
Trapezoidal func. | 0.5170  0.5833  0.6394 0.6875 0.7292  0.7656  0.7978  0.8264  0.8520 0.8750  1.0208  1.0938  1.1375 1.1667  1.1875  1.2031 1.2153  1.2250
Bold values indicate the minimum information loss among the varying values of X,.
TABLE IV
INFORMATION LOSS VERSUS 17 VARIATIONS
No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
i 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00
e 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750
B 0.455 0.417 0.385 0.357 0.333 0.312 0.294 0.278 0.263 0.250 0.167 0.125 0.100 0.083 0.071 0.062 0.056 0.050
Gaussian func. 0.5838 0.6764 0.7584 0.8318 0.8980 0.9583 1.0134  1.0640 1.1108 1.1543 1.4640 1.6473 1.7667 1.8480 1.9039 1.9419 1.9664 1.9807
Bell func. 0.3214 04259 0.5234  0.6148 0.7009 0.7823  0.8594 09327 1.0026 1.0693 1.6073  1.9900 22760 2.4944 2.6622 27900 2.8854 29537
Triangular func. 0.3693 04167 04567 04911 05208 0.5469 0.5699 0.5903 0.6086 0.6250  0.7292 0.7813  0.8125 0.8333  0.8482 0.8594 0.8681  0.8750
Trapezoidal func. | 0.5170  0.5833  0.6394 0.6875 0.7292 0.7656  0.7978  0.8264  0.8520 0.8750  1.0208 1.0938 1.1375 1.1667 1.1875 1.2031 1.2153  1.2250
Bold values indicate the minimum information loss among the varying values of ;.
TABLE V
INFORMATION LOSS VERSUS 12 VARIATIONS
No. 1 2 3 1 5 6 7 3 9 10 11 2 3 4 15 16 17 18
2 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00
a 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750 0.750
B 0.045 0.083 0.115 0.143 0.167 0.187 0.206 0.222 0.237 0.250 0.333 0.375 0.400 0.417 0.429 0.438 0.444 0.450
Gaussian func. 0.6289  0.7520 0.8423 09132 09710 1.0193 1.0604 1.0959 1.1269 1.1543 1.3180 1.3951 1.4402  1.4698 14908 1.5065 1.5186  1.5282
Bell func. 0.4875 0.6656  0.7742  0.8504 0.9079 0.9532  0.9901 1.0209  1.0469 1.0693 1.1934 1.2467 1.2766 1.2958 1.3092 1.3191 1.3267  1.3327
Triangular func. 0.3693 04167 04567 0.4911 05208 0.5469 0.5699 0.5903 0.6086 0.6250 0.7292 0.7812 0.8125 0.8333  0.8482 0.8594 0.8681  0.8750
Trapezoidal func.  0.5170  0.5833  0.6394  0.6875 0.7292  0.7656 0.7978  0.8264  0.8520 0.8750  1.0208 1.0938  1.1375 1.1667  1.1875  1.2031 1.2153  1.2250
Bold values indicate the minimum information loss among the varying values of 1.
Under these settings, the optimal values «°(i;) and y y
a®P'()y) are given by 1 ~mm g
QOP[()\, ) 0.5 M +1-05 0.5 0.511 flupt(lz)""‘;"
1)—-05b=————-05=—— :
)Ll +1 1+ )Ll a®®t(4y)
1—42-05 0.5 o wl
1— aopt()@) — 1 _ — A2 U _ SIA2 ) BoPt POt :
1+ Ao 14 Ao ; i ; P AN
. . -1 i iy
Since A; and A, vary over the same range of values, it follows "f 1(“ o‘p@(ﬁ ))(‘;-53{ opf) x 0 1? S )(0'5) b=
. “Ha 1)) (B fHaP (1) fH(BoPY
that a°P*'(11) — 0.5 = 1 — a°"'(A5). This symmetry ensures that ® ©
. . . . . a
the area of the green triangle in Fig. 4(a) equals that in Fig. 4(b),
and similarly for the orange triangles. This relationship holds  pig 4. mlustration of information loss computation. (a) Ay = p1 = pg =

only for linear functions. Since A1 fafil(aom()‘l))(l — f(z))dz +
—1 -1 opt
SO (@) = 05)de = [T 0D (1 f(a))da +
“1(0.5 0
Ao fffl((aomzh))(f(x) —0.5)dx. We have L(a®(11),0.5) =
L(a®(22),0.5). Thus, the total information loss is identical

1.0,m=05.(b) A1 = pu1 = p2=10,m=0.5

in the second and third experiments. Since p; = po = 1, this
equivalence also holds for L({,0.5). Similar conclusions apply
to the fourth and fifth experiments.
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Fig. 5. Illustration of the asymmetric three-way approximation model.
TABLE VI
DATA INFORMATION

Datasets | Instances | Attributes | Classes | Feature types
BCWD 569 30 2 Real

WINE 178 13 3 Integer, Real
BTSC 748 4 2 Real
RCO 3810 7 2 Real

IONO 351 34 2 Integer, Real
IRIS 150 4 3 Real
PARK 197 22 2 Real
WDG1 5000 21 3 Real
ECOLI 336 7 8 Real

MHR 1013 6 3 Integer, Real

Note: The full names of the datasets are as follows: BCWD—Breast Cancer
Wisconsin (Diagnostic) Dataset, WINE—Wine Dataset, BTSC—Blood
Transfusion Service Center Dataset, RCO—Rice (Cammeo and Osmancik)
Dataset, IONO—Ionosphere Dataset, IRIS—Iris Dataset, PARK—Parkinsons
Dataset, WDG1—Waveform Database Generator (Version 1) Dataset,
ECOLI—Ecoli Dataset, and MHR—Maternal Health Risk Dataset.

Tables II-V also show how « and [ vary with A1, Ao, p1,
and po. Specifically, « increases with A; and decreases with
Ao, while [ decreases with pq and increases with po. These
trends are consistent with the results in Proposition 1.

2) Experiments on UCI Datasets: This section further ana-
lyzes the effect of the intermediate value on information loss
through practical datasets. We obtained 10 datasets from the UC
Irvine Machine Learning Repository [53], with details provided
in Table VI. Each dataset is represented by an information table
IT = (U, AT, f, V), where

1) U is the set of objects;

2) AT is the set of attributes;

3) f is the information function mapping each object to a
value for each attribute in V';

4) 'V = Ugear Vs, with V, C R for each attribute a.

In our experiments, each attribute value space V, is a subset

of real numbers.

For each dataset, we compute its three-way approximation
using the following steps (see Fig. 5).

1) Compute near-optimal intermediate value: For each at-
tribute a;, find the near-optimal intermediate value m;)pt
using an adaptive optimizer.

a) Start with an initial search range r; = [0, 1] and step
size s; = 0.1. Find the optimal solution m_™ in the
initial search.

b) Update the search range 7; = [m;™ — s, m{™ + s] (or

2
opt opt ] if mopt

r=[m, m® +s]or r; = [m® — s, m™ :

is one of the endpoints of the search range) and reduce

o
®
R

o
g | 8 |
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Fig. 6. Visualization of optimal thresholds for attributes across datasets.
(a) IRIS. (b) MHR. (c) RCO. (d) WINE.

opt
the step size to s; = wll—o Find the optimal solution

t . .
mS® in this search.

K3
¢) Repeat the process in the last step until the difference in
information losses between two iterations is less than
a threshold ¢ = 0.001.
d) Once mj™ is found, output the corresponding a;
and 3.
2) Approximate the information table: Using the optimal
values (o™, 8™, m$™), compute the new information

function g for each object x € U and attribute a; € AT
as

pt

]-7 f(xvai) > a?pt
g(z,a:) = {mF, B < flw,a;) <™

07 f(xva'i) < ﬁr?pt'

The resulting information table is IT*WA = (U, AT, g,

V'), where V' = {0,1,m{™,mo™,...,m;"}.
Algorithm 1 describes obtaining a three-way approximation
of an information table. The first for-loop (lines 1-19) calculates
the optimal values of m, «, and [ foreach attribute a;. The third
for-loop (lines 21-33) computes the three-valued information
function using these optimal values. For n instances and [
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Algorithm 1: Three-Way Approximation of Information
Table.

input : Information table IT = (U, AT, f, V), loss factor
(A1, A2, 1, 2), adaptive factor 4.

output: Three-way approximated information table
IS*WA = (U, AT, g, V).

1 for each a; € AT do

2 s=0.1, r =1[0,1], m = 0, curr = 0.0, last = 1.0
3 /I curr and last are the current and last optimal
information losses.

4 while |last — curr| > § do
5 last = curr

6 for m € r do
7

8

9

info-loss[m] = information loss based on m
m=m-++s

end
10 /I Compute information loss for each m in range r
with step length s.
1 curr = min,, {info-loss[m]}
12 m = arg min,, {info-loss[m] }

. 7 = [max{riq, m™ — s}, min{rign, m™ + s}]

14 /I Tiere and 7igh are the left and right endpoints of
the current r.

Tright — 7left

15 s = T
16 M = Tleft
17 end
opt opt
opt __ __opt _opt _ ArtAam, opt __ p2m;
18 M =T G = TR B T pitue
19 end

20 // Compute optimal thresholds for each attribute.
21 for a; € AT do
22 for z € U do

23 if f(z,a;) > o' then
24 | g(z,a:) =1

25 endif

26 if 37" < f(z,a;) < o' then
27 | g(z,ai) = m™

28 endif

29 if f(z,a;) < B then
30 | g(z,ai) =0

31 endif

32 end

33 end

34 // Compute three-way approximation of f.
33 V' ={0,1} U {m®}

attributes, the computational complexity of the first for-loop is
O(l x M x 20), where M is the maximum number of while-
loop iterations, and 20 is the maximum number of steps in the
second for-loop (lines 6-9). The complexity of the third for-loop
is O(l x n), making the overall complexity of Algorithm 1
O(l x M x 20) + O(l x n). Here, O(I x M x 20) represents
the complexity of finding the optimal values for m, «, and
B, while O(l x n) represents the complexity of computing the
three-valued information function.

The parameters (A1, Ao, fi1, p2) are fixed at (1,1, 1, 1) forall
datasets to determine the optimal value of m. Fig. 6 presents the
optimal values of «, (3, and m for datasets IRIS, MHR, RCO,
and WINE. It demonstrates that the optimal values of m differ
across attributes within the same dataset. For example, for the
IRIS dataset, the optimal m values for each attribute are 0.48,
0.4167,0.6271, and 0.5417. This reinforces the idea that setting
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m to a fixed value 0.5 is not always appropriate to minimize
information loss.

B. Classification Performance Evaluation

In this section, we assess the classification performance of
different models in three aspects: 1) a comparative analysis
of classification accuracy; 2) a statistical test for performance
significance; and 3) an evaluation of the impact of individual
model parameters. We employed four classifiers—multinomial
naive Bayes (MNB), logistic regression (LR), decision tree (DT),
and feedforward neural network (FNN)—and tested them on ten
benchmark datasets (details in Table VI). All numerical features
were normalized to [0,1] using Min—-Max normalization, and
fivefold cross-validation was applied to all models.

1) Comparative Experiments: We compared the classifica-
tion accuracy of the Baseline model (directly applying classifica-
tion to normalized data), MMSS model [20], MESS model [21],
S3WA model [47], [48], and three A3WA models. The A3WA-I
model uses 0.5 as the intermediate value, A3WA-II takes the
mean of uncertain membership values, and A3WA-III optimizes
min 0.1,0.2,...,0.9. All other factors are searched within
0.2,04,...,1.0.

Table VII summarizes each model’s classification accuracy
and standard deviation across the datasets for all classifiers. The
experimental results demonstrate that the A3WA models con-
sistently outperform the Baseline, MMSS, MESS, and S3WA
models across most datasets and classifiers. Among the three
A3WA variants, A3WA-III delivers the best overall performance
with 23 highest accuracy instances across dataset-classifier
combinations. A3WA-II follows with 11 cases, while A3WA-I
achieves 6. The baseline records 5, MMSS 2, S3WA 1, and
MESS none among the other models. A3WA-III achieves the
highest accuracy on MNB (9 cases), LR (5 cases), and FNN
(5 cases), highlighting its generalization capability, robustness,
and adaptability across classification tasks and data complex-
ities. In datasets like BCWD and IRIS, most models achieve
similar high accuracy. However, the performance gap widens
in datasets like RCO and ECOLI across MNB and FNN, where
A3WA models—especially A3WA-III—show notable improve-
ments. Overall, A3WA-III proves the most reliable, followed by
A3WA-II, highlighting the effectiveness of adaptive parameter
optimization in enhancing classification performance.

2) Statistical Test: We assessed the methods’ significance
using the Friedman test [54] with a = 0.05 on 10 datasets. The
null hypothesis assumes all methods perform equally, which is
rejected if the p-value is below «. The Friedman test yielded
p-values of 2.7557 x 1078, 3.4263 x 1077, 3.61 x 10”7, and
9.4501 x 107 for the four classifiers, all significantly below
0.05, confirming statistical differences between the methods.
To further analyze these differences, we applied Nemenyi’s
test [54], which compares the ranked performances of methods.
The null hypothesis assumes no significant difference between
methods and is rejected if the average rank difference exceeds the
critical difference (CD). With ¢, = 3.15, k= 7,and N = 10,
the calculated CD was 3.04.
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Fig. 7. Nemenyi test of different models across four classifiers. (a) MNB. (b) LR. (c) DT. (d) FNN.
TABLE VII Nemenyi Test p-values Heatmap
PERFORMANCE COMPARISON OF MODELS ACROSS CLASSIFIERS 10
Baseline 0.44 0.079
Models Dataset MNB LR DT FNN
1?\2?&1;;6 233712,45 97.01+0.91 | 93.321+0.69 9440311,02 MMSS 0.25 0.8
534176 | 93.6T42.26 | 92.621297 93.67+2.25
MESS 67.1314.63 | 83.8344.01 | 83304215 | 62.7T4x0.67
S3WA | BCWD | 91.7411.44 | 96.3141.40 | 94.3711.64 | 95.2510.91
A3WA-T 92444121 | 97194129 | 97194129 | 95.9641.20 MESS 0.031 0.0017
A3WA-II 87.8741.21 95.964+1.80 | 93.8542.08 95.9541 21 0.6
A3WA-III 92.44.11 81 97.54.10.35 95.9641.31 96.14.+1 .05
Baseline 95514223 | 98321137 | 89.90+4.14 | 96.0542.90 S3WA 0.44  0.079
MMSS 93.3044.51 97.764+1.12 | 96.10+3.76 94.97 42 04
MESS 54.5415.89 79.1948.04 | 79.2148.73 40.98+6.05 L 0.4
S3WA WINE | 93.814119 | 95.4910.29 | 92.702.90 | 94.3741.83 AZWA-I :
A3WA-T 95.5413.76 | 97.7842.72 | 97781072 | 96.1113.33
A3WA-IT 93.8714.77 | 98.3041.39 | 96.67+4.08 | 96671324
A3WA-ITI 96.1014.15 | 98324203 | 96.6510.72 | 96.65.45.24
Baseline 76211391 | 76891452 | 70072450 | 76211301 ASWA-II 15044 -0.2
MMSS 76.6244.53 | 76.8944.4s8 | 78.0944.55 | 76.2143.91
MESS 76.2143.91 76.484+4.15 | 76.08+4.06 76.2143.91
S3WA BTSC 76.6244.23 76.7544.40 | 77.1543.99 76.2143.91 A3WA-IIl - 0.079 0.0017
A3WA-1 76.88+4.26 77.0244.14 | 78.48+3.32 76.48 14 36
A3IWA-IT 77.0214.36 | 76.89444s | 80.094286 | 76.2113.01 o - - - = ~ )
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MESS 57224174 | 60.7942.14 | 60.601214 59.0842.18
S3WA RCO | 86.96+0.70 | 90.7310.4a | 90.7320.93 | 90.73+0.90
A3WA-1 87.5141.45 90.7940.47 91.00+0.52 90.5840.71 Flg 8. Nemenyi test p-values heatmap.
A3WA-IL 87.06+1.39 91.8940.80 | 91.2941.00 91.2340.79
A3WA-IIT 91.78.41.03 92.7040.72 | 93.0410.64 93.02.+0.61
Baseline 65.54+6.06 88.0442.62 | 88.32+1.90 78.38+5.99
MMSS 78341459 | 90.044235 | 92.60+245 | 88.031+150 MNB
MESS 64.1114.81 | 82.3545.07 | 80911306 | 78.3614.84
S3WA IONO | 66.3916.20 | 90.314246 | 88.0423.16 | 79.77+7.090 0.90
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A3WA-T 82.67113.56 | 97331327 | 98001067 | 98.0042.67 0.65 - L
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A3WA-IIT 90.6716.46 | 97334307 | 98001267 | 98.6710.67
Baseline 85.13+6.15 84.1046.57 | 82.05+8.73 82.0546.88
MMSS 85.64+5.76 85.6445.28 | 90.26+3.77 86.1545.52
MESS 75.3849.26 | 82.5646.96 | 85.6443.45 | 75.3846.41
S3WA PARK 82.0545.13 86.1544.76 | 89.7443.97 84.6243.97
A3WA-1 85.64.45.52 87.6943.77 | 91.7947.14 87.18.46.07
A3WA-II 85.6445.76 86.1545.52 | 93.854+4.17 87.69+4.10
A3WA-TIT 86.67+4.97 88.7216.80 93.33+3.08 87.1845.85 - -
Bascline 80.5841.30 | 870210.01 | 74.7840.92 | 85.7811.07 o / \.\\ o
MMSS 79.904115 | 81.7240.84 | 72.1840.66 | 81.4241 18 5 5
MESS 35241515 | 39.521150 | 38.801124 | 35.60127s 3 —=— BCWD e, | § 0807 —— BCWD
S3WA | WDGI | 80.1810.35 | 83.5010.01 | 74.6610.79 | 82.7610.26 < 0.80y —* WINE < gl T WINE e
A3WA-I 80.6011.07 | 84.0840.74 | 84081074 | 84.1210.84 —+— BTSC 751 . BTsC
A3WA-II 80.86.40.67 | 84401088 | 74504151 | 84.2840.78 0.75 RCO e RCO
A3WA-IIT 80.60-+1.07 84.3641.27 74.9840.55 83.9440.77 —— |ONO . —— |ONO -
Baseline 42.5543.42 81.5443.76 | 79.75+4.99 48.8146.39
MMSS 46.124408 | 76.791331 | 85431164 | 544411001 02 04 06 08 02 04 06 08
MESS 42.5543.42 45.2343.50 | 52.974+1.62 42.5543.42
SIwA | Eeon ;gggijjﬁ g?zggigzgi’ ggjﬁgig-g; ggggiggg Fig. 9. Impact of the intermediate value m on classification accuracy across
A3WA-II 68.4544.74 83331152 | 854341164 66.38+7.17 classifiers.
A3WA-ITI 75.614265 | 82.7413.18 | 83.941267 | 73.5245.90
Baseline 54.4444.22 62.82141.18 | 82.05+3.45 58.87+4.07
MMSS 59.2743.80 | 66.9642.14 | 70.124389 | 64.1043.39
MESS 44281345 | 52.861455 | 55.324520 | 51.871a13 T
SIWA | MHR | 5888107 | 62034500 | 69925570 | 62324050 final row of Table VIII shows the overall average rank, indicating
A3WA-I 61.144 66.8613.20 | 71.201 65.97 - . .
ASWATI 61042040 | 6775500 | T1605s70 | 65.67ce 41 that a fixed intermediate value of 0.5 underperforms compared
A3WA-IIT 61541577 | 67451463 | 71.2013.00 | 66361473

Bold values indicate the highest classification accuracy for each dataset and classifier
among all compared methods.

Table VIII presents the average ranks of each model, and Fig. 7
shows the test results. A3WA-III consistently ranks highest,
outperforming other models across classifiers. It significantly
differs from the Baseline and MESS on MNB, DT, and FNN. The

to the membership mean and globally optimized m (as seen
in the A3WA variants), further emphasizing the inadequacy
of the fixed-value approach. Fig. 8 visualizes the Nemenyi
test p-value heatmap, confirming that A3WA-III outperforms
baseline, MESS, and S3WA, with A3WA-II and A3WA-I per-
forming similarly well. These results demonstrate the superior
performance of A3WA models, with A3WA-III leading, fol-
lowed by A3WA-II and A3WA-IL.
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Fig. 10. Impact of various factors on classification accuracy across classifiers. (a) Classification Accuracy with Variations in A1. (b) Classification Accuracy
with Variations in A2. (c) Classification Accuracy with Variations in . (d) Classification Accuracy with Variations in po.
TABLE VIII m increases, then rises again. For BCWD, accuracy improves
AVERAGE RANKS OF MODELS ACROSS CLASSIFIERS L
initially, then decreases. For other datasets, accuracy fluctuates
Classifiers | Baseline | MMSS | MESS | S3WA | ASWAT | ASWATT | ASWAN unpredictably without a clear trend. Fig. 10 illustrates the impact
MNB 550 420 | 690 | 455 270 2.80 135 : : :
R 385 | 295 | 700 | 48 | 300 550 hpe of Ay, A2, w1, and po on classification accuracy, with each
DT 5.20 420 | 680 | 485 2.55 235 2.05 subplot containing four smaller subplots presenting results for
FNN 4.65 4.55 675 | 475 2.90 245 1.95 . . ;
Averages | 4.80 47 | 686 | 475 2.79 252 1.80 different classifiers. The effect of each parameter differs across
Egg)r\rfi!;e;denole the lowest average rank among all methods, indicating the overall best datasets and classifiers. For RCO, accuracy decreases with in-

3) Parameter Analysis on Classification Accuracy: We con-
ducted five experiments to assess the impact of specific pa-
rameters ( Ay, As, 1, Mo, or m) on classification ac-
curacy. In each experiment, the other four parameters were
fixed, while the selected parameter was varied based on pre-
defined values: Ay, Aq, u1, 2 € {0.2,0.4,...,5.0} and m €
{0.1,0.2,...,0.9}. The fixed values for the parameters were
)\.1 :)\Qzul :ugzl.()and m = 0.5.

We presented the results from five representative datasets.
Fig. 9 shows the effect of the intermediate value m on classifi-
cation accuracy across classifiers. The relationship between m
and accuracy varies by dataset. For RCO, accuracy decreases as

creasing A and pq, butincreases with A5 and po. For BCWD,
A1 and A, have minimal effect, while w; reduces accuracy and
e slightly improves it. For other datasets, the parameters show
inconsistent or negligible effects across classifiers.

IV. CONCLUSION

This article presented an A3WA model with analytical
solutions for determining optimal thresholds. A key finding was
that when m was given, the optimal values of a and [ were
independent of the membership structure. However, the mem-
bership structure influenced the choice of m, even when « and
B were fixed. Ablation experiments validated this distinction,
further solidifying the model’s theoretical framework.
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Comparative experiments showed that our model flexibly
delivered superior classification performance across various
datasets and machine learning algorithms.

Looking forward, two key directions emerge for future work.
First, since our model is built on information loss, explor-
ing other A3WA models grounded in other uncertainty invari-
ances will provide deeper insights and broaden their applica-
bility. Second, applying our model in real-world scenarios is
essential, with a particular emphasis on improving the inter-
pretability of deep learning algorithms. This will ensure that
the model enhances computational performance and supports
clearer decision-making in practical applications. We aim to
advance the theoretical development and practical utility of
three-way approximation models through these future efforts.

[1]
[2]

[3]
[4]

[5]

[6]

[7]

[8]
[9]
[10]
(11]
[12]

[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

REFERENCES

L. A. Zadeh, “Fuzzy sets,” Inf. Control, vol. 8, pp. 338-353, 1965.

G. Klir and B. Yuan, Fuzzy Sets and Fuzzy Logic, vol. 4. Hoboken, NJ,
USA: Prentice Hall, 1995.

H.-J. Zimmermann, Fuzzy Set Theory—and Its Applications. New York,
NY, USA: Springer-Verlag, 2011.

D. Wu and J. M. Mendel, “On the continuity of type-1 and interval type-2
fuzzy logic systems,” IEEE Trans. Fuzzy Syst., vol. 19, no. 1, pp. 179-192,
2011.

D. Wu, “On the fundamental differences between interval type-2 and
type-1 fuzzy logic controllers,” IEEE Trans. Fuzzy Syst., vol. 20, no. 5,
pp. 832-848, 2012.

W. Pedrycz, “Shadowed sets: Representing and processing fuzzy sets,”
IEEE Trans. Syst., Man, Cybernet., Part B, vol. 28, no. 1, pp. 103-109,
1998.

W. Pedrycz, “Shadowed sets: Bridging fuzzy and rough sets,” in Rough
Fuzzy Hybridization. A New Trend in Decision-Making. Singapore:
Springer-Verlag, pp. 179-199, 1999.

W. Pedrycz, “From fuzzy sets to shadowed sets: Interpretation and com-
puting,” Int. J. Intell. Syst., vol. 24, no. 1, pp. 48-61, 2009.

X. Deng and Y. Yao, “Decision-theoretic three-way approximations of
fuzzy sets,” Inf. Sci., vol. 279, pp. 702-715, 2014.

Y. Yao, S. Wang, and X. Deng, “Constructing shadowed sets and three-way
approximations of fuzzy sets,” Inf. Sci., vol. 412-413, pp. 132-153, 2017.
X. Zhao and Y. Yao, “Three-way fuzzy partitions defined by shadowed
sets,” Inf. Sci., vol. 497, pp. 23-37, 2019.

Y. Yao, “Set-theoretic models of three-way decision,” Granular Comput.,
vol. 6, no. 1, pp. 133-148, 2021.

Y. Yao, “Symbols-meaning-value (SMV) space as a basis for a conceptual
model of data science,” Int. J. Approx. Reasoning, vol. 144, pp. 113-128,
2022.

Y. Yao, “The DAO of three-way decision and three-world thinking,” Int.
J. Approx. Reasoning, vol. 162, 2023, Art. no. 109032.

X.Zhao and B. Q. Hu, “Three-way decisions with decision-theoretic rough
sets in multiset-valued information tables,” Inf. Sci., vol. 507, pp. 684—699,
2020.

X. Zhao and D. Miao, “Isomorphic relationship between L-three-way
concept lattices,” Cogn. Comput., vol. 14, pp. 1997-2019, 2022.

Q. Zhang, Y. Chen, J. Yang, and G. Wang, “Fuzzy entropy: A more
comprehensible perspective for interval shadowed sets of fuzzy sets,” IEEE
Trans. Fuzzy Syst., vol. 28, no. 11, pp. 30083022, Dec. 2020.

G. Cattaneo and D. Ciucci, “Shadowed sets and related algebraic struc-
tures,” Fundamenta Informaticae, vol. 55, no. 3/4, pp. 255-284, 2003.
G. Cattaneo and D. Ciucci, “Theoretical aspects of shadowed
sets,” in Handbook of Granular Computing, W. Pedrycz, A.
Skowron, and V. Kreinovich, Eds., Hoboken, NJ, USA: Wiley, 2008,
pp. 603-627.

X. Deng and Y. Yao, “Mean-value-based decision-theoretic shadowed
sets,” in Proc. Joint IFSA World Congr. NAFIPS Annu. Meeting
(IFSA/NAFIPS), Edmonton, AB, Canada, Jun. 2013, pp. 1382-1387.

M. Gao, Q. Zhang, F. Zhao, and G. Wang, “Mean-entropy-based shadowed
sets: A novel three-way approximation of fuzzy sets,” Int. J. Approx.
Reasoning, vol. 120, pp. 102-124, 2020.

[22]

(23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

(31]

(32]

(33]

[34]

[35]

[36]

(37]

(38]

(391

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

2359

J. Yang and Y. Yao, “Semantics of soft sets and three-way decision with
soft sets,” Knowledge-Based Syst., vol. 194, 2020, Art. no. 105538.

J. Yang and Y. Yao, “A three-way decision based construction of shadowed
sets from Atanassov intuitionistic fuzzy sets,” Inf. Sci., vol. 577, pp. 1-21,
2021.

H. Tahayori, A. Sadeghian, and W. Pedrycz, “Induction of shadowed sets
based on the gradual grade of fuzziness,” IEEE Trans. Fuzzy Syst., vol. 21,
no. 5, pp. 937-949, Jun. 2013.

Z.Luo,J. Hu, Q. Zhang, and G. Wang, “Induction of interval shadowed sets
from the perspective of maintaining fuzziness,” Int. J. Approx. Reasoning,
vol. 153, pp. 219-238, 2023.

J. Zhou, D. Miao, C. Gao, Z. Lai, and X. Yue, “Constrained three-way
approximations of fuzzy sets: From the perspective of minimal distance,”
Inf. Sci., vol. 502, pp. 247-267, 2019.

Q. Zhang, D. Xia, K. Liu, and G. Wang, “A general model of decision-
theoretic three-way approximations of fuzzy sets based on a heuristic
algorithm,” Inf. Sci., vol. 507, pp. 522-539, 2020.

M. A. Ibrahim and T. O. William-West, “A generalized cost-sensitive
model for decision-theoretic three-way approximation of fuzzy sets,” Inf.
Sci., vol. 570, pp. 638-667, 2021.

J. Yang, X. Wang, G. Wang, Q. Zhang, N. Zheng, and D. Wu, “Fuzziness-
based three-way decision with neighborhood rough sets under the frame-
work of shadowed sets,” IEEE Trans. Fuzzy Syst., vol. 32, no. 9,
pp- 49764988, Oct. 2024.

Y. Zhang and J. Yao, “Determining strategies in game-theoretic shadowed
sets,” in Proc. Inf. Process. Manage. Uncertainty Knowl.-Based Syst.
Theory Found., 2018, pp. 736-747.

Y. Zhang and J. Yao, “Game theoretic approach to shadowed sets: A three-
way tradeoff perspective,” Inf. Sci., vol. 507, pp. 540-552, 2020.

Q. Zhang, M. Gao, F. Zhao, and G. Wang, “Fuzzy-entropy-based game
theoretic shadowed sets: A novel game perspective from uncertainty,”
IEEE Trans. Fuzzy Syst., vol. 30, no. 3, pp. 597-609, Apr. 2022.

M. Gao, Q. Zhang, F. Zhao, C. Wu, G. Wang, and D. Xia, “Constructing
shadowed set based on game analysis of uncertainty and decision cost,”
Appl. Soft Comput., vol. 147, 2023, Art. no. 110762.

W. Pedrycz, “Interpretation of clusters in the framework of shadowed sets,”
Pattern Recognit. Lett., vol. 26, no. 15, pp. 2439-2449, 2005.

S. Mitra, W. Pedrycz, and B. Barman, “Shadowed c-means: Integrat-
ing fuzzy and rough clustering,” Pattern Recognit., vol. 43, no. 4,
pp. 1282-1291, 2010.

J. Zhou, W. Pedrycz, and D. Miao, “Shadowed sets in the character-
ization of rough-fuzzy clustering,” Pattern Recognit., vol. 44, no. 8,
pp. 1738-1749, 2011.

L. Chen, J. Zou, and C. P. Chen, “Image segmentation using shadowed
c-means and kernel method,” in Proc. Int. Conf. Fuzzy Theory Appl, 2013,
pp. 374-379.

J.Zhou, Z. Lai, C. Gao, D. Miao, and X. Yue, “Rough possibilistic c-means
clustering based on multigranulation approximation regions and shadowed
sets,” Knowl.-Based Syst., vol. 160, pp. 144—-166, 2018.

H. Zhang, T. Zhang, W. Pedrycz, C. Zhao, and D. Miao, “Improved
adaptive image retrieval with the use of shadowed sets,” Pattern Recognit.,
vol. 90, pp. 390-403, 2019.

T. O. William-West and M. A. Ibrahim, “On shadowed set approximation
methods,” Soft Comput., vol. 27, no. 8, pp. 44634482, 2023.

S. He, X. Pan, and Y. Wang, “A shadowed set-based TODIM method and
its application to large-scale group decision making,” Inf. Sci., vol. 544,
pp. 135-154, 2021.

C. Wu, Q. Zhang, F. Zhao, Y. Cheng, and G. Wang, “Three-way recom-
mendation model based on shadowed set with uncertainty invariance,” Int.
J. Approx. Reasoning, vol. 135, pp. 53-70, 2021.

L. Zhang, Y. Yao, and P. Zhu, “Shadowed set approximations of L-fuzzy
sets,” Inf. Sci., vol. 679, 2024, Art. no. 121094.

Z. Wang et al, “M-MSSEU: Source-free domain adaptation for
multi-modal stroke lesion segmentation using shadowed sets and
evidential uncertainty,” Health Inf. Sci. Syst., vol. 11, no. 1, 2023,
Art. no. 46.

A. Bose and K. Mali, “Gradual representation of shadowed set for
clustering gene expression data,” Appl. Soft Comput., vol. 83, 2019,
Art. no. 105614.

K. Cai, H. Zhang, W. Pedrycz, and D. Miao, “SSS-Net: A shadowed-sets-
based semi-supervised sample selection network for classification on noise
labeled images,” Knowl.-Based Syst., 2023, Art. no. 110732.

X. Yue, J. Zhou, Y. Yao, and D. Miao, “Shadowed neighborhoods based
on fuzzy rough transformation for three-way classification,” IEEE Trans.
Fuzzy Syst., vol. 28, no. 5, pp. 978-991, Jun. 2020.

Authorized licensed use limited to: TONGJI UNIVERSITY. Downloaded on July 07,2025 at 07:27:32 UTC from IEEE Xplore. Restrictions apply.



2360

[48] X. Yue, S. Liu, Q. Qian, D. Miao, and C. Gao, “Semi-supervised shadowed
sets for three-way classification on partial labeled data,” Inf. Sci., vol. 607,
pp. 1372-1390, 2022.

Y. Zhang, T. Zhang, C. Peng, F. Ma, and W. Pedrycz, “Rough fuzzy k-

means clustering based on parametric decision-theoretic shadowed set with

three-way approximation,” Int. J. Fuzzy Syst., pp. 1-18, 2024.

[50] C. Jiang, Z. Li, and J. Yao, “A shadowed set-based three-way cluster-
ing ensemble approach,” Int. J. Mach. Learn. Cybern., vol. 13, no. 9,
pp. 2545-2558, 2022.

[51] T. William-West, A. F. D. Kana, and M. A. Ibrahim, “Shadowed-set-based
three-way clustering methods: An investigation of new optimization-based
principles,” Inf. Sci., vol. 591, pp. 1-24, 2022.

[52] J. Zhou, Z. Lai, D. Miao, C. Gao, and X. Yue, “Multigranulation rough-
fuzzy clustering based on shadowed sets,” Inf. Sci., vol. 507, pp. 553-573,
2020.

[53] D. Dua and C. Graff, “UCI machine learning repository,” 2017. [Online].
Available: http://archive.ics.uci.edu/ml

[54] J. Demsar, “Statistical comparisons of classifiers over multiple data sets,”
J. Mach. Learn. Res., vol. 7, pp. 1-30, 2006.

[49]

Xuerong Zhao received the B.Sc. degree in informa-
tion and computational science from the University
of Jinan, Jinan, China, in 2006, and the M.Sc. and
Ph.D. degrees in computational mathematics from
‘Wuhan University, Wuhan, China, in 2012 and 2015,
respectively.

She is currently an Associate Professor with the
College of Information, Mechanical, and Electrical
Engineering, Shanghai Normal University, Shang-
hai, China. She completed a Postdoctoral Fellow-
ship with Tongji University, Shanghai. She has an
impressive publication record in premier journals, including Information Sci-
ences, Knowledge-Based Systems, etc. Her research interests include rough sets,
three-way decision, formal concept analysis, data mining, granular computing,
computer vision, and more.

Duogian Miao received the B.Sc. degree in funda-
mental mathematics from Shanxi University, Shanxi,
China, in 1985, the M.Sc. degree in probability and
statistics from Shanxi University, Shanxi, China, in
1991, and the Ph.D. degree in pattern recognition and
intelligent systems from the Institute of Automation,
Chinese Academy of Sciences, Beijing, China, in
1997.

He is currently a Professor with the School of Elec-
tronics and Information Engineering, Tongji Univer-
sity, Shanghai, China. His work continues to advance
intelligent systems and computational methods in artificial intelligence. His
research interests include rough sets, soft computing, machine learning, and
intelligent systems.

Prof. Miao is a Fellow of the International Rough Set Society and a Member
of the Chinese Association for Artificial Intelligence (CAAI). He has published
over 180 papers in leading journals, such as IEEE TRANSACTIONS ON KNOWL-
EDGE AND DATA ENGINEERING, IEEE TRANSACTIONS ON PATTERN ANALYSIS
AND MACHINE INTELLIGENCE, Pattern Recognition, and Information Sciences,
as well as top-tier international conferences like AAAI and CVPR. He holds an
h-index of 39, reflecting his significant contributions to the academic community.
He is also an Associate Editor for INFORMATION SCIENCES, CAAI TRANSAC-
TIONS ON INTELLIGENCE TECHNOLOGY, and the INTERNATIONAL JOURNAL OF
APPROXIMATE REASONING.

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 33, NO. 7, JULY 2025

Yiyu Yao received the B.E. degree in computer sci-
ence from Xi’an Jiaotong University, Xi’an, China, in
1983, and the M.Sc. and Ph.D. degrees in computer
science from the University of Regina, Regina, SK,
Canada, in 1988 and 1991, respectively.

He is currently a Professor of computer science
with the University of Regina. He has authored or
coauthored over 400 papers and was recognized as
a Highly Cited Researcher from 2015 to 2019. His
research interests include three-way decision, gran-
ular computing, rough sets, formal concept analysis,
information retrieval, data mining, machine learning, and web intelligence. He
proposed the theory of three-way decision, the decision-theoretic rough set
model, and the triarchic theory of granular computing. He is also an Associate
Editor for Information Sciences and the International Journal of Approximate
Reasoning.

Witold Pedrycz (Life Fellow, IEEE) received the
M.Sc. degree in computer science in 1977 and
the Ph.D. degree in computer engineering in 1980
from the Silesian University of Technology, Gliwice,
Poland, and the D.Sc. (habilitation) degree in sys-
tems science from the Polish Academy of Sciences,
Poland, in 1984.

He is currently a Professor with the Department
of Electrical and Computer Engineering, University
of Alberta, Edmonton, Canada. He is also with the
Systems Research Institute of the Polish Academy of
Sciences, Warsaw, Poland. His main research interests include computational
intelligence, granular computing, and machine learning.

Dr. Pedrycz is a Foreign Member of the Polish Academy of Sciences and
a Fellow of the Royal Society of Canada. He was the recipient of several
awards including the Norbert Wiener Award from the IEEE Systems, Man, and
Cybernetics Society, IEEE Canada Computer Engineering Medal, a Cajastur
Prize for Soft Computing from the European Centre for Soft Computing, a
Killam Prize, a Fuzzy Pioneer Award from the IEEE Computational Intelligence
Society, and 2019 Meritorious Service Award from the IEEE Systems Man and
Cybernetics Society. He serves as the Editor-in-Chief of WIREs Data Mining
and Knowledge Discovery (Wiley) and Coeditor-in-Chief of Journal of Data
Information and Management (Springer).

Authorized licensed use limited to: TONGJI UNIVERSITY. Downloaded on July 07,2025 at 07:27:32 UTC from IEEE Xplore. Restrictions apply.


http://archive.ics.uci.edu/ml


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


