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1  Introduction

Granular computing (GrC) is a methodological tool for ana-
lyzing uncertain and imprecise problems, such as reason-
ing, decision making and control  [1, 2]. Rough set  [3], as 
an important mathematical model in GrC, has been applied 
in many fields  [4–6], but its adaptability to complex data 
structures is limited because it uses equivalence relation to 
generate information granules.

In contrast to the classical rough set model  [7], fuzzy 
rough sets (FRS) introduces a fuzzy similarity relation to 
characterize the similarity degree between samples  [8]. 
Therefore, compared with rough set, FRS does not need 
to discretize numerical attributes, which reduces the risk 
of information loss to a certain extent. At present, FRS has 
been successfully applied to multi-attribute decision mak-
ing [9], machine learning [10], outlier detection [11] and has 
good performance in feature selection tasks [12].

Feature selection  [13], also known as attribute reduc-
tion, is an effective method to reduce the dimension of data. 
Jensen and Shen [14] first used FRS for attribute reduction, 
defined the dependency function to calculate the importance 
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tion to ensure that samples attain the maximum membership degree within their respective decision categories. Third, a 
forward search feature selection algorithm is designed based on FR-NDM. Finally, the proposed method is evaluated on 
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superior performance of our approach.
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of each attribute in the dataset, and optimized the algo-
rithm in the following years  [15, 16]. In recent years, the 
research on FRS-based feature selection methods is mainly 
distributed in two aspects: model improvement and appli-
cation. For instance, in terms of model improvement, Qian 
et al. [17] introduced the granule ball model into FRS and 
proposed a fuzzy rough feature selection method based on 
granule ball computing. Wang et al. [18] proposed directed 
distance to analyze the distribution of samples in different 
classes and designed directed fuzzy approximation opera-
tors to construct directed FRS. In [19], a weighted fuzzy 
approximation operator was proposed to better characterize 
the membership degree of the sample to the decision class. 
Yuan et al. [20] redefined the importance of candidate attri-
butes and proposed a FRS model that can perform attribute 
reduction in an unsupervised environment. Wang et al. [21] 
reconstructed the fuzzy approximation and designed a FRS 
model that can fit decision of the sample. Qiu et al. [22] pro-
posed a new FRS for hierarchical feature selection based 
on Hausdorf distance, which greatly reduces the compu-
tational complexity. Based on intuitionistic fuzzy rough 
sets [23], Tan et al. [24, 25] designed feature subset search 
algorithms based on intuitionistic fuzzy positive region and 
intuitionistic fuzzy entropy respectively. Additionally, in 
order to deal with complex situations such as non-uniform 
data distribution and noise, a series of robust FRS have 
been developed  [26–28]. In terms of application, Kong et 
al. [29] proposed a distributed FRS feature selection method 
and successfully applied it to large-scale data, considering 
that FRS requires a large amount of computing and memory 
resources. Bai et al. [30] constructed a kernelized FRS for 
online streaming feature selection on hierarchical categori-
cal data. Hu et al. [31] integrated multiple kernel functions 
and constructed a multi-kernel FRS attribute reduction 
model to solve the high-dimensional problem of multi-
modal data.

It should be noted that most existing FRS-based feature 
selection methods currently employ only the Hamming dis-
tance to measure differences between nominal values  [20, 
21, 24, 25, 32]. That is, they utilize a 0/1 equivalence relation 
to represent fuzzy similarity, even when kernel functions are 
applied [31, 33]. Employing the Hamming distance not only 

fails to uncover potential relationships between different 
nominal values, but also makes the computation of fuzzy 
similarity relations among samples under attribute subsets 
more restrictive. As is well known, most FRSs utilize the 
intersection operator to calculate fuzzy similarity relations, 
which further amplifies the shortcomings of the Hamming 
distance. The following example reveals this limitation.

Table 1 shows a small part of the Credit Approval 
dataset1, which is heterogeneous data containing numeri-
cal and nominal attributes. Here we use xIndex to denote 
different samples and RB  to denote the fuzzy similar-
ity relation induced by B ⊆ A ={A1, A2, A3, A4}. Let 
B ={A1, A3}, since RA1 (x1, x2)= 0, then RB (x1, x2)
= min{RA1 (x1, x2) ,RA3 (x1, x2)} = 0 can be easily 
obtained, however RB (x1, x3) ̸= 0. This result is counter-
intuitive because x1 is of the same class as x2, while x1 does 
not belong to the same class as x3. Such a rigorous fuzzy 
similarity computation approach may affect the construc-
tion of information granules, thereby influencing the FRS’s 
evaluation of feature significance.

To the best of our knowledge, few studies have focused 
on the fuzzy relationships among nominal data in FRS 
research. For instance, Wang et al. [34] introduced variable 
parameters to adjust inter-sample similarity and designed 
an FRS model for categorical data; however, their model 
required discretization of numerical attributes when pro-
cessing heterogeneous data. More recently, Li et al.  [35] 
employed symmetric deviation to mine similarity relation-
ships among unlabeled samples under nominal attributes. In 
addition, Luo et al. [36] incorporated the relative object dis-
similarity measure (RODM) into neighborhood rough sets 
to evaluate inter-sample distances in nominal data; however, 
their methodology was specifically designed for nominal 
attribute analysis.

Distance measurement methods for nominal data have 
long been a focus of research in machine learning [37–40], 
and different measures can significantly affect algorithm 
performance. Previous studies show that the value differ-
ence metric (VDM) is an effective distance measure for 
nominal values, where the distance is calculated based on 
the conditional probability difference between different 
nominal values  [41]. The inverted specific-class distance 
measure (ISCDM) estimates the conditional probability 
of the test sample’s attribute value using the decision cat-
egory of the training sample and then computes the distance 
between the new sample and the training sample via a stan-
dard negative operator [42]. Compared with VDM, ISCDM 

1  Credit Approval: ​h​t​t​p​s​:​​​/​​/​a​r​c​h​i​​v​​e​.​​i​c​​s​​.​u​​c​​i​.​​e​​d​u​​/​d​a​​t​a​​s​​e​t​​​/​2​7​/​c​r​e​d​i​t​+​a​p​p​r​o​
v​a​l

Table 1  Fragment of the credit approval dataset
Index A1 A2 A3 A4 Class
1 a 17.83 11 u +
2 b 23.17 11.125 u +
3 a 20.75 9.54 u −
4 b 18.08 6.75 y −
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avoids misclassification and addresses VDM’s sensitivity to 
noise and missing values. While VDM and ISCDM require 
a known decision class, several effective nominal measures 
have been proposed for unsupervised environments, includ-
ing attribute-value similarity measures based on attribute 
relationships  [43], frequency-probability-based distance 
measures for categorical data  [44], and coupled nominal 
similarity measures [45]. Additionally, some studies trans-
form nominal values across multiple attribute dimensions 
into numerical vectors for inter-sample distance calcula-
tion [46, 47].

Inspired by these research advances, this paper proposes 
a novel nominal distance metric tailored for the FRS model 
framework to effectively extract fuzzy similarity relations 
among samples. First, the decision probability is defined 
according to the distribution of nominal values in decision 
classes. On this basis, a nominal distribution metric (NDM) 
is constructed. Meanwhile, two variants of NDM are intro-
duced to accommodate complex and variable data. Subse-
quently, the NDM is integrated into the FRS model, yielding 
the proposed FR-NDM model. This model introduces an 
adjustable parameter to regulate fuzzy similarity relations 
under nominal attributes, with an analogous approach 
applied to numerical attributes, thereby generating hetero-
geneous fuzzy information granules with dual adjustable 
parameters. To address the limitation that classical fuzzy 
approximation operators cannot guarantee samples to obtain 
the maximum membership degree in their corresponding 
decision categories, a decision judgment condition is incor-
porated into the fuzzy approximation process, thus enabling 
the FR-NDM model to achieve better data fitting capabil-
ity. Finally, we develop a forward search algorithm based 
on FR-NDM that employs fuzzy dependency functions for 
feature selection.

The rest of this paper is organized as follows. Section 2 
reviews the definitions of fuzzy rough sets and introduces 
the concept of feature selection. In Section 3, we propose a 
fuzzy rough fitting model with nominal distribution metric 
embedding and design the corresponding feature selection 
algorithm. The experimental analysis is carried out in Sec-
tion 4. Finally, the paper is concluded in Section 5.

2  Preliminaries

This section reviews the basic concepts of fuzzy rough sets 
and feature selection.

2.1  Fuzzy rough sets

Generally, a decision information system (DIS) can be 
represented by a quadruple DIS = ⟨U, A, V, f⟩, where: 

1) U is a non-empty finite set of samples; 2) A = C ∪ D 
denotes the attribute set, with C being the set of conditional 
attributes (i.e., all features) and D the decision attribute; 
3) V =

∪
a∈A Va and Va is the value set of attribute a; 4) 

f : U × A → V  is an information function mapping each 
sample-attribute pair to a value, with f (x, a) ∈ Va for all 
x ∈ U  and a ∈ A. Moreover, the decision attribute D can 
partition the universe U into h equivalence classes, denoted 
as U/D = {D1, D2, ..., Dh}.

Definition 1  [20]Let U = {x1, x2, ..., xn} and B ⊆ A, then 
a fuzzy similarity relation RB  can be induced on B, which 
satisfies the following property:
{

Reflexivity : RB (x, x) = 1
Symmetry : RB (x, y) = RB (y, x)

Definition 2  [20]Let U = {x1, x2, ..., xn} and 
B ⊆ A, then a fuzzy partition generated by RB  at U is 
U/RB = {[x1]RB

, [x2]RB
, ..., [xn]RB

}, where [xi]RB  
is called the fuzzy information granule generated by 
RB , and [xi]RB

(xj) = RB (xi, xj). The degree to which 
xj  belongs to [xi]RB  is positively correlated with the value 
of RB (xi, xj).

Definition 3  [20]Let U = {x1, x2, ..., xn}, B ⊆ A. RB  is 
a fuzzy similarity relation induced by B on the U, then the 
fuzzy relation matrix can be expressed as:

M (RB) =




rB
11 rB

12 · · · rB
1n

rB
21 rB

22 · · · rB
2n

...
...

. . .
...

rB
n1 rB

n2 · · · rB
nn


� (1)

Based on the above definition of fuzzy informa-
tion granule and membership degree, here we have 
[xi]RB

(xj) = RB (xi, xj) = rB
ij . Typically, rB

ij  is com-
puted using conjunctive formulas, i.e., rB

ij = ∧a∈B{ra
ij}.

Definition 4  [21] Let U/D = {D1, D2, ..., Dh}, and 
B ⊆ A. RB  is a fuzzy similarity relation induced by B on 
the U. For any x ∈ U , the fuzzy decision for sample x is 
defined as follows:

D̃i (x) = |[x]RB
∩ Di|

|[x]RB
|

, i = 1, 2, .., h� (2)

where D̃i (x) denotes the degree of membership, and the 
degree of sample x belonging to Di is proportional to the value 
of D̃i (x). |[x]RB

| denotes the cardinality of fuzzy information 
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This definition is a measure of the incremental classifica-
tion capability of an information system. If attribute a is not 
redundant, then Sig (a, R, D) > 0.

3  Fuzzy rough fitting model with nominal 
distribution metric embedding

In this section, firstly, the metric method between nominal 
values is defined, then the concept of fuzzy information 
granule is extended and the fuzzy approximation is modi-
fied to obtain the improved fuzzy dependence function, 
and finally the feature selection algorithm is designed.

3.1  Nominal distribution metric

In a decision information system, samples under nomi-
nal attributes exhibit distinct distribution patterns across 
different decision classes. In other words, their decision 
tendencies vary, and such tendencies can be quantified 
through probability calculations.

Figure 1 illustrates a simple example involving a deci-
sion information system with eight samples and one 
nominal attribute. Initially, the classical crisp relation is 
considered for computing the fuzzy similarity relation 
among samples. The Hamming distance between nominal 
values A and S is 1, resulting in a fuzzy similarity of 0 
between x1 and x3, which is reasonable since their deci-
sion categories differ. However, x5 and x3 share the same 
decision categories, yet their fuzzy similarity is also 0, 
which is counterintuitive. To address this, we introduce 
the concept of nominal distribution, which comprehen-
sively records the occurrences of nominal values across 
different decision categories. As shown in Fig. 1, the same 
nominal value appears with varying frequencies in differ-
ent decision categories, allowing us to compute the deci-
sion probability for each nominal value. Based on these 
probabilities, a refined fuzzy similarity between nominal 
values can be derived. Unlike the binary (0 or 1) similarity 
obtained from crisp relations, this fuzzy similarity is rep-
resented as a precise numerical value, effectively reflecting 
the strength of the fuzzy similarity relationship between 
different nominal values. This more refined fuzzy similar-
ity measure can better characterize the decision uncertainty 
of samples, enabling FRS to yield more accurate assess-
ments when evaluating feature significance. The compu-
tational formulation of the nominal distribution metric is 
presented as follows.

granule, which is calculated by |[x]RB
| =

∑
y∈U RB (x, y) 

and satisfies 1 ≤ |[x]RB
| ≤ n. 

Definition 5  [21]Let U/D = {D1, D2, ..., Dh} and B ⊆ A, 
RB  is a fuzzy similarity relation induced by B on U. A sam-
ple fuzzy decision induced by B and D is {D̃1, D̃2, ..., D̃h}, 
then the fuzzy upper and lower approximations of decision 
D with respect to B are defined as follows, respectively:

RBDi (x) = sup
y∈U

min{RB (x, y) , D̃i (y)}� (3)

RBDi (x) = inf
y∈U

max{1 − RB (x, y) , D̃i (y)}� (4)

Then the fuzzy rough set of decision D induced by B is 

defined as 
(
RBD, RBD

)
.

2.2  Feature selection

Feature selection aims to reduce information redundancy in 
the data and improve decision efficiency. The detailed defi-
nitions are given below.

Definition 6  [21]Let U/D = {D1, D2, ..., Dh} and B ⊆ A, 
the fuzzy positive region of sample x ∈ U  with respect to D 
is defined as follows:

POSB (D) =
h∪

i=1
RBDi� (5)

Then we can get the fuzzy dependency function of D with 
respect to B:

rB (D) =

∑
x∈U

POSB (D) (x)

|U |
=

∑
x∈U

h∪
i=1

RBDi (x)

|U |
� (6)

Let R denote the selected feature subset, which is an empty 
set in the initial state. In the first round of calculation, a 
maximum fuzzy dependency function value rR∪{ai} (D) 
will be obtained, at which point ai will be added to R.

Definition 7  [21] For any a ∈ C − R, the significance of 
attribute a is defined as follows:

Sig (a, R, D) = rR∪{a} (D) − rR (D)� (7)

1 3
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nominal values exhibit significantly divergent decision ten-
dencies (i.e., distinct distributions across different decision 
categories). To solve this problem, P  needs to be set accord-
ing to the distribution state of the nominal value itself, and 
the definition is as follows.

Definition 9  Let U/D = {D1, D2, ..., Dh}, B ⊆ A and a 
nominal attribute c ∈ B. The distribution state of the nomi-
nal value in attribute c is used as the adjustment index, and 
the nominal distribution metric is defined as follows:

δ1
c (xi, xj) = 1

h

h∑
k=1

∣∣∣ξVci

Dk
− ξ

Vcj

Dk

∣∣∣
NVci

+NVcj
n

� (9)

where NVci  represents the number of occurrences of the 
nominal value Vci in attribute c.
If NVci  and NVcj  are too small, (NVci

+ NVcj
)/n will mag-

nify the results of decision probability difference, and the 
ability to distinguish between nominal values with different 
decision trends will be improved.

Consider another case, assuming that (8) is used to cal-
culate the difference between two nominal values Vci and 
Vcj . If the occurrence count of Vci is very small (i.e., NVci  

is minimal), the situation δc (xi, xj) ≈ 1
h

∑h
k=1

∣∣∣ξVcj

Dk

∣∣∣
P

 

may arise. This occurs because when NVci  is sufficiently 
small, the decision probability ξVci

Dk
 for any Dk ∈ U/D 

becomes extremely small and approaches zero. However, 
when the decision trends of Vci and Vcj  are consistent—
that is, when their distributions across decision categories 

are similar—then for any Dk ∈ U/D, ξVci

Dk
≈ ξ

Vcj

Dk
, and 

consequently, δc (xi, xj) should approach 0 rather than 

Definition 8  Let U/D = {D1, D2, ..., Dh}, B ⊆ A and a 
nominal attribute c ∈ B. Vci denotes the nominal value of 
the ith sample under c, i.e., f (xi, c) → Vci. The nominal 
distribution metric is defined as follows:

δc (xi, xj) = 1
h

h∑
k=1

∣∣∣FVci

Dk
/NDk

− FVcj

Dk
/NDk

∣∣∣
P

� (8)

where FVci

Dk
 denotes the number of occurrences of the nomi-

nal value Vci in the equivalence class Dk, NDk  represents 
the number of samples in the equivalence class Dk, and P  
serves as the adjustment index with P ∈ (0, 1].
We refer to FVci

Dk
/NDk  as the decision probability of the 

nominal value Vci in the equivalence class Dk, and denote it 
as ξVci

Dk
 for convenience.

Remark 1  ξVci

Dk
= 1 does not imply that Vci is entirely dis-

tributed within the equivalence class Dk; the decision prob-
abilities of Dk in other equivalence classes partitioned by 
D on U should also be taken into account. If ξVci

Dk
= 0, then 

it can be considered that Vci is not associated with equiva-
lence class Dk.

Unlike numerical values, nominal values have no dimen-
sions and cannot be normalized. Meanwhile, the nomi-
nal values under different attributes are also complex and 
changeable. Below we discuss two extreme cases and pres-
ent corresponding solutions.

If two nominal values exhibit extremely low occurrence 
frequencies, the difference in their decision probabilities 
will also be negligible, consequently leading to the condi-
tion where δc (xi, xj) ≈ 0. It is certain that δc (xi, xj) ≈ 0 
indicates minimal dissimilarity (i.e., strong similarity). 
However, this result becomes counterintuitive when the two 

Fig. 1  A figure for illustrating 
nominal distribution metric
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inequality still holds in the case of summation. Therefore, 
the original δ1

c (xi, xj) + δ1
c (xj , xp) ≥ δ1

c (xi, xp) is 
proved. The same goes for δ2

c . � □

In general, (8) is capable of capturing differences between 
nominal values, but due to the complexity and diversity of 
the data, we introduce two variants of nominal distribution 
metrics: δ1

c  (9) and δ2
c  (10). These three metrics can be flex-

ibly combined with FRS model, as discussed in the next 
section.

3.2  The proposed model

Since nominal attributes often coexist with numerical attri-
butes in data, we extend DIS to HDIS, which is defined as 
follows.

Definition 11  Given a heterogeneous decision information 
systems HDIS = ⟨U, A, V, f⟩, we denote by Bψ ⊆ A the 
set of nominal attributes and Bϕ ⊆ A the set of numerical 
attributes such that Bψ ∩ Bϕ = ∅ is satisfied.

Definition 12  Let U = {x1, x2, ..., xn}, for a nominal attri-
bute set Bψ ⊆ A, the fuzzy similarity relation induced by 
Bψ  on U is defined as follows:

RBψ (xi, xj) =
∧

a∈Bψ {Rσ
a (xi, xj)}� (11)

and

Rσ
a (xi, xj) =

{
1 − δa (xi, xj) , δa (xi, xj) ≤ σ
0, δa (xi, xj) > σ � (12)

where σ is an adjustable parameter and δa can be replaced 
by δ1

a or δ2
a to adapt to different HDIS.

In the above definition, the parameter σ is used to regulate 
the fuzzy relationship between the nominal values, and then 
control the size of the fuzzy information granule. Besides, 
three nominal distribution metrics can be used to accom-
modate different data.

Remark 2  For a nominal attribute c ∈ Bψ, when σ = 0, 
Rσ

c (xi, xj) ∈ {0, 1}.

Remark 2 shows that when σ is set to 0, the nominal dis-
tribution metric degrades to the Hamming distance, that is, 
the Hamming distance is a special case of the nominal dis-
tribution metric.

approximately equal 1
h

∑h
k=1

∣∣∣ξVcj

Dk

∣∣∣
P

. Obviously, the 

above results will cause measurement errors. Therefore, 
the relative distribution state of two different nominal val-
ues should be used as the adjustment index to reduce the 
measurement error.

Definition 10  Let U/D = {D1, D2, ..., Dh}, B ⊆ A and 
a nominal attribute c ∈ B. Taking the relative distribution 
state of two nominal values as the adjustment index, another 
nominal distribution metric is defined as follows:

δ2
c (xi, xj) = 1

h

h∑
k=1

∣∣∣∣
[
ξVci

Dk

]Pi

−
[
ξ

Vcj

Dk

]Pj

∣∣∣∣� (10)

where Pi = NVci

NVci
+NVcj

 and Pj = NVcj

NVci
+NVcj

.

Equations 9 and 10 can be thought of as exponential func-
tions with constraints. For (9), P  will amplify the metric 
results to some extent. For (10), Pi and Pj  will preferen-
tially amplify the distribution probability for nominal values 
with lower occurrences.

Property 1  For any nominal attributes c ∈ A in DIS, there 
are always 0 ≤ δ1

c (xi, xj) ≤ 1 and 0 ≤ δ2
c (xi, xj) ≤ 1.

Proof  Given a DIS, there is always NDk  larger than or 
equal to FVci

Dk
, thus 0 ≤ ξVci

Dk
≤ 1. Furthermore, we have 

0 ≤
∣∣∣ξVci

Dk
− ξ

Vcj

Dk

∣∣∣ ≤ 1. Since the range of the adjust-

ment index is (0, 1], 0 ≤
∣∣∣ξVci

Dk
− ξ

Vcj

Dk

∣∣∣
P

≤ 1. Obviously, 

0 ≤
∑h

k=1

∣∣∣ξVci

Dk
− ξ

Vcj

Dk

∣∣∣
P

≤ h. Dividing both sides by h 

yields 0 ≤ δc (xi, xj) ≤ 1. Since (NVci
+ NVcj

)/n ∈ (0, 1], 
it follows that 0 ≤ δ1

c (xi, xj) ≤ 1, which completes the proof. 

For δ2
c (Vci, Vcj), note that 0 ≤

[
ξVci

Dk

]Pi

≤ 1, then the proof 

proceeds as above. � □

Property 2  For any nominal attributes c ∈ A 
in DIS, the nominal distribution metric satisfies 
δ1

c (xi, xj) + δ1
c (xj , xp) ≥ δ1

c (xi, xp).

Proof  Let X = ξVci

Dk
− ξ

Vcj

Dk
, Y = ξ

Vcj

Dk
− ξ

Vcp

Dk
 and Z = ξVci

Dk
− ξ

Vcp

Dk
. 

In general, we have |X | + |Y| ≥ |X + Y| = |Z|, and the 

1 3

1076  Page 6 of 20



Feature selection based on fuzzy rough fitting model with nominal distribution metric

sample in each decision, it cannot guarantee that the mem-
bership degree of the decision category to which the sample 
belongs reaches the maximum value [21]. To overcome this 
problem, decision category judgments should be incorpo-
rated into the fuzzy approximation.

Algorithm 1  FR-NDM Algorithm.

Definition 15  Let U/D = {D1, D2, ..., Dh}, 
B = Bψ ∪ Bϕ and B ⊆ A, Rσ,λ

B  is a fuzzy similarity rela-
tion induced by B on U. A sample fuzzy decision induced 
by B and D is {D̃1, D̃2, ..., D̃h}, the fitting fuzzy lower and 
upper approximations of decision D with respect to B are 
defined as follows:

Rσ,λ
B (Di) (x) =

{
inf
y∈U

max{1 − Rσ,λ
B (x, y) , D̃i (y)}, x ∈ Di

0, x /∈ Di

� (16)

Rσ,λ
B (Di) (x) =

{
sup
y∈U

min{Rσ,λ
B (x, y) , D̃i (y)}, x ∈ Di

0, x /∈ Di

� (17)

Further, we can derive an improved fuzzy dependency func-
tion based on dual-parameter adjustable heterogeneous fuzzy 
information granules and fitting fuzzy approximations:

depσ,λ
B (D) =

∑
x∈U

POSσ,λ
B (D) (x)

|U |
=

∑
x∈U

r∪
i=1

Rσ,λ
B Di (x)

|U |
� (18)

Remark 3  For a nominal attribute 
c ∈ Bψ, if f (xi, c) ̸= f (xj , c) and Rσ

c (xi, xj) = 1, then 
for any k ∈ {1, 2, ..., h} , we have ξVci

Dk
= ξ

Vcj

Dk
.

Property 3  For Bψ
1 ⊆ Bψ

2 ⊆ A, we have Rσ
Bψ

1
⊇ Rσ

Bψ
2

.

Proof  Let x, y ∈ U , and by Definition 12, we 
have Rσ

Bψ
1

(x, y) = ∧c∈Bψ
1

Rσ
c (x, y) ≥ Rσ

Bψ
2

(x, y)

= ∧c∈Bψ
2

Rσ
c (x, y). Thus Rσ

Bψ
1

⊇ Rσ
Bψ

2
. � □

Property 4  For Bψ ⊆ A, let σ1 ≤ σ2, then we have 
Rσ1

Bψ ⊆ Rσ2
Bψ .

Proof  Let x, y ∈ U , and by Definition 12, we have 
Rσ1

Bψ (x, y) = ∧c∈Bψ Rσ1
c (x, y) ≤ Rσ2

Bψ (x, y)
= ∧c∈Bψ Rσ2

c (x, y). Thus Rσ1
Bψ ⊆ Rσ2

Bψ . � □

Definition 13  Let U = {x1, x2, ..., xn}, for a numeric attri-
bute set Bϕ ⊆ A, the fuzzy similarity relation induced by 
Bϕ on U is defined as follows:

RBϕ (xi, xj) =
∧

a∈Bϕ{Rεa
a (xi, xj)}� (13)

and

Rεa
a (xi, xj) =

{
1 − da (xi, xj) , da (xi, xj) ≤ εa

0, da (xi, xj) > εa
� (14)

where da (xi, xj) = |f (xi, a) − f (xj , a)| and 
εa = std (a) /λ, std (·) represents the standard deviation 
and λ is an adjustable parameter.

Definition 14  Let U = {x1, x2, ..., xn}, B = Bψ ∪ Bϕ, 
B ⊆ A, and the fuzzy similarity relation induced by B is 
denoted Rσ,λ

B . The heterogeneous fuzzy information gran-
ule induced by Rσ,λ

B  of xi is defined as follows:

[xi]Rσ,λ
B

=
n∑

j=1

Rσ,λ
B (xi, xj)

xj
� (15)

Distinct from conventional information granulation 
approaches, Definition 14 develops heterogeneous fuzzy 
information granules with dual-parameter adjustment by 
integrating fuzzy similarity measures of different attri-
bute types. This construction endows the FRS model with 
enhanced flexibility to handle complex and variable data, 
while effectively overcoming the limitations of using Ham-
ming distance as discussed in Section 1.

In the fuzzy rough set, because the fuzzy lower approxi-
mation will obtain the maximum membership degree of the 
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{a1, a2} ∪ {a3, a4} and U/D = {D1, D2}= {{x1, x4},

{x2, x3, x5, x6}}.

Firstly, we employ (9) as an example to calculate 
the decision probability. Based on Table 2, we obtain 
NM = 3, NL = 2, NH = 1, Ng = 3, and Np = 3. Further-
more, the calculations yield ξM

0 = 0.5, ξM
1 = 0.5, ξL

0 = 0.5, 
ξL

1 = 0, ξH
0 = 0, ξH

1 = 0.5, ξg
0 = 0.25, ξg

1 = 1, ξp
0 = 0.75 

and ξg
1 = 0.

Next, all numerical attributes are normalized using the 
following equation:

f
′
(xi, ak) = f (xi, ak) − minak

maxak
− minak

� (20)

where maxak  and minak  represent the maximum and mini-
mum values in attribute ak.

Subsequently, the fuzzy similarity relation is computed 
using (12) and (14), with parameter σ set to 0.7 and param-
eter λ set to 1. Finally, the fuzzy relation matrix for all attri-
butes is obtained as follows:

M
(
R0.7

a1

)
=




1 0.72 1 0.69 0.72 1
0.72 1 0.72 0 1 0.72

1 0.72 1 0.69 0.72 1
0.69 0 0.69 1 0 0.69
0.72 1 0.72 0 1 0.72

1 0.72 1 0.69 0.72 1




M
(
R0.7

a2

)
=




1 0 0 1 0 1
0 1 1 0 1 0
0 1 1 0 1 0
1 0 0 1 0 1
0 1 1 0 1 0
1 0 0 1 0 1




M
(
R1

a3

)
=




1 0 0.6 0.8 1 0
0 1 0 0 0 1

0.6 0 1 0.8 0.6 0
0.8 0 0.8 1 0.8 0
1 0 0.6 0.8 1 0
0 1 0 0 0 1




M
(
R1

a4

)
=




1 0 0 0.75 0 0.75
0 1 1 0 0.75 0.75
0 1 1 0 0.75 0.75

0.75 0 0 1 0 0
0 0.75 0.75 0 1 0

0.75 0.75 0.75 0 0 1




By employing (16) and (18), the dependency degree of D 
on the four attributes in Table 2 can be calculatedas follows: 
dep0.7

{a1}(D)≈ 0.4748, dep0.7
{a2}(D)≈ 0.7778, dep1

{a3}(D)
≈ 0.6458 and dep1

{a4}(D)≈ 0.6314. Note that at this point 
R is the empty set. The attribute with the highest depen-
dency degree is selected to be added to the reduction set R, 
resulting in R = {a2} and B = C − R = {a1, a3, a4}. In 
the next round of calculation, we obtain: Sig0.7,1 (a1, R, D)

Thus, we have constructed a fuzzy rough fitting model with 
nominal distribution metric embedding, which effectively 
utilizes decision information to measure fuzzy similarity 
between nominal values while ensuring that samples attain 
maximum membership degrees within their respective deci-
sion categories. For evaluating feature significance, the fol-
lowing formula can be derived by combining with (18):

Sigσ,λ (a, R, D) = depσ,λ
R∪{a} (D) − depσ,λ

R (D)� (19)

where a ∈ C − R, and R represents the already selected 
feature subset.

3.3  Feature selection algorithm

According to the proposed model, we design a forward 
search feature selection algorithm called fuzzy rough fea-
ture selection with nominal distribution metric embedding 
(FR-NDM for short). The pseudo-code for FR-NDM is 
shown in Algorithm 1.

Given an HDIS =< U, A, V, f >, assume that |U | = n, 
|A| = m, and |U/D| = h. In Steps 2 to 5 of Algorithm 1, it 
is necessary to compute the fuzzy relation matrix and corre-
sponding fuzzy dependency degree for each attribute, which 
exhibits a time complexity of O(n2 × m × h). Steps 6 and 
7 involve selecting the attribute with the maximum depen-
dency degree to add into the reduction set R. From Steps 8 to 
21, the algorithm calculates the dependency degree of each 
remaining attribute in subset B, then selects the attribute 
with the highest dependency degree to evaluate its signifi-
cance. If the significance is not greater than 0, the attribute 
is considered redundant and the algorithm terminates. This 
procedure demonstrates a worst-case time complexity of 
O(m2 × h). Consequently, the overall time complexity of 
the FR-NDM algorithm is O(n2 × m × h + m2 × h).

3.4  Example analysis

In order to better illustrate the FR-NDM method, an exam-
ple is given below.

Example 1  Given a heterogeneous decision infor-
mation system HDIS =< U, A, V, f > in Table 2, 
where U ={x1, x2, x3, x4, x5, x6}, A = Bψ ∪ Bϕ =

Table 2  A HDIS sample for feature selection
U a1 a2 a3 a4

D

x1
M g 0.7 6 1

x2
L p 0.2 4 0

x3
M p 0.5 4 0

x4
H g 0.6 7 1

x5
L p 0.7 3 0

x6
M g 0.2 5 0
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4.1  Experimental setup and environment

To verify the effectiveness of the FR-NDM algorithm, 24 
UCI public datasets2 are used for feature selection in this 
section, and the details of each dataset are shown in Table 
3. The numerical attributes in all data are normalized using 
(20) before the experiment to eliminate the effect of differ-
ent units. In addition, for missing values in the data, we take 
the original proportion probability for random filling.

We select eight advanced feature selection algorithms to 
compare with the proposed method. The characteristics and 
principles of these algorithms are described as follows: 

1.	 Raw data: No feature selection.
2.	 FScNCE [48]: A three-stage feature selection algorithm 

based on neighborhood combination entropy, with 
neighborhood radius δ configured within the range [0, 
0.7] using a step size of 0.05.

3.	 WAFS  [19]: A heuristic feature selection algorithm 
based on weighted fuzzy rough sets, with parameter p 
configured within the range [0.1, 3] using a step size of 
0.1.

4.	 DRFFS  [18]: A heuristic feature selection algorithm 
based on directed fuzzy rough sets, with parameter δ 

2  UCI Datasets: https://archive.ics.uci.edu/

= dep0.7,1
R∪{a1} (D) − dep0.7,1

R (D) ≈ 0.7617
−0.7778 = −0.0161, Sig0.7,1 (a3, R, D)
≈ 1 − 0.7778 = 0.2222 and Sig0.7,1 (a4, R, D) ≈ 0.7381
−0.7778 = −0.0397. Updating the reduction set R at this 
point, R = {a2, a3} and B = {a1, a4} can be obtained.

Similarly, performing the third round of calcula-
tion, we can obtain Sig0.7,1 (a1, R, D) = 1 − 1 = 0 and 
Sig0.7,1 (a4, R, D) = 1 − 1 = 0. Therefore, the reduction 
result is R = {a2, a3}.

4  Experimental analysis

This section conducts a series of numerical experiments 
to validate the effectiveness of the proposed method, 
which can be evaluated from three aspects: 1) whether 
the proposed method can eliminate redundant features 
while improving classification accuracy; 2) whether the 
proposed method is sensitive to parameter settings; 3) 
whether the proposed method outperforms existing feature 
selection algorithms.

Table 3  The datasets information
No. Dataset Samples Features Classes

Name Abbr. Numerical Nominal
1 automobile Auto 205 15 10 6
2 breast cancer Cancer 286 1 8 2
3 cardiotocography Cardio 2126 19 2 3
4 heart failure clinical records Clinic 299 7 5 2
5 credit approval Credit 690 6 9 2
6 german Ger 1000 3 17 2
7 hcv data HCV 589 11 1 5
8 heart disease Heart 270 6 7 2
9 horse colic Horse 368 9 18 2
10 obesity Obe 2111 8 8 7
11 predict students’ dropout and academic success Predict 4424 19 17 3
12 differentiated thyroid cancer recurrence Thyroid 383 1 15 2
13 audiology Audio 226 0 70 24
14 chess Chess 3196 0 36 2
15 higher education students performance evaluation Education 145 0 31 8
16 lymphography Lym 148 0 18 4
17 molecular biology (splice-junction gene sequences) Molecular 3190 0 60 3
18 mushroom Mush 8124 0 22 2
19 national poll on healthy aging NPHA 714 0 14 3
20 risk factor prediction of chronic kidney disease Risk 200 0 27 2
21 SPECT SPECT 267 0 22 2
22 soybean Soybean 266 0 35 15
23 tic-tac-toe endgame Tic 958 0 9 2
24 zoo Zoo 101 0 16 7
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We use classification experiments to evaluate the perfor-
mance of the above comparison algorithms as well as the 
proposed method. Classification experiments are carried out 
by calling classification and regression trees (CART) and 
gaussian naive bayes (GNB) in Scikit-learn machine learn-
ing library, using 10-fold cross validation. The parameters 
of the classifier are all default values. For nominal attributes 
in the data, we uniformly apply one-hot encoding before 
feeding them into the classifier for training. We randomize 
the data partitioning without fixing random seeds to ensure 
generalizability, repeat the experiment 10 times and calcu-
late the mean and standard deviation of the classification 
accuracy as the final result.

In our previous study [51], we identified a primary-key-
like feature in the Audi dataset where each feature value is 
unique. This characteristic causes both MRNG and MFIGI 
to fail, specifically resulting in their output being restricted 
to this single feature. Consequently, this outcome com-
pletely compromises the classification capability of the 
GNB classifier as it cannot perform effective probability 
estimation. Therefore, in our experiments, we will remove 
such primary-key-like features from the Audi dataset, after 
which the number of features should be reduced to 69.

All experiments were done using python 3.9.7 with AMD 
Ryzen 9 CPU @ 2.50 GHz & 16 GB RAM hardware con-
figuration. The version of Scikit-learn is 0.24.2.

4.2  Classification results

Tables 4 and 5 show the performance of each feature selec-
tion algorithm with different classifiers on heterogeneous 
data. Among them, the highest classification accuracy for 
each dataset is highlighted in bold. Results marked with 
underlines indicate that the maximum classification accu-
racy among all outputs of the algorithm matches that of the 
raw data (i.e., no features are eliminated). Additionally, a 
horizontal line denotes cases where the algorithm fails to 

configured within the range [0.01, 0.1] using a step size 
of 0.01.

5.	 MRNG [49]: A monotonic attribute reduction algorithm 
based on relative neighborhood granularity, with neigh-
borhood radius δ configured within the range [0.05, 0.3] 
using a step size of 0.05.

6.	 MFIGI [50]: A monotonic attribute reduction algorithm 
based on fuzzy implication conditional entropy, with 
parameter ω fixed at 0.001.

7.	 IFIE [25]: A parameter-free relative attribute reduction 
algorithm based on intuitionistic fuzzy entropy.

8.	 FRC [34]: A fuzzy rough attribute reduction algorithm 
specifically designed for categorical data, with param-
eter δ configured within the range [0.05, 0.35] using a 
step size of 0.05.

9.	 LDP [5]: A parameter-free attribute reduction algorithm 
based on discernibility pairs.

Among them, FScNCE, MRNG, MFIGI, and IFIE are appli-
cable to both heterogeneous data and nominal data, while 
WAFS and DRFFS are designed for heterogeneous data, 
and FRC and LDP are specifically developed for nominal 
data. Due to the varying applicability of these algorithms 
to different data types, we conduct grouped comparative 
experiments to ensure fairness. Specifically, for the het-
erogeneous data in Table 3, we embed δc (i.e., (8)) into the 
FRS model proposed in Section 3.2 and compared it with 
FScNCE, WAFS, DRFFS, MRNG, MFIGI, and IFIE. In our 
method, the parameter P  in δc is set to 1, while parameter 
λ is configured within the range of [0.1, 3] with a step size 
of 0.1, and parameter σ is set within [0.1, 0.9] with a step 
size of 0.1. For nominal data, we embed δc, δ1

c  (i.e., (9)) and 
δ2

c  (i.e., (10)) into the proposed FRS model, respectively, 
and conducted comparisons with FRC, LDP, FScNCE, 
MRNG, MFIGI, and IFIE. For parameter σ, it is set within 
the range of [0.1, 0.9] with a step size of 0.05.

Table 4  Classification accuracy of heterogeneous data under CART classifier
Datasets Raw data FScNCE WAFS DRFFS MRNG MFIGI IFIE FR-NDM
Auto 82.46±1.66 86.99±1.74 81.84±1.93 87.5687.5687.56±1.411.411.41 87.20±1.95 85.35±1.50 81.84±1.93 87.5687.5687.56±1.661.661.66
Cancer 66.25±1.88 68.63±1.34 67.00±2.70 66.97±2.11 66.25±1.88 65.31±1.89 66.25±1.88 75.4575.4575.45±0.500.500.50
Cardio 92.24±0.40 92.17±0.23 81.45±0.08 92.37±0.32 92.10±0.32 90.76±0.39 90.92±0.37 92.5992.5992.59±0.330.330.33
Clinic 77.69±1.56 77.69±1.56 77.69±1.56 77.53±1.63 77.69±1.56 78.02±1.54 78.6578.6578.65±1.471.471.47 78.48±1.88
Credit 81.47±1.01 81.31±1.40 83.88±0.61 80.88±0.86 81.29±1.01 78.74±1.35 80.85±1.09 86.8386.8386.83±0.220.220.22
Ger 67.88±1.27 67.02±1.15 67.07±1.08 65.31±1.02 66.97±0.98 66.37±1.02 66.26±1.10 70.6270.6270.62±0.420.420.42
HCV 92.89±0.49 93.31±0.32 89.30±0.01 93.31±0.63 93.11±0.49 93.33±0.44 92.40±0.55 93.5893.5893.58±0.440.440.44
Heart 73.64±1.79 50.65±2.24 54.19±0.90 54.60±0.58 48.78±1.57 51.29±2.11 74.16±2.18 79.6179.6179.61±1.281.281.28
Horse 80.46±1.39 — 77.34±1.74 80.19±1.18 77.31±1.16 65.27±0.96 77.80±1.10 82.4182.4182.41±1.161.161.16
Obe 93.39±0.34 94.15±0.25 93.39±0.34 95.50±0.37 94.46±0.32 94.28±0.29 87.59±0.51 95.6595.6595.65±0.270.270.27
Predict 68.37±0.51 67.68±0.52 67.43±0.42 68.38±0.09 64.58±0.42 50.37±0.34 60.53±0.60 69.0969.0969.09±0.530.530.53
Thyroid 93.23±0.76 93.38±0.86 93.21±0.53 95.8895.8895.88±0.200.200.20 94.07±0.57 92.61±0.47 92.61±0.63 94.62±0.69
Average 80.83±1.09 79.45±1.08 77.82±0.99 79.87±0.87 78.65±1.02 75.98±1.02 79.15±1.12 83.8783.8783.87±0.780.780.78
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significance. Second, the dual-parameter adjustable fuzzy 
heterogeneous information granules exhibit strong adapt-
ability across diverse datasets while providing classifiers 
with more flexible candidate feature subsets.

Tables 6 and 7 present the actual performance of differ-
ent feature selection algorithms on nominal data. Here, FR-
NDM, FR-NDM1, and FR-NDM2 represent fuzzy rough 
fitting models embedded with δc, δ1

c  and δ2
c  respectively, 

where the highest classification accuracy for each dataset is 
indicated in bold font. From Tables 6 and 7, the following 
analytical conclusions can be drawn. 

1.	 Under the CART classifier, FR-NDM, FR-NDM1, and 
FR-NDM2 achieve the highest classification accuracy 
on 5, 4, and 3 datasets respectively. Among these, FR-
NDM shows the most significant classification perfor-
mance improvement (33.48%) on the NPHA dataset, 
while FR-NDM1 and FR-NDM2 attain their maximum 
performance enhancements on the Education dataset, 
with improvements of 49.49% and 38.45% respectively. 
Overall, our methods outperform other algorithms on 
11 datasets. Additionally, FRC attains the highest clas-
sification accuracy on 1 dataset.

2.	 Under the GNB classifier, FR-NDM, FR-NDM1, and 
FR-NDM2 achieve the highest classification accuracy on 
3, 6, and 5 datasets respectively. Notably, all three meth-
ods obtain their maximum classification performance 
improvement on the NPHA dataset, with accuracy gains 
of 97.18%, 60.92%, and 111.00% respectively. Collec-
tively, our methods demonstrate superior performance 
compared to other algorithms across 9 datasets. More-
over, FRC and IFIE achieve the highest classification 
accuracy on 2 and 1 datasets, respectively.

3.	 FR-NDM, FR-NDM1, and FR-NDM2 all achieve 
higher average classification accuracy than other algo-
rithms under both classifiers. Meanwhile, their overall 
performance remain comparable. For instance, under 

output a feature subset. In fact, only FScNCE produces no 
output on the Horse dataset, as it fails to identify any fea-
tures with internal significance greater than 0 during the ini-
tialization phase, resulting in an empty set. In subsequent 
calculations, we substitute the original classification accu-
racy of the Horse dataset for the missing FScNCE result. 
According to Tables 4 and 5, the following experimental 
results are obtained. 

1.	 Under the CART classifier, FR-NDM achieves the high-
est classification accuracy on 10 datasets. Among them, 
the Cancer dataset has the highest classification accu-
racy improvement of 13.89%. In addition, DRFFS and 
IFIE attain the highest classification accuracy on 2 and 
1 datasets, respectively.

2.	 Under the GNB classifier, FR-NDM achieves the high-
est classification accuracy on 9 datasets. Among them, 
the classification accuracy of the Predict dataset is 
improved the most, which is 207.52%. Besides, MFIGI 
attains the highest classification accuracy on 3 datasets.

3.	 Some algorithms fails to effectively eliminate redun-
dant features. For instance, under the CART classifier, 
MRNG is unable to select the optimal feature subset for 
both the Cancer and Clinic datasets. Similarly, under the 
GNB classifier, WAFS dose not improve the classifica-
tion performance for the Cancer, Clinic, Heart, and Obe 
datasets.

4.	 Our method achieves superior average classification 
accuracy compared to other algorithms under both clas-
sifiers, with scores of 83.87% and 79.23% respectively.

Comparative analyses on 12 heterogeneous datasets demon-
strate the superior performance of the proposed method over 
other algorithms. First, the introduced nominal distribution 
metric enhances the fuzzy lower approximation’s capabil-
ity to characterize decision uncertainty in heterogeneous 
data samples, thereby improving the evaluation of feature 

Table 5  Classification accuracy of heterogeneous data under GNB classifier
Datasets Raw data FScNCE WAFS DRFFS MRNG MFIGI IFIE FR-NDM
Auto 55.67±2.03 53.92±2.25 53.15±1.75 52.63±1.86 50.16±1.69 53.75±1.39 52.17±1.63 58.2858.2858.28±1.931.931.93
Cancer 43.17±0.71 43.21±0.58 43.17±0.71 43.01±1.09 43.17±0.71 40.33±0.89 43.17±0.71 73.0373.0373.03±0.950.950.95
Cardio 51.26±0.71 84.30±0.12 22.66±0.50 81.10±0.14 82.42±0.10 84.7384.7384.73±0.110.110.11 80.78±0.18 84.52±0.10
Clinic 76.44±0.51 82.13±0.62 76.44±0.51 78.63±0.82 82.13±0.62 82.8182.8182.81±0.720.720.72 76.44±0.75 82.61±0.61
Credit 71.36±0.72 75.52±1.23 75.91±0.86 80.47±0.92 75.91±0.86 81.20±1.08 72.10±1.35 86.3786.3786.37±0.000.000.00
Ger 67.46±0.77 67.90±1.30 68.40±0.86 69.85±0.17 67.24±0.56 64.48±0.64 64.90±0.86 73.0973.0973.09±0.490.490.49
HCV 88.63±1.47 92.67±0.28 83.43±0.62 92.43±0.19 93.34±0.30 93.8093.8093.80±0.250.250.25 86.85±1.35 93.31±0.35
Heart 82.16±1.20 35.16±2.23 82.16±1.20 55.15±0.57 33.71±2.44 33.22±1.79 81.81±1.51 84.5384.5384.53±0.810.810.81
Horse 40.64±1.01 — 78.86±0.32 78.94±0.64 78.70±0.25 71.09±0.79 80.00±0.56 84.5984.5984.59±0.320.320.32
Obe 53.80±0.61 54.13±0.59 53.80±0.61 60.18±0.33 59.86±0.50 55.11±0.26 54.13±0.59 62.3562.3562.35±0.270.270.27
Predict 23.54±0.17 33.02±0.12 23.42±0.16 67.86±0.00 24.61±0.64 29.75±1.07 22.84±0.12 72.3972.3972.39±0.110.110.11
Thyroid 92.31±0.51 92.99±0.98 93.31±0.44 94.93±0.41 92.99±0.98 94.25±0.37 94.72±0.34 95.7495.7495.74±0.230.230.23
Average 62.2±0.87 62.97±0.94 62.89±0.71 71.26±0.6 65.35±0.8 65.38±0.78 67.49±0.83 79.2379.2379.23±0.510.510.51
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the CART classifier, their average classification accura-
cies reach 83.19%, 83.46%, and 83.40% respectively.

Comparative experiments on 12 nominal datasets with 
six algorithms demonstrate that our three methods exhibit 
superior performance in classification tasks. Unlike most 
algorithms that produce limited outputs and fail to pro-
vide optimal feature subsets for different classifiers (with 
the exception of FRC, which allows parameter tuning), 
FR-NDM, FR-NDM1, and FR-NDM2 enable finer-grained 
mining of fuzzy similarity relations among samples under 
nominal attributes. By adjusting parameter σ, our methods 
can generate more diverse feature subsets for classifiers. 
Furthermore, the improved fitting fuzzy lower approxima-
tion derived from (16) enhances the accuracy of the fuzzy 
dependency function in feature evaluation, thereby strength-
ening FRS’s capability to identify significant features.

Tables 8 and 9 present the sizes of optimal feature sub-
sets obtained by different feature selection algorithms on 
heterogeneous data and nominal data, respectively. The last 
row in each table displays the average optimal feature sub-
set size across all datasets for each feature selection algo-
rithm, with the results rounded to integers (decimal places 
removed). Based on these two tables, we observe the fol-
lowing findings. 

1.	 On the same dataset, the optimal number of feature 
subsets corresponding to different classifiers is differ-
ent in most cases. For example, in heterogeneous data, 
the optimal feature subsets required by CART and GNB 
differ across 9 datasets when using the feature subsets 
provided by FR-NDM.

2.	 Different feature subsets may yield identical classifi-
cation performance. As demonstrated in nominal data, 
while FR-NDM and FR-NDM1 generate optimal fea-
ture subsets of size 6 for the Mush dataset under CART 
classifier, both FRC and FR-NDM2 produce subsets of 
size 7—yet all achieve 100.00% classification accuracy.

3.	 In heterogeneous data, our method achieves an average 
optimal feature subset size of 9 under both classifiers, 
which is smaller than those of FScNCE, WAFS, and 
IFIE. In nominal data, among the fuzzy rough fitting 
model embedded with different nominal distribution 
metrics, FR-NDM performs the best, yielding aver-
age optimal feature subset sizes of 10 and 11 under the 
CART and GNB classifiers, respectively. These values 
are smaller than those obtained by FRC, FScNCE, and 
IFIE.

In summary, whether it is heterogeneous data or nominal 
data, our method can obtain a relatively small number of 
feature subsets to improve or preserve the classification 
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accuracy of the raw data. Therefore, the proposed fuzzy 
rough fitting model with nominal distribution metric embed-
ding presents a feasible solution for feature selection in clas-
sification tasks.

4.3  Parameter sensitivity analysis

The size of fuzzy information granule can be controlled 
indirectly by modifying the parameters λ and σ, so the 
final feature subset may be very different. This section will 
analyze the relationship between parameters, classification 
accuracy, and reduction rate.

First, we investigate the impact of parameters σ and λ on 
the classification accuracy of heterogeneous data under the 
GNB classifier, as illustrated in Fig. 2. The detailed analysis 
is presented as follows. 

1.	 The performance of certain datasets exhibits significant 
sensitivity to parameter σ within specific ranges. For 
instance, in the Thyroid dataset, classification accuracy 
decreases sharply as parameter σ increases from 0.3 to 
0.6. In contrast, classification accuracy remains rela-
tively stable with variations in parameter λ when σ is 
held constant. Similar patterns are observed in both the 
Cancer and Heart datasets.

2.	 As can be seen in Fig. 2(c), the dataset Cardio is sen-
sitive to a certain range of parameters λ. When the 
parameter σ is unchanged, the classification accuracy 
increases sharply with the parameter λ increasing in the 
range of [0.7, 1.0] and [2.2, 2.5]. However, when λ is 
fixed, its classification accuracy only fluctuates slightly 
as σ changes.

3.	 For the dataset Ger, its classification accuracy fluctuates 
unordered with the change of parameter σ, while the 
dataset HCV is affected by parameter λ. These results 
are attributed to the influence of the distribution and 
characteristics of the datasets itself.

4.	 The classification accuracy of datasets Auto, Clinic, 
Credit, Horse, Obe, and Predict exhibits significant fluc-
tuations in response to variations in parameters σ and λ. 
Nevertheless, near-optimal classification performance 
can be achieved across most parameter combinations.

In summary, the classification accuracy of heterogeneous 
data is indeed influenced by parameters σ and λ, with differ-
ent datasets exhibiting varying sensitivities to these param-
eters. In fact, εa in (14) serves as the neighborhood radius, 
and parameter λ controls the size of fuzzy information 
granules by adjusting this radius. Previous studies [20, 48] 
have confirmed that this mechanism significantly impacts 
the results of feature subset selection. Moreover, with 
the incorporation of parameter σ, the output of FR-NDM 
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demonstrates greater diversity, indicating that our method 
can provide classifiers with a wider range of candidate fea-
ture subsets. Therefore, how to efficiently and accurately 
determine the optimal parameter combination for σ and λ 
remains an important issue worthy of further investigation.

Then we explore the influence of parameter σ on the fea-
ture subset of nominal data and the classification accuracy. 
Figure  3 illustrates the reduction rate of FR-NDM2 and 
the classification accuracy of its feature subsets under two 
classifiers as parameter σ varies. The graphs drawn using 
FR-NDM as well as FR-NDM1 are roughly equivalent to 
FR-NDM2. Moreover, the reduction rate is calculated as 
follows:

Reduction rate = |C| − |R|
|C| � (21)

where R represents the reduction set R output in Algo-
rithm 1, and C is the conditional attribute set, that is, all the 
features in the dataset.

As shown in Fig. 3, with the increase of parameter σ, the 
reduction rates of different datasets show different changing 
trends. For datasets Chess, NPHA and SPECT, the reduc-
tion rate gradually increases as the parameter σ increases. 
For datasets Education, Lym and Mush, the reduction rate 
first decreases and then increases. According to Fig. 3, the 
following analysis results can be obtained. 

1.	 Although parameter σ significantly influences feature 
selection results, certain datasets (e.g., Audio, Mush, 
Risk, SPECT, Soybean, and Zoo) can achieve con-
sistently high classification accuracy within specific 
ranges of σ.

2.	 By adjusting the parameter σ, a smaller subset of features 
can be obtained while maintaining or even improving 
classification performance. For the Education dataset, 
when σ exceeds 0.5, the classification accuracy initially 
increases slightly and then stabilizes. Additionally, for 
the SPECT dataset, when A ranges from 0.3 to 0.6, the 
reduction rate continues to increase, whereas the CART 
classification performance remains unchanged.

3.	 As the reduction rate increases, the classification accu-
racy of certain datasets (e.g., Chess, Lym, and NPHA) 
declines but eventually stabilizes. This suggests that 
excessive attribute elimination leads to information loss, 
which negatively impacts classification performance.

In general, there is no absolute correlation between the 
reduction rate and classification performance, which can be 
attributed to the diversity of data. Additionally, the impact 
of parameter σ variation is notably significant. Therefore, 
for most nominal datasets, we recommend narrowing the 
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tuning range of parameter σ to [0.05, 0.5]. This adjustment 
can effectively reduce search time while maintaining a high 
probability of obtaining optimal feature subsets for different 
classifiers.

4.4  Statistical test

Friedman test  [52] and Nemenyi test  [53] are used to test 
whether there are significant differences in the experimental 
results. Suppose that there are k comparison algorithms and 
N datasets, the Friedman statistic is defined as follows:

χ2
F = 12N

k (k + 1)

(
k∑

i=1
R2

i − k (k + 1)
4

)
� (22)

and

FF = (N − 1) χ2
F

N (k − 1) − χ2
F

� (23)

where Ri is the average rank of the ith algorithm across 
all datasets, and FF  is the F-distribution with (k − 1) and 
(k − 1)(N − 1) degrees of freedom. Moreover, the null 
hypothesis posits that no significant statistical difference 
exists between the experimental methods.

In this study, each experimental group involves 6 com-
parison algorithms and 12 datasets, yielding k = 7 and 
N = 12. With the significance level set at 0.1, the critical 
value is calculated as 1.87. Furthermore, the chi-square dis-
tribution table gives χ2

F (6) = 10.65. Based on these values, 
we conduct Friedman tests for the proposed methods, where 
FR-NDM, FR-NDM1, and FR-NDM2 are separately com-
pared with other algorithms in nominal data. All test results 
are presented in Tables 10, 11, 12 and 13. Table 10 dem-
onstrates that for heterogeneous data, FR-NDM achieves 
the highest ranking under both CART and GNB classifiers, 
with χ2

F  exceeding χ2
F (6) and FF  surpassing the critical 

value. Tables 11 to 13 present the Friedman test results of 
FR-NDM, FR-NDM1, and FR-NDM2 compared with other 
algorithms on nominal data, respectively. It can be observed 
that our three methods achieve the highest classification 
accuracy rankings under both classifiers. Similarly, χ2

F  and 
FF  are larger than χ2

F (6) and critical value. Consequently, 
we reject the null hypothesis, confirming that the proposed 
methods exhibit statistically significant differences com-
pared to other algorithms in both heterogeneous and nomi-
nal data scenarios.

Further, we use the Nemenyi test to explore the dif-
ferences between our approaches and other methods. In 
the Nemenyi test, the critical distance (CD) is defined as 
follows:
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Table 10  Friedman test of different feature selection algorithms on heterogeneous data
Algorithms Average ranks χ2

F
FF χ2

F (6) Critical value

FScNCE WAFS DRFFS MRNG MFIGI IFIE FR-NDM
CART 3.63 4.71 3.42 4.51 5.38 5.13 1.21 31.44 8.53 10.65 1.87
GNB 4.29 5.00 3.67 4.63 3.92 5.17 1.33 25.88 6.17

Fig. 3  Trend of classification accuracy and reduction rate with parameter σ in nominal data of FR-NDM2

 

Fig. 2  Variation trend of classifica-
tion accuracy of heterogeneous 
data with parameters σ and λ under 
GNB classifier
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against other algorithms using the CART classifier. Similarly, 
Figs. 5(d) to 5(f) show the Nemenyi test results of FR-NDM, 
FR-NDM1, and FR-NDM2, respectively, against other algo-
rithms using the GNB classifier. It can be visually observed 
that regardless of which nominal distribution metric is embed-
ded in the FRS model, its performance significantly outper-
forms LDP, FScNCE, MRNG, and MFIGI. In summary, the 
proposed method exhibits nice performance and superiority 
across both heterogeneous and nominal data scenarios.

5  Conclusion

In this paper, a fuzzy rough fitting model with nominal dis-
tribution metric embedding is proposed. The proposed model 
considers both the distribution characteristics and decision 
tendencies of samples when calculating fuzzy similarity for 
nominal data, while ensuring that each sample attains maxi-
mum membership degree within its corresponding decision 
category. Then, a feature selection algorithm is designed 
based on the new model and compared with other 8 feature 

CDa = ρa

√
k (k + 1)

6N
� (24)

 where ρa is the critical value of the two-tailed Nemenyi 
test and is equal to 2.693 when the significance level a is 
0.1 [53]. Therefore, we calculate the CD as 2.3750.

Based on the average ranks presented in Tables 10 to 13, 
we construct Nemenyi test diagrams comparing different 
algorithms under two classifiers, as shown in Figs. 4 and 5. 
In these diagrams, when the vertical dashed line at the end of 
FR-NDM’s critical distance intersects with other algorithms, 
it indicates no statistically significant superiority. Figure 4(a) 
demonstrates that in the CART classification experiments 
on heterogeneous data, FR-NDM significantly outperforms 
WAFS, MRNG, MFIGI, and IFIE. Figure  4(b) shows that 
under the GNB classifier, FR-NDM achieves significant 
superiority over FScNCE, WAFS, MRNG, MFIGI, and IFIE. 
Figure 5 presents the Nemenyi test results comparing the pro-
posed method with other algorithms on nominal data. Spe-
cifically, Figs. 5(a) to 5(c) display the Nemenyi test results 
of FR-NDM, FR-NDM1, and FR-NDM2, respectively, 

Table 11  Friedman test of FR-NDM versus other feature selection algorithms on nominal data
Algorithms Average ranks χ2

F
FF χ2

F (6) Critical value

FRC LDP FScNCE MRNG MFIGI IFIE FR-NDM
CART 3.13 5.08 4.00 5.50 5.54 3.38 1.38 35.61 10.76 10.65 1.87
GNB 3.00 4.42 4.50 5.25 5.63 3.54 1.67 29.01 7.42

Table 12  Friedman test of FR-NDM1 versus other feature selection algorithms on nominal data
Algorithms Average ranks χ2

F
FF χ2

F (6) Critical value

FRC LDP FScNCE MRNG MFIGI IFIE FR-NDM1

CART 3.08 5.08 4.00 5.50 5.54 3.38 1.42 35.24 10.55 10.65 1.87
GNB 2.92 4.42 4.50 5.25 5.63 3.54 1.75 28.47 7.20

Table 13  Friedman test of FR-NDM2 versus other feature selection algorithms on nominal data
Algorithms Average ranks χ2

F
FF χ2

F (6) Critical value

FRC LDP FScNCE MRNG MFIGI IFIE FR-NDM2

CART 3.08 5.08 4.00 5.50 5.54 3.46 1.33 36.12 11.07 10.65 1.87
GNB 3.00 4.42 4.58 5.25 5.63 3.54 1.58 30.26 7.97

Fig. 4  Nemenyi test for differ-
ent feature selection methods on 
heterogeneous data
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selection algorithms on 24 UCI datasets. The experimental 
results demonstrate that our proposed model improves clas-
sification performance and effectively removes redundant 
features. Furthermore, this work systematically examines 
parameter sensitivity on experimental outcomes and pro-
vides specific parameter tuning guidelines for nominal data 
processing. In future research, different distance metrics for 
nominal data could be further explored to enhance the feature 
selection performance of FRS in heterogeneous and nominal 
datasets. Additionally, under scenarios with missing labels, 
investigating how to mine similarity or dissimilarity relation-
ships among nominal data would constitute meaningful work.
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