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Abstract—High-dimensional and weakly supervised (HiDWS)
data present significant challenges for traditional machine learn-
ing and pattern recognition. Although semi-supervised feature
selection has shown effectiveness in improving the quality of
HiDWS data, existing methods remain sensitive and lack robust-
ness due to the unreliability of unlabeled data learning and the
uncertainty in modeling processes. Hence, this study focuses on a
multi-granularity zentropy modeling (Ze-MGM) framework with
model-agnostic for highly-accuracy and robust semi-supervised
feature selection. Unlike existing methods, Ze-MGM does not rely
on specific settings such as rough or fuzzy set assumptions and
can effectively capture the granularity of information under high-
dimensional and weakly supervised data scenarios. Specifically,
we first introduce a strategic soft label (S2—Label) learning
method that integrates object proximity and classification cer-
tainty to reduce uncertainty between features and labels. This
method also enables the selection of compatible instances, thereby
mitigating the negative impact of incompatible objects on label
learning. Subsequently, a multi-granularity knowledge space and
zentropy uncertainty measure are constructed by analyzing the
hierarchical relationships among labels, decisions, and specific
classes, which enables accurate multi-granularity knowledge rep-
resentation and multi-granularity uncertainty characterization in
HiDWS data modeling processing. Finally, two multi-granularity
significance measures based on multi-granularity uncertainty
are defined for feature evaluation and selection via a semi-
supervised paradigm. Extensive experiments on multiple bench-
mark datasets demonstrate that the proposed Ze-MGM method
achieves superior generalization performance and robustness
compared to state-of-the-art methods.

Index Terms—Granular computing; semi-supervised learning;
feature selection; data mining; uncertainty

I. INTRODUCTION

OW-QUALITY data is increasingly becoming a com-
monplace challenge in data science and machine learn-
ing [1], [2]. Highly accurate extraction of reliable patterns and
knowledge from this low-quality data is a hot and challenging
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problem in intelligent data analysis processing [3]-[5]. In
practice, low-quality data often exhibit complex characteristics
such as multimodal diversity, high-order correlations, and
continuous evolution, which significantly increase uncertainty
in data processing and model construction [6], [7]. Particularly,
the phenomenon of missing labels, also called HIDWS data,
further enhances learning challenges due to human errors in
record-keeping, high acquisition costs, and sensing technology
constraints [8]-[10]. This issue is particularly prevalent in
high-dimensionality scenarios. Consequently, effectively ex-
ploiting the latent structure of unlabeled data is necessary for
robust and generalizable modeling.

Semi-supervised learning (SSL) has shown strong potential
by jointly utilizing labeled and unlabeled samples [11]-[13].
Within SSL, semi-supervised feature selection (SSFS) is par-
ticularly effective for high-dimensional data reduction, as it
combines supervised guidance with structural insights from
unlabeled data [14]-[17]. Despite its success, SSFS still faces
two significant challenges: (1) High sensitivity to the quality
of unlabeled data, as the effectiveness of model training
is significantly affected by the unlabeled data structure and
the pseudo-labels reliability; and (2) Limited robustness in
feature selection, since the inherent uncertainty in both data
structure and the modeling process makes it difficult to ensure
stable and accurate assessments of feature evaluation, often
resulting in suboptimal feature subsets. Therefore, developing
an effective and robust approach to mitigate the inherent uncer-
tainty while fully exploiting data structure in HIDWS becomes
essential for advancing semi-supervised feature selection.

To address the first challenge, several studies exploit ge-
ometric and statistical structures resulting from unlabeled
data [18]-[21]. For example, Sheikhpour et al. [20] enhanced
structure modeling via Hessian-based graphs. Li et al. [21]
extended the uncorrelated constraint framework based on
ridge regression, where unlabeled samples provide geometric
structural information. Others adopt metric-adaptive strategies
using discernibility matrices or correlation measures [22], [23].
However, most fail to capture implicit relationships between
labeled and unlabeled samples. In contrast, pseudo-labeling
methods offer better integration. Techniques include spatial
filtering [24], binary hashing [25], and fuzzy rough sets [26].
Nevertheless, these methods suffer from two main issues: (1)
Inter-class consistency assumption: They primarily focus on
intra-class similarity or membership degrees while neglecting
inter-class variability and the underlying data distribution,
potentially introducing bias in label inference; and (2) Sample
compatibility assumption: The assumption that all samples
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are equally compatible and necessary for label propagation
is inconsistent with real-world scenarios, which can degrade
the accuracy of unlabeled data learning and model robustness.
Therefore, a more effective label learning method that explic-
itly accounts for intra-class diversity and sample compatibility
is crucial for enhancing learning effectiveness in partially
labeled data.

To address the second challenge, recently efforts integrating
uncertainty quantification have been proposed to enhance
SSFS robustness [27]-[33]. For instance, Goffo et al. [28]
designed a graph-based framework capturing feature relevance
and redundancy via label mutual information. In unsupervised
settings, Li et al. [33] leveraged Bayesian variational learning
to model uncertainty. In particular, multi-granularity comput-
ing methods offer a new perspective on uncertainty measure
by simulating human cognitive and reasoning mechanisms
across multiple granularity levels when handling complex
problems [34]-[39]. Zhang et al. [34] proposed combination
entropy on similarity for heterogeneous data. Xu et al. [35]
introduced a composite entropy tailored to distributions for
feature evaluation. To support multi-scale data, Sang et al. [38]
developed fuzzy rough combination entropy on a optimal scale
for feature selection. Moreover, Yuan et al. [39] investigated
a zentropy-based measure that integrates the granularity struc-
ture of rough sets for attribute reduction. Additionally, granular
ball-based approaches [40], [41] have emerged, combining
clustering and granularity for efficient selection. Although
these uncertainty-aware methods have demonstrated promis-
ing results, two key issues remain: (1) Assumption-specific
modeling: Existing uncertainty modeling strategies, such as
approximation accuracy in rough set, belief and plausibility
in Dempster-shafer theory, confidence interval in probabilistic
graph, are often limited to specific modeling assumptions,
which hinders their generalizability in diverse domains and
learning paradigms; and (2) Single granular level modeling:
Most approaches focus on modeling uncertainty at a single
granularity level, overlooking the hierarchical structures and
interactions inherent in both data and models. Therefore,
developing a generalizable and robust multi-granularity un-
certainty modeling framework is critical for high-dimensional
and weakly supervised learning scenarios.

Inspired by the preceding discussion, this paper introduces a
generalizable multi-granularity zentropy modeling framework
focusing on the perspective of multi-granularity uncertainty.
This approach enables robust and effective feature selection by
capturing uncertainty across different granularities. The main
contributions of the study are as follows:

1) A generalizable multi-granularity modeling frame-
work: We develop a multi-granularity zentropy model-
ing framework with model-independent for knowledge
acquisition quantitation in HIDWS data, which breaks the
limitations of specific model-dependent in granular com-
puting by the multi-granularity modeling in the intrinsic
data structure.

A novel soft label strategy learning method: We
provide a new S2—Label method based on strategic
object selection and evaluation to enhance label inference
accuracy in semi-supervised learning. Compared with

2)

the existing boolean and soft learning methods, it has
a more precise and robust ability to label learning by
jointly considering data multi-granularity distribution and
uncertainty.

An effective zentropy uncertainty measure mecha-
nism: We propose a zentropy uncertainty measure based
on multi-granularity knowledge space, which can explic-
itly analyze and measure uncertainty in HIDWS data. It
is a generalized and principled approach that significantly
enhances knowledge quantification capability by consid-
ering the granularity of hierarchy and interaction.

A robust semi-supervised feature selection strategy:
We design a robust feature selection strategy based on
Ze-MGM, which effectively reduce the redundant fea-
tures’ impact and improve HiDWS data quality. Extensive
experiments on benchmark datasets demonstrate its high-
accuracy and robustness compared with other methods.

3)

4)

The remainder of this paper is organized as follows. Section
IT reviews and analyzes the related work. Section III introduces
some basic concepts. The proposed Ze-MGM is presented in
Section I'V. Section V describes the multi-granularity reduction
strategy for partially labeled data. Experimental results and
analyses are provided in Section VI. Finally, Section VII
concludes the paper and outlines future research directions.

II. PRELIMINARIES

Considering that the proposed Ze-MGM leverages the multi-
granularity zentropy modeling to address the challenge of
partial label feature selection, this section provides a brief
overview of the fundamental concepts related to HiDWS,
information granulation, and zentropy modeling, with more
detailed discussions available in [42]-[44].

A. Problem Definition

The high-dimensional and weakly supervised data can be
represented as a triplet HiDW .S = (O, AU L), where:

e O = OF U OV represents the universe consisting of
n objects, with OF = {x;}I'*, denoting the set of

labeled objects and OV = {z; }i2, representing the set
of unlabeled objects.

e A={ai,as,...,a,} is the set of conditional features.
For any a € A and z € O, a(x) denotes the feature value
of object x with respect to feature a.

o L =LYULY is the decision label set corresponding to
O, where £ contains the labels for the objects in OF,
and LY contains the labels for the objects in OV. For
any = € OY, the decision label £Y () is marked as *.

With respect to the label information, the labeled objects are

divided into classes as OF /Ll = {Y},Y5,...,Y,}. Without
loss of generality, we assume that no new class label in £Y
differs from those in £”. When the unlabeled object set OV
is empty, the partial decision system is called supervised data.

To improve model performance and reduce computational

complexity in HIDWS data, feature selection has been widely
studied as a crucial technique. From an information theoretic
perspective, the objective is to identify a feature subset that
minimizes uncertainty, which can be formulated as follows.
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Definition 1. [42] Given a HiDWS = (O, AUL). Let S*
be a subset of A. It is considered optimal if it satisfies:

J(S),

min
SCA,|S|<m

S* = arg (1

where [J is an uncertainty evaluate function.

In practice, exhaustively searching for the global optimal
solution is highly time-consuming or infeasible. Therefore, it
is common to seek a locally optimal solution S* that achieves
a better evaluation score than the initial candidates in J.

B. Multi-granularity Knowledge Characterization

Information granules are the basic units that intuitively
characterize complex problem constructs, which play a fun-
damental role in cognitive learning and decision activities.
Among various granulation techniques, the fuzzy similarity
relation provides an intuitive and practical approach and has
been extensively utilized in supervised, semi-supervised, and
unsupervised learning scenarios.

Definition 2. [42] Given a HiDW S = (O, AUL). For any
B C A, the relation Rg : O x O — [0,1] is called a fuzzy
similarity relation on B if it satisfies the following properties:

1) Reflexivity: Yo € O, Rg(z,x) = 1;

2) Symmetry: Vx,y € O, Rp(z,y) = Ri(y, ).

For any x € O, the fuzzy similarity object granule of = in

terms of B is expressed as:

ohra(o2) | Lol (on)

T2 T

[#]Rs (1)

+ 2

[:C]RB =

where [z]r,(z;) = Rp(x,z;) represents the membership
degree of object z; (i = 1,2,...,n) to granule [z]r,. The
cardinality of the granule, denoted as |[x]r,|, is computed as:

Hx]RB‘ = Z[‘r]RB(xl)

i=1

3)

The fuzzy object granules of O induced by the similarity
relation R are collectively represented as:

“4)

In practical applications, fuzzy granulation methods based
on distance functions are commonly employed due to their
intuitive and computationally efficient characteristics. Let 5 C
A and for all z,y € O, consider the fuzzy similarity relation
defined by Rp(z,y) = e~95@¥) where dg(x,7) represents
the distance between x and y induced by B. For any subset
C C B C A, the fuzzy object granules exhibit variations in
granulation thickness, such that ggg - ggc.

g’gs = {[‘rl}sz [‘TQ]RBv ) [xn]Rs}'

C. Zentropy in Rough Sets

Entropy [45], defined on a given probability distribution, is
an effective tool for characterizing systems uncertainty. How-
ever, it operates under single-level conditions, which limits the
capture of the multi-granularity structure inherent in knowl-
edge acquisition and computational processes. The zentropy
measure relying on rough sets was introduced to address this
limitation, as illustrated in Fig. 1, extending traditional entropy

concepts to handle multi-level structures [44], [46]. This ap-
proach has proven particularly successful in thermal negative
expansion of F'egPt and uncertainty measurement [46], [47].
In a decision information system Z = (O, AUL), the zentropy
measure is designed to characterize uncertainty under the
rough set context.

Levelm| 1 | 3 | o | ° | ) |
@) < i
ot [[[FE [FFFE  EREH
Level g 1 I ° | * | ° | U |
(b) ﬁ ﬁ
Levelm| 1|efe|e]|s | | Lis|e|e|s | n!n
Fig. 1. Relationship among multiple levels. (a) At level m, there are s

subconfigurations, where each subconfiguration can be decomposed into finer
subconfigurations at level g. (b) Similarly, each subconfiguration at level g
determines the overall performance of configurations at coarser level m.

Definition 3. [44] Given a T (O, A U L), where
O/L = {N,Ys,...,Ys} Forany BC AandY; € O/L,
the neighborhood lower and upper approximations of Y; are
defined as follows:

Rp(Yi) = {z € O|Nj(z) C Yi},
Ri(Yi) = {z € O|N3(z) NY; # 0}.
where Nj(z) = {y € Oldg(z,y) < 6} is the neighborhood

similarity class of x under B. The pair < Rg(Y;), Rp(Y;) >
is called neighborhood approximation space.

&)

As pointed out in [44], the rough approximation process
is influenced by four granular levels, gradually refining from
the target decision to the approximation set, similarity class,
and specific objects. To accurately capture the information
presented at different levels, the zentropy measure is proposed.

Definition 4. [43] Given a T = (O, AU L), where O/L =
{Y1,Yo,....Ys}. For any B C A and Y; € O/L, with
< Rp(Y:),Rp(Y:) > being the neighborhood approximation
space, the zentropy measure is defined as follows:

S S
23(0) ==Y pilogpi + > _prZi, (6)
i=1 i=1
where — Y "_, p;logp; is the external entropy, reflecting the
current information. The Z; denotes the internal entropy of
the i-th granule, which can be further decomposed using the
same formula as in Eq. (6) at finer levels.

In uncertainty measure and feature selection, this zentropy
measure has shown strong robustness and effectiveness in
multi-granularity data analysis [43], [44]. However, it is sub-
ject to two primary limitations: (1) it is inherently restricted to
fully labeled datasets, which hinders its applicability in sce-
narios involving partial label learning; and (2) it is constrained
by the specific rough approximation process, resulting in high
computational complexity and a lack of generalizability, thus
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restricting its broader applicability across various domains.
Therefore, a universal framework that can accommodate par-
tial label learning while enhancing computational efficiency
and generalization across diversion is necessary.

III. MULTI-GRANULARITY ZENTROPY MODELING

Considering the inherent multi-granularity characteristic
in data processing and modeling, this section introduces a
multi-granularity zentropy model for high-dimensional and
weakly supervised data. Compared with existing methods, the
proposed framework enhances robustness and effectiveness,
offering a generalizable solution across diverse scenarios.

A. Strategic Soft Label Learning Method

This subsection introduces a label learning method for
HiDWS data that involves two key steps: 1) a strategic
selection mechanism for identifying data points compatible
with the labeled data distribution and 2) a soft learning method
for handling unlabeled data.

The first step selects a compatible subset of unlabeled data,
OY, C OY, where compatibility refers to the lower proximity
of objects to the existing decision classes in the feature space.

Definition 5. Given a HiDWS = (O, AU L), where O =
OF U OY and OF/LF = {Y1,Ys,...,Ys}. The compatible
objects can be formulated as follows:

b = {2 € 07| A@) - AW lla < a(¥;),3Y; € 0" /L,
@)

where ||-|| 4 denotes the Euclidean distance on the feature set

A A,

i) and G A(Y;) are the mean and standard deviation,
respectively, of j—th class Y; within the A.

By removing out-of-distribution objects from OY, we con-
struct a strategically selected universe O = OF U oY, as
defined above. Here, out-of-distribution refers to objects that
are located far from all decision classes in the feature space. In
the second step, a soft label learning method is applied to these
"friendly" objects, effectively utilizing information within the
weakly supervised data.

Definition 6. Given a HiDWS = (0", AU L), where O’
ot u oY, and OL/ﬁL = {N,Ys,...,Ys}. Forany Y; €
OL/cl and x € OY,, the classify certainty of x to Y; is
computed as follows:

sub’

lla(z)—a(y)ll A
TF64(Y)

ZyGYj e
Y] ’

where |Y;| is the cardinality of objects in Y.

2(Y;) = ®)

Then, the classify certainty of x to each decision class can
be obtained as

o7 = {27(V1), 2(Y2), ..., DL(Y5)}- ©)

From the above equations, this defined certainty measure
considers the similarity between z and other objects in the
same class Y; and the intra-class distribution, thus providing a
comprehensive method for handling unlabeled data. Moreover,
considering the differences among different classes, the inter-
class separation is further refined to classify certainty.

Definition 7. Given a HiDWS = (O', AUL) , where O’
oL u oY, and OV /Lt = {Y1,Ya,...,Ys}. For any Y; €

Ol /Ll and x € OY,,, the refined classify certainty of x to
Y; is computed as follows:
PO (Y

iz 22(Yi)

Based on the above definitions, the soft label for object
r € OY, can be computed as:

(1)

Thus, the soft label vector for z € OU . is defined as
LY(z) = {Y1(z )s Yz( )y ..., Yys(z)}. Similarly, for x € OL,
the label vector L (x) Will be a unit vector with s dimensions,
where Y () = 1 if CL( ) =Y}, and 0 otherwise. All the label
vector of objects in O is recorded as L.

Algorithm 1: S2-Label learning algorithm

Input : HiDWS = (0, AU L).
Output : The strategically selected O and soft label L.
Initialize O , = 0;
Step I: Strategic selection mechanism
for Y; € OF /LT do

‘ Calculate class center A(Y;) and standard deviation & 4 (Y;);
end
for z € OV do

if | A(z) — A(Yj)ll.a < 6.4(Y;)0 then
| "%, = 08, Ua:
end

end
o' =0ty OU ;
Step II: Soft label learnmg approach
for z € O’ do
if z € OY then
for Y; € OF /LT do
16 ‘ Calculate ®,(Y;) according to Eq. (10);
17 end
18 Calculate Y;(x) according to Eq. (11);
19 end
20 if z € O then
21 for Y; € OF /£ do
2 Y;(z) = 1 when £ ()
23 Y;i(x) = 0 when £E(x)
24 end
25 end
26 L(z) = {Yi(x),Ya(z),...
27 end

sub

O 7 SRR SR

T = T
bR R T =

=Y
# Y

»Ys(a)}.

The S2-Label learning approach provides a more informa-
tive and nuanced alternative to Boolean labels. By consider-
ing the class standard deviation and comparing the relative
classification certainty of the current class with that of other
classes, it effectively captures both the intra-class distribution
and inter-class separation. The detailed process is illustrated
in Fig. 2 and Algorithm 1. In step I, this strategic selection
reduces semi-supervised learning errors by excluding out-of-
distribution or "unfriendly". The time complexity of this step is
O(nym+mngsm), where n; is the number of labeled samples,
ng is the number of unlabeled samples, m is the feature
dimensionality, s is the number of class centers. Meanwhile,
in step II, soft labels are assigned to the n, selected unlabeled
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instances by jointly considering intra-class similarity and inter-
class separation across s classes, which has a complexity of
O(nksm). Therefore, the whole time complexity of S2-Label
learning algorithm algorithm is O(nym + (ny 4 ny)sm).

Fig. 2. S2-label learning process. The labeled data in OL is first partitioned
into s granules. Subsequently, compatible objects are identified by difference
criteria defined by Eq. (7). Finally, the soft labels are derived based on the
intra-class distribution in Eq. (8) and inter-class separation in Eq. (10).

B. Multi-granularity Knowledge Space Construction

Multi-granularity computing has emerged as a method that
collaborates across multiple levels of granularity to discover
the latent knowledge within data. To comprehensively capture
the granularity information in HiDWS data, this subsection
presents the multi-granularity knowledge space construction
through relation granulation.

Definition 8. Given a HiDWS = (O', AU L), where O =
OLuOY ,and L = LXULY. The universe O’ can be observed
at the first granularity level based on label information, which
induces the following granulation:

G'(£) = {G1(£),G2 (L)},

where GHL)={z e O | L(x) e LEY and GA(L) = {z €
O | L(x) ¢ LY.

Specifically, for each granule G} (£) € G*(L), where i =
1,2, the granule is further refined as follows:

12)

where G7(Yj;) = Y{iig;l) + %5722) + -+ % represents

the j-th decision granule at the second granularity level. Here,
Yj(z,) is the soft label of x, € O associated with Y;, as
defined in Def. 7.

Furthermore, by examining the relationships among the
objects, each decision granule can be further refined.

g’?j(Y?) - {g?jl(xl)’ g?jQ(x2)a ceey g?jw(xw)}a
where j = 1,2,...s, w being the object number in the granule

A A
G2(Y;). G () = [, ]y, = DAZnm) y RAGws) 4y

1 Z2

(14)

Ra@r2g1(c)) A -
——————, and Rj(z,,2;) = 0 when it lower than A.
1o} (e)]

Here, the binary relation R 4 is defined as follows.

lla(z)—a(y) 1%

Ry(z,y)=e " = (15)

where §2 is an adjustment parameter that controls the sensi-
tivity of the similarity measure.

According to [48], setting §2 as the 20th percentile of
lla(z) — a(y)||’, computed over all object pairs (z,y) €
gfj(Y]) provides robustness against outliers and ensures lo-
cal adaptability. Following this strategy, the resulting object
granules remain stable and well-structured, thus enhancing the
reliability of the multi-level granule construction process.

The above Def. 8 outlines the multi-granularity knowledge
space construction, including the label, decision, and object
hierarchical levels. Unlike existing approaches, the proposed
framework avoids reliance on specific models and exhibits
greater generalizability when applied to HIDWS data. Several
theoretical properties are established to investigate further how
the multi-granularity knowledge space evolves with respect to
the feature space and the parameter A\ as follows.

Property 1. Given a HIDWS = (O', AU L), where O' =
oLl u oY, and OV /LY = {YV1,Ya,...,Y,}. Let the object-
level granule induced by B and )\ be denoted as gfjrfj*, where
1 =1,2 5 =12,...,8 and w is the number of objects in
decision granule QZ(YJ) Then, the following properties hold:

1) Monotonicity with features: For C C B, gfrfj* - g“*-

jw
2) Monotonicity with \: For A1 < )Xo, Qf’j’fz’ D 93’6’&.

Jjw

Proof: These properties follow directly from Def 8.

e For 1), from Eq. (14), have gf’]ffj“ =
Zlii([:ﬂ M, where the binary relation Ry

is defined in Eq. (15). When C C B, the similarity

measure becomes less discriminative, ie., Ry C Rp,
which implies that gf’jrf“ - QZSJ}‘

e For 2), similarly, for A\; < A9, the corresponding sim-
ilarity relation satisfies Ri‘gl ) Rg‘;, leading to larger
granules when using A;. Thus, ij’w’)‘l D Q?J?S’)‘Q.

As demonstrated in Property 1, the object granules in multi-
granularity knowledge space exhibit monotonic behavior with
respect to the changes in feature subset and A. In contrast, the
granules at label and decision levels are determined by the
inherent data structure and S2-Label learning method. Across
the entire multi-granularity space, granule numbers increase
monotonically from coarser to finer levels. This hierarchical
relationship can be formally stated as follows.

Theorem 1. Let S C B, the G'(L), G} (L), G;(Y;) for i =
1,2, j = 1,2,...,s are the granules in the induced multi-
granularity knowledge space. Then, the following holds.

<> 1G5l

i=1 j=1

we

2
IGH(L) < 1GHL) (16)
i=1
Proof: The theorem is proved as follows.
1) According to Egs. (12) and (13), the |G!(£)| = 2 and
E?Zl |GH(L)| = 2s. Since the number of decision classes
s > 1, it is evident that [G'(£)] < 327, |GH(L).
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2) According to Eq. (14), |QEJ(YJ)| = w, where each
G7;(Y;) contains at least one object . There-
fore, S, 2721 162(Y;)] > 2s. This implies that
S 1GH O] < X X5 195 (V)]

By combining the above 1) and 2), the theorem is proved.

The above granulation process results in a multi-granularity
structure with three levels, including: label granularity, deci-
sion granularity, and object granularity. Particularly, with the
increase of granule number at different levels, the granularity
information is refined accordingly, as illustrated in Fig. 3.
Consequently, the information at each granularity must be
considered within the entire dataset. This granulation approach
aligns with the systematic thought of zentropy method. There-
fore, an effective uncertainty measure with zentropy modeling
is essential for managing uncertainty in the HIDWS data.

C. Multi-granularity Zentropy Uncertainty Measure

According to the multi-granularity knowledge space anal-
ysis introduced in subsection III-B, this subsection devel-
ops a novel multi-granularity zentropy uncertainty measure
mechanism to accurately handle uncertainty information in
partially labeled data learning. Unlike existing zentropy-based
approaches [27], [43], [44], which are often constrained by
specific model assumptions or the requirement of fully labeled
data, the proposed method introduces a unified and flexible
framework tailored for HiDWS scenarios. Notably, it can
naturally degenerate into a supervision scenario, demonstrating
its generality and compatibility with existing paradigms.

Definition 9. Given a HiDWS = (0", AU L), where O' =
oLt uoY, and OL /Lt = {Y1,Ya,...,Ys}. For BC A, the
multi-granularity zentropy uncertainty measure of O on B is

defined as:

2 2
MZ(O') == pilogp; + »_ piMZ, (17)
i=1 i=1
1 L 1 U
where p1 = }g}gg} = ‘\Eﬂll and py = }g%gg: = % are the

probability induced by Eq. (12). The MZ, internal entropy of

the i-th granule, can be decomposed into as follows.
S S
MZ = = “pijlogpi; + ) _piME, (18)
j=1 j=1
1) Tecgie Vi@
where p;; = IGIOF — Ti, 2eegl(e) |Y; ()]

ity of the j-th decision granule in G} (L), with finer similarity
granules providing additional refinement.

is the probabil-

Tij

=Y pijwlogpije,

w=1

M7 = (19)

where n;; is the object number in G}(L) classed to Y; via
‘[xw]RBnYijl

the soft label maximum principle, and p;j, = olan]
w B

quantifies the certainty of x,, to Yj.

The proposed multi-granularity zentropy uncertainty mea-
sure accurately captures both the granularity structure and
the interaction information embedded in the multi-granularity

Level-1: Label granules G* (L) = {G1(£), G2 (L)}

Level-2: Decision class granules

Gi (D) = (GA (L), 65(L), . GE(D)}, i =12

)/ Level-3: Object similarity granules
G50 = (651(D), G312 (D), . Gij (D},
i=12j=12s

Fig. 3. The multi-granularity knowledge space construction in HIDWS data.

knowledge space illustrated in Fig. 3. Unlike traditional ap-
proaches limited to a rough approximation structure, this mea-
sure provides a generalizable granulation-based framework for
uncertainty quantification. As the decision system evolves, the
measure adapts accordingly. Based on this formulation, several
related properties can be derived as follows.

Property 2. Given a HiDWS = (O, AU L), where O =
oL UOgub and OF /LY = {Y1,Ys, ..., Y} For any B C A,
M% (/(9/) is the multi-granularity zentropy uncertainty measure
of O on B. Then, the following properties hold.

1) Non-negativity: M%(O/) >0;

2) Degenerate case: If OY =

sub
=35y pijlogpyy + 305y piMZ%; /

3) Unit vector case: If (x|, is a unit vector for Vo € O,
MY = — 377 pijlogpj, M§ = —37°_ | pajlogps; —

Yo P25 Yy Yi(ww)logY; (a,);
4) Maximum change: For S < B, the change amount /\ =

IM%(0") = ME(0')| < %log2.

0 MEO) =

Proof: This property can be derived from Defs. 8 and 9.

o For 1), all the probability in this measure are larger or
equal to 0 according to Def. 9, thus M% (O') > 0 holds.

o For 2), when OV = (), it follows that py = %
0. In this case, the system entropy will be determined
by the decision granularity and object granularity. Thus,
the entropy measure MZ(O") simplifies to M%(O') =
> -1 pislogpyy + 325 pryME.

o For 3), when [z]r, is a unit vector, the probability

%K;r:l/jl equals 1 for x € g%j(yj) and

Yj(z) for z € G3;(Yj), according to Def. 9. As a
result, M%, = 0 and M%; = S Y(2)logYy (24)
for j = 1,2,...,s. Therefore, the entropy measure
simplifies to M¥ = —37%_, pi;logpi; and MF =
- Zj:l p2jlogpa; — 25:1 P25 Yy Yi(ww)logY(@w).
e For 4), according to Def. 9, the variation in multi-
granularity zentropy measure depends on the changes in
entropy at the object granules, as defined in Eq. (19).
Consider the case where the neighborhood granule
[tw]|Rr, contains only the object z,, i.e., [Tw]rg (Tw) =

DPijw

1 and [zy]rs(z;) = 0 for all 2; # x,. In this
situation, p;j., = % = 1, and the corresponding
wiRp

entropy component MZZJ reaches its minimum value, i.e.,
MZZJ = 0. On the other hand, when the label distribution

within the granule is most uncertain-specifically when
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wlrgNY; . .
Pijw = % = %, the entropy MZZ] achieves its
maximum, with Mlzj = " log2.

Currently, the full zentropy at object level 7 is given
by MZ = —32°_ pijlogpi; + X5 , pij - - log?2,
where the second summation term satisfies the following
inequality: Y27 pij - 5% log2 < 3775 T - i log2.
Therefore, the total maximum change in the zentropy
across all objects is:

By applying the Cauchy-Schwarz inequality, we obtain
an upper bound:
log 2

n/
: T T 5 1 27
251114 2s )

A< (n;n% + nln;)
where n’ = nq + nl2

In Property 2, key characteristics such as non-negativity,
maximal variation, degeneracy, and the unit vector case are
discussed. Among them, monotonicity with respect to changes
in the feature space is particularly critical in the feature
selection process, as it directly impacts the design of selection
strategies in specific algorithms. In the following, we formally
present and prove the monotonicity of the proposed measure.

Theorem 2. Given a HiDWS = (O', AU L), where O’ =
oLlu oY, and O/l = {Y1,Ys,...,Y,}. For S C B,
MZ(O") and MZ(O') are indistinguishable.

Proof: When S C B, it follows from Eq. (15) that [z]g, C

[z]r . However, the quantities l[ﬁ][:]jzmlfﬂ and Hxl][;z]iml/jl are
B

not directly comparable for j = 1,2,...,s. Consequently,

MZJ exhibits non-monotonic behavior. As a result, Mg(@l)

?
and M%(O'") become indistinguishable.

The above theorem indicates that there is no monotonicity in
Mg((’)/) with the variation of feature subsets, which inevitable
includes some redundant features when heuristic strategies
are employed. Consequently, redundant feature elimination is
necessary in the feature selection process.

IV. SEMI-SUPERVISED FEATURE SELECTION BASED ON
ZE-MGM

By integrating the proposed multi-granularity zentropy mod-
eling in section III, this section investigates a semi-supervised
feature selection strategy grounded in the multi-granularity
information in HIDWS, which effectively captures the intrinsic
granular structure of partially labeled data. In particular, we
also summarize the overall procedure of the proposed multi-
granularity zentropy modeling framework.

A. Multi-granularity Reduction Guarantee

The ultimate objective of feature selection is to identify a
subset of features that enhances the learning process while pre-
serving the integrity of the information. Accordingly, feature
reduction is formalized in the following definition.

Definition 10. Given a HiDW S = (O, AU L), where O' =
ok UOgub is the universe after strategic selection method. For
any H C A, H is called a feature reduction of A if it has the
following properties:

1) M%(0) < MA(0');

2) For Vh € H, M%(0') > M%_,,.(O").

According to the above two conditions in Def. 10, the final
selected subset retains the original information content while
each feature is indispensable. Furthermore, we introduce inner
and outer critical measures to evaluate and select the most
informative features during the selection process.

Algorithm 2: The proposed SSFS via Ze-MGM

Input : HiDWS = (O/,.A U L) and parameter \.
Output : The reduction subset .
Initialize H < (0, Core 4 < 0;
Step I: Inner critical feature analysis
Obtain O and £ according to Algorithm 1;
Calculate Mi(O/) by Def. 9;
forall « € A do

Calculate Znner 4(a, A) by Eq. (20);

if Znner(a,.A) > 0 then

| Corey <+ Coreq U{a};
end

R N R N N I I

10 end
11 Step II: Outer critical feature analysis

’
12 Let H «+ C’or/eA and calcu/late M%((’) );

13 while MZ (0') > MZ(0') do
14 forall b € A —H do
15 | Calculate Outer(b,H) by Eq. (21);

16 end

17 Select bo = argmazyc 43 Outer(b, H);
18 H <+ HU{bo};

19 end

20 Step III: Redundant feature deletion
21 for h € H do

’

2 Calculate M?Z%{h}(o );

23 if M%f{h}(o ) <MZ(O') then
2 | H<+H-—{h}:

25 end

26 end

Definition 11. Given a HiDW S = (O, AU L), where O =
oL u Ogub is the universe. For Ya € A, the inner critical
measure of a relative to A is defined as follows:

Inner(a, A) = M4_,,(0") —M5(0).  (20)

Similarly, for B C A and b € A — B, the outer critical
measure of b relative to B is defined as follows:

Outer(b, B) = ME_,,(0') — MA(O'). @21)

As the aforementioned critical measures in Def. 11, if
Inner 4(a, A) > 0, the feature a is considered critical
relative to A and is referred to as a core feature. Similarly, if
Outer(b, B) > 0, the feature b is considered critical relative to
B, with a larger value indicating a greater degree of criticality.

B. Algorithm Design and Analysis

Based on the multi-granularity reduction guarantee in sub-
section IV-A, a feature selection considering S2-Label learning
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Fig. 4. The multi-granularity zentropy modeling framework for semi-supervised feature selection.

and multi-granularity zentropy uncertainty measure is pre-
sented to achieve the goal described in Def. 10. The number
of selected features is determined automatically according to
the two conditions specified in this definition. The algorithm
consists of three key steps: (1) inner critical feature analysis,
(2) outer important feature analysis, and (3) redundant feature
deletion. Step I identifies the inner critical features using
Eq. (20). In Step II, the outer critical features are sequentially
chosen relative to the previously selected inner ones. Finally,
Step III involves deleting redundant features to ensure that
only the essential features are retained.

Algorithm 2 shows the entire feature selection process of
HiDWS. In step 1, the time complexity 1s O(nim + (ng +
ny)sm). Additionally, to compute M% ((9 ), it must calculate
the similarity between n; objects in (’)L and n2 objects in
OY . under m features. Therefore, the time complexity of
multi-granularity zentropy computation is O((n; + nq)2m).
Similarly, the time complexity of calculating the inner critical
feature is also O((ny + ny)%m). In step II, suppose I, fea-
tures are selected initially, the time complexity of step II is
0 (z;:lo ((ny + np)2(h + 1) (m — h)) when the total num-
ber of features after selection is /. Finally, the time complexity
of feature reduction in step Il is O((n1+n4)2(h—1)h), where
h is the number of final selected features. Thus, the overall
time complexity of this algorithm is O((n1 + ny)2m?).

C. Overall Procedure

In this subsection, we summarize the overall procedure
of multi-granularity zentropy modeling for HIDWS feature
selection in Fig. 4, which consists of three main phases:

* Phase 1: Strategic soft label learning based on feature
space. To mitigate the negative impact of "unfriendly" sam-
ples, compatible unlabeled data (95 , are first selected based
on distributional proximity to labeled instances. Subsequently,
soft labels En/ s are assigned by integrating class similarity
and separability, enabling more accurate modeling of HIDWS

data and laying the foundation for the subsequent phase.

¢ Phase 2: Multi-granularity zentropy modeling for
partialed label decision system. In this phase, an explainable
framework is constructed based on binary granulation, which
hierarchically evolves from label granules G}(£) to decision
granules G7;(Y;) and finally to object granules G, (). This
design captures information dynamics across multiple granular
levels, enhancing interpretability and robustness.

* Phase 3: Feature selection via multi-granularity zen-
tropy. A Ze-MGM method based on the multi-granularity
zentropy measure is developed for HIDWS data. Guided by the
principle of maximizing information preservation, we define
inner and outer criticality measures to identify informative
features. The final subset is determined to retain the essential
information content while reducing redundancy.

TABLE 1
BASIC DESCRIPTION OF SIXTEEN BENCHMARK DATASETS

No.s Datasets Abbreviation Objects Features Classes
Dl Arrhythmia Arrh 450 277 13
D2 Cardiotocography Card 2126 21 3
D3 Climate Model Simulation Crashes ~ Cmsc 504 18 2
D4 Colonok Colo 62 2001 2
D5 Glioma Glio 50 4435 4
D6 Leukemia Leuk 72 7071 2
D7 Lymphography Lymp 96 4027 9
D8 Mice Protein Expression Mipe 1077 68 8
D9 Nursery Nurs 12960 9 5
D10 Parkinsons Park 197 23 2
D11 South German Credit Sogc 1000 21 2
D12 Spectfheart Spec 267 45 2
D13 Thyroid Thyr 7200 22 3
D14 WarpAR10P Warp 130 2400 10
D15 Wdbce Wdbc 569 31 2
D16 Wine Quality White Wigqw 4898 12 7

V. EXPERIMENT ANALYSIS

Numerical experiments were conducted to demonstrate the
effectiveness and robustness of proposed method for seme-
supervised learning in partial decision systems. All the ex-
periments were performed on a computer with OS: Microsoft
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TABLE 11
CLASSIFICATION ACCURACY OF DIFFERENT LABEL LEARNING METHODS UNDER DIFFERENT PROPORTIONS OF MISSING LABELS
No.s Methods 10% 20% 30% 40% 50% 60% 70% 80% 90% Awve + Std|No.s Methods 10% 20% 30% 40% 50% 60% 70% 80% 90% Ave £ Std
FDC 0.23 0.20 0.20 0.20 0.22 0.21 0.22 0.25 0.23 0.22+0.02 FDC 0.62 0.61 0.56 0.51 0.44 0.45 0.49 0.53 0.50 0.52+0.06
D1 CUK 0.02 0.02 0.07 0.07 0.10 0.09 0.07 0.05 0.09 0.06+0.03| D9 CUK 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.02 0.014+0.00
S2-Label 0.29 0.29 0.32 0.26 0.29 0.28 0.36 0.39 0.63 0.35+0.12 S2-Label 0.71 0.76 0.76 0.75 0.73 0.76 0.73 0.51 0.62 0.704+0.08
FDC 0.64 0.62 0.58 0.39 0.35 0.35 0.43 0.37 0.35 0.45+0.12 FDC 0.60 0.68 0.73 0.70 0.68 0.69 0.75 0.70 0.73 0.70+0.04
D2 CUK 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.084+0.00 |[D10 CUK 0.30 0.48 0.40 0.37 0.38 0.36 0.42 0.73 0.75 0.46+0.16
S2-Label 0.53 0.58 0.52 0.36 0.30 0.33 0.34 0.43 0.40 0.4240.10 S2-Label 0.53 0.58 0.60 0.66 0.64 0.67 0.78 0.89 0.97 0.70+0.15
FDC 0.75 0.72 0.75 0.67 0.67 0.69 0.78 0.80 0.74 0.734+0.05 FDC 0.60 0.49 0.54 0.59 0.58 0.62 0.63 0.65 0.51 0.58+0.05
D3 CUK 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.0940.00 {[D11 CUK 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30+0.00
S2-Label 0.83 0.85 0.82 0.86 0.84 0.87 0.83 0.86 0.88 0.85+0.02 S2-Label 0.61 0.52 0.59 0.66 0.65 0.65 0.68 0.67 0.62 0.63+0.05
FDC 0.57 0.54 0.68 0.60 0.71 0.82 0.55 0.69 0.51 0.63+0.10 FDC 0.39 0.44 0.37 0.35 0.36 0.37 0.39 0.44 0.52 0.40+0.06
D4 CUK 043 0.38 0.37 0.60 0.52 0.47 0.41 0.76 0.54 0.50+0.13 |[D12 CUK 0.32 0.39 0.36 0.34 0.37 0.37 0.38 0.38 0.40 0.3740.03
S2-Label 0.80 0.56 0.50 0.63 0.73 1.00 0.75 0.78 0.56 0.70+0.16 S2-Label 0.76 0.74 0.60 0.64 0.68 0.72 0.66 0.72 0.60 0.68+0.06
FDC 0.71 0.73 0.61 0.52 0.58 0.47 0.53 0.44 0.38 0.55+0.12 FDC 0.39 0.42 042 042 042 0.41 041 0.41 0.35 0.41£0.02
D5 CUK 0.57 0.64 0.61 0.57 0.73 0.63 0.53 0.35 0.30 0.554+0.14 D13 CUK 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.03 0.02+0.00
S2-Label 0.60 0.78 0.92 0.93 0.72 0.74 0.76 1.00 1.00 0.83+0.14 S2-Label 0.35 0.37 0.37 0.37 0.38 0.37 0.38 0.37 0.33 0.3640.02
FDC 1.00 0.93 0.96 0.86 0.86 0.82 0.90 0.83 0.65 0.8740.10 FDC 0.45 0.23 0.38 0.48 0.44 0.44 0.44 0.50 0.58 0.44+0.09
D6 CUK 0.50 0.47 043 0.45 0.46 0.50 0.49 0.68 0.65 0.51+0.09 [D14 CUK 0.70 0.27 0.45 0.40 0.43 0.40 0.48 0.54 0.12 0.42+0.16
S2-Label 1.00 1.00 1.00 1.00 1.00 0.80 1.00 0.66 0.65 0.90+0.15 S2-Label 0.45 0.27 0.40 0.35 0.39 0.38 0.48 0.54 0.58 0.4240.10
FDC 0.67 0.63 0.70 0.66 0.68 0.65 0.71 0.72 0.75 0.68+0.04 FDC 0.95 0.96 0.97 0.96 0.96 0.96 0.95 0.94 0.93 0.95+0.01
D7 CUK 0.06 0.03 0.04 0.03 0.03 0.66 0.67 0.67 0.64 0.31+0.33 |[DIS CUK 0.38 0.37 0.37 0.37 0.37 0.37 0.38 0.38 0.38 0.38+0.00
S2-Label 0.82 0.90 0.86 0.89 0.85 0.92 0.88 0.86 0.92 0.88+0.03 S2-Label 0.95 0.95 0.97 0.95 0.96 0.96 0.96 0.95 0.95 0.96+0.01
FDC 0.38 0.29 0.24 0.26 0.30 0.29 0.30 0.32 0.31 0.30+0.04 FDC 0.29 0.30 0.30 0.28 0.29 0.29 0.17 0.20 0.16 0.25+0.06
D8 CUK 0.32 0.35 0.25 0.27 0.27 0.28 0.29 0.22 0.33 0.29+0.04 |[ D16 CUK 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0040.00
S2-Label 0.38 0.33 0.37 0.40 0.40 0.47 0.45 0.44 1.00 0.47+0.20 S2-Label 0.32 0.32 0.33 0.31 0.32 0.31 0.30 0.32 0.32 0.32+0.01
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Fig. 5. The classification accuracy of different label learning methods on some datasets under nine proportions of missing labels.

WIN10; Processor: Intel Core 17-6800K CPU @ 3.4GHzx12;
Memory: 62.7 GB; Programming language: MATLAB 2020a.

A. General Setting

This subsection mainly outlines the general experimental
settings, including the datasets utilized, the selected baseline
methods for comparison, and the experimental designs em-
ployed for comparative analysis.

1) Datasets: To evaluate the performance of the proposed
method, sixteen benchmark datasets from the UCI repository
and a public website were selected, whose detailed information
is shown in Tbale I. To ensure consistency and comparabil-

ity, all datasets were normalized using the min-max scaling
method, defined as follows:

— min(V ()
—min(V(a;))

where a;(z;) is the specific value of z; with respect to
conditional feature a; € A, the maxz(V (a;)) and min(V (a;))
are the maximum and minimum values across all objects in
the datasets under feature a;, respectively.

2) Baselines: To enhance the reliability and comprehen-
siveness of the experimental comparisons for the proposed
method, we evaluate its performance in both label learning
and feature selection scenarios. Specifically, two baseline label
learning approaches, including classification uncertainty based

a;(xi)
maxz(V(a;))

~

aj(zi) =

Naje A (22)
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(f) FScNCE (g) HSFSGU (h) MsFSVE (i) FSZE () Ze-MGM

Fig. 6. t-SNE visualization of compared methods on the Leuk dataset indcued by the first classifier and missing label proportion.
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Fig. 7. t-SNE visualization of compared methods on the Thyr dataset indcued by the first classifier and missing label proportion.

on KNN granules (CUK) [26] and the fuzzy decision classi-
fication (FDC) [42], are utilized to benchmark the proposed
strategic label learning framework detailed in Algorithm 1.
Additionally, seven representative feature selection methods,
including fast sparse discriminative K-means for feature se-
lection (FSDK) [49], semi-supervised feature selection based
on the generalized uncorrelated constraint (SFS) [21], infinite
feature selection based on graph theory (Inf-FS) [28], semi-
supervised feature selection with relevance and redundancy
criteria based on Pearson’s correlation (RRPC) [22], hessian-
based semi-supervised feature selection method based on
generalized ucorrelated constraint (HSFSGU) [20], feature
selection based on conditional neighborhood combination en-
tropy (FScNCE) [34], sparse principal component analysis for
feature selection (SPCA) [50], feature selection by using fuzzy
rough combinatorial entropy on consistency optimal scale (Ms-
FSVE) [38], and feature selection based on zentropy measure
(FSZE) [44], are employed to validate the effectiveness of the
multi-granularity zentropy measure for feature evaluation.

3) Experimental designs: In all experiments, two widely
used classifiers, including K-nearest neighbor (KNN, K = 3)

and decision tree (DT, Gini index), are employed as baseline
models to evaluate the classification performance of the feature
selection methods under investigation. For convenience, we
refer to them as C1 and C2, respectively. To ensure a fair
comparison, a ten-fold cross-validation procedure is adopted.
Notably, the parameter § plays a critical role, as it directly
influences the construction of neighborhood granules, thereby
affecting the feature selection process. To examine its impact
comprehensively, § is varied from 0 to 1 with increments
of 0.05. Other parameter settings for the compared meth-
ods are configured according to their respective references
to maintain consistency and reproducibility. In addition, to
further demonstrate the effectiveness of the proposed S2-label
learning approach, datasets with missing label ratios from
10% to 90% (in 10% increments) are generated by randomly
removing a proportion of labels, where each ratio denotes the
percentage of missing labels in the dataset.

B. Strategic Label Learning Comparison

To demonstrate the effectiveness of the proposed strategic
label learning method, we compare its performance against
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TABLE III
AVERAGE COMPUTATIONAL TIME (SECONDS) AND SELECTED FEATURE NUMBER UNDER THREE MISSING LABEL PROPORTIONS

Proportion Datasets ~ FSDK SFS Inf-FS RRPC SPCA FScNCE HSESGU MsFSVE FSZE Ze-MGM
DI 40.00(13.00) 30.00(13.00) 10.18(27.00) 63.46(13.00) 100.49(13.00) 133.61(61.50) 67.80(13.00) 191.17(276.00) 225.88(11.50) 119.07(13.00)

D2 2623(8.00) 27.19(8.00)  5.42(3.00)  52.63(8.00) 57.59(8.00) 60.76(20.00) 24.20(8.00)  1656.75(20.00) 66.92(20.00)  295.04(8.00)

D3 6.99(8.00)  7.14(8.00)  0.65(3.00)  7.09(8.00)  16.26(8.00) 8.94(16.50)  3.74(3.00)  26.87(17.00)  4.20(4.00) 7.07(8.00)

D4 11.00(250) 80.002.50) 12.70(335.0)  3.96(2.50)  268.64(2.50) 114.23(1.00) 430.30(2.50)  7.07(14.00)  45.61(4.00)  84.42(2.50)

D5 10.00(6.00) 340.00(6.00) 55.00(732.0) 13.45(6.00) 752.35(6.00) 256.80(1.00) 3716.50(6.00) 63.80(50.00)  168.67(8.50)  73.12(6.00)

D6 90.00(4.00) 16923(4.00) 56.54(1115)  7.67(4.00) 1349.70(4.00) 1127.73(1.00) 4332.50(4.00) 28.66(10.00)  200.8(3.00)  79.88(4.00)

D7  13.00(10.00) 12.00(10.00) 0.84(3.00)  10.94(10.00) 15.50(10.00) 5.10(12.00)  15.00(10.00)  1.76(15.00) 3.05(7.50)  101.73(10.00)

D8 110.31(24.00) 116.12(24.00) 7.27(12.00) 98.97(24.00) 295.27(24.00) 90.92(63.00) 48.69(24.00)  896.68(45.00)  67.99(62.50)  8.10(24.00)

20% D9 303.52(7.00) 240.38(7.00) 47.61(1.00) 228.42(7.00) 1812.50(7.00) 425.39(7.00) 149.83(7.00) 13250.75(8.00) 340.45(8.00)  1971.00(7.00)
DI0  491(5.00)  4.32(5.00)  252(3.00)  4.01(5.00)  16.63(5.00) 6.81(1250)  5.28(5.00) 591(14.00)  432(22.00)  23.27(5.00)

DIl 12.11(10.50) 11.50(10.50) 1.13(3.00)  10.82(10.50) 28.31(10.50) 20.29(10.50) 4.96(10.50)  40.97(20.00)  4.20(14.00)  5.83(10.50)

DI2  7.61(3.00)  8.42(3.00)  1.03(3.00)  8.24(3.00) 15.98(3.00) 12.24(21.00)  5.04(3.00) 12.44(29.00)  8.49(6.50) 7.55(3.00)

DI3  69.43(3.00) 59.65(3.00) 16.99(3.00) 56.27(3.00) 144.60(3.00) 482.44(20.00) 30.29(3.00)  25602(21.00) 1616.35(21.00) 3032.65(3.00)
D14 96.00(14.50) 4611(14.50) 72.05(386)  83.80(14.50) 414.60(14.50) S508.00(1.00) 937.70(14.50) 283.22(75.00)  168.83(2.00) 1491.73(14.50)

DI5  1041(9.50) 12.13(9.50)  0.93(6.00)  10.15(9.50) 22.14(9.50) 17.36(26.00)  6.46(9.50)  56.91(18.00)  19.31(24.00)  12.46(9.50)

DI6  97.36(11.00) 107.83(11.00) 6.11(2.00) 308.50(11.00) 460.28(11.00) 150.30(10.00) 88.40(11.00) 24976.75(11.00) 237.88(11.00) 432.63(11.00)

Ave  56.81(8.69) 1411.92(8.69) 18.56(165.13) 60.52(8.69) 360.68(3.69) 213.81(17.75) 616.67(8.69) 4193.86(40.13) 198.93(14.34)  484.10(8.69)
Proportion Datasets  FSDK SES Inf-FS RRPC SPCA FScNCE HSESGU MsFSVE FSZE Ze-MGM
DI 40.00(15.00) 40.00(15.00) 10.18(27.00) 60.70(15.00) 104.68(15.00) 95.08(74.00) 62.00(15.00) _ 201.43(76.00) 163.04(11.00) 111.79(15.00)

D2 1599850) 15.55(8.50)  5.42(3.00)  39.90(8.50) 47.24(8.50) 28.37(18.50)  17.7(8.50)  728.50(18.50)  72.14(19.00)  273.65(8.50)

D3 472(450)  5.88(450)  0.86(3.00)  4.76(4.50)  8.37(4.50)  7.16(17.00)  2.30(4.50) 13.67(17.00)  2.45(3.00) 13.28(4.50)

D4 14.002.00) 40.002.00) 12.70(335.0)  3.02(2.00) 271.66(2.00) 66.09(1.00) 316.002.00)  4.89(9.00) 26.53(2.00)  76.31(2.00)

D5  20.00(7.50)  490(7.50)  55.00(732.0) 20.85(7.50) 715.77(7.50) 147.06(1.00) 3859.20(7.50)  26.53(3.00)  110.51(4.50)  50.11(7.50)

D6 131.00(2.50) 17697(2.50) 56.54(1115)  6.96(2.50)  1360.6(2.50) 484.75(1.00) 4072.00(2.50)  14.89(9.00)  161.71(3.00)  47.5(2.50)

D7 16.00(1250) 18.00(12.50) 0.84(3.00)  13.29(12.50) 16.20(12.50) 3.10(8.00)  15.20(12.50)  1.55(11.50) 4.60(4.50)  84.58(12.50)

D8  53.52(23.00) 65.55(23.00) 7.02(12.00) 52.74(23.00) 118.14(23.00) 66.93(62.00) 24.34(23.00) 409.58(18.00)  33.62(51.50)  12.03(23.00)

40% D9 360.24(7.00) 385.94(7.00) 52.76(1.00) 339.57(7.00) 1006.90(7.00) 225.63(7.00) 146.55(7.00) 13250.75(7.00) 334.04(7.00)  1839.28(7.00)
DIO  3.15(6.00)  251(6.00)  2.17(3.00)  3.12(6.00)  14.94(6.00) 3.95(13.00)  4.29(6.00) 3.14(13.00)  3.29(18.00)  14.57(6.00)

DIl 892850) 1420(8.50)  1.103.00)  9.67(8.50)  23.79(8.50) 14.12(11.50)  4.10(8.50) 19.91(20.00)  3.24(10.50)  9.50(8.50)

DI2  4.68(10.00) 5.58(10.00)  1.02(3.00)  5.03(10.00) 9.20(10.00)  7.55(19.50)  2.48(10.00)  6.91(29.00) 5.09(5.00)  7.33(10.00)

DI3  107.18(4.00) 108.50(4.00) 21.52(3.00) 75.74(4.00) 148.00(4.00) 279.88(20.00) 43.89(4.00)  25602(21.00)  522.51(20.00) 2674.20(4.00)
DI4  103.00(16.00) 4462.0(16.00) 72.05(386.0) 61.40(16.00) 413.50(16.00) 322.25(1.00) 1694.00(16.00) 131.46(76.00) 779.00(27.50) 2027.58(16.00)

DI5S  677(10.50) 8.07(10.50)  1.19(6.00)  6.91(10.50) 11.75(10.50) 11.24(26.00) 3.19(10.50)  27.61(19.00)  12.43(30.00)  10.07(10.50)

D16 99.85(11.00) 105.13(11.00) 6.11(3.00) 317.01(11.00) 472.63(11.00) 101.21(10.50) 83.10(11.00) 14521.50(11.00) 181.67(11.00) 184.69(11.00)

Ave  61.81(9.28) 1466.49(9.28) 19.15(165.19) 63.79(9.28) 296.46(9.28) 116.52(18.19) 646.90(9.28) 3435.27(22.38) 150.99(14.22)  464.78(9.28)
Proportion Datasets  FSDK SES Inf-FS RRPC SPCA FScNCE HSESGU MsESVE FSZE Ze-MGM
DI 40.00(14.00) 40.00(14.00) 10.18(27.00) 67.09(14.00) 102.34(14.00) 49.78(21.00) 58.40(14.00) _ 78.50(65.00)  49.78(10.00) _ 71.29(14.00)

D2 22.03(1250) 24.22(12.50) 5.42(3.00) 83.88(12.50) 86.38(12.50) 17.20(18.00) 23.30(12.50)  238.10(20.00)  17.20(19.00)  302.82(12.50)

D3 272(6.00)  271(6.00)  0.45(3.00)  2.62(6.00)  8.08(56.00) 3.81(14.00)  1.74(6.00) 6.05(17.00) 3.81(4.00)  20.56(6.00)

D4 13.00(3.00) 100.003.00) 12.70(335.00) 5.71(3.00) 255.74(3.00) 48.91(1.00) 224.40(3.00)  3.02(6.00) 4891(2.00)  40.66(3.00)

D5  10.00(5.00) 500.00(5.00) 55(732.00)  11.73(5.00) 727.04(5.00) 106.23(1.00) 3374.60(5.00) 19.85(11.00)  106.23(2.00)  11.91(5.00)

D6 120.002.50) 16827(2.50) 56.54(386.0)  7.13(2.50)  1359.5(2.50) 173.65(1.00) 5059.50(2.50)  8.93(6.00) 173.65(2.00)  45.50(2.50)

D7 11.00(550) 10.00(5.50)  0.84(3.00) 11.99(5.50) 14.70(5.50)  2.55(1.00)  10.90(5.50)  0.97(13.00) 2.55(4.00)  44.13(5.50)

D8  25.34(1650) 25.90(16.50) 5.03(12.00) 25.74(16.50) 84.36(16.50) 41.02(62.50) 19.17(16.50)  136.09(22.50)  41.02(40.50)  13.04(16.50)

60% D9 181.10(7.00) 175.55(7.00) 29.38(1.00) 140.81(7.00) 1867.60(7.00) 94.27(7.00) 158.13(7.00)  6117.03(7.00)  94.27(7.00)  1339.38(7.00)
DI0  229(4.50)  2.554.50)  2.17(3.00)  2.39(4.50)  14.82(4.50)  3.52(8.00)  3.65(4.50) 2.86(16.00) 3.52(2.00) 14.94(4.50)

DIl 6.02(10.00) 7.13(10.00)  0.66(3.00)  6.03(10.00) 24.05(10.00) 7.76(11.00)  5.32(10.00)  6.72(20.00) 7.76(7.00)  59.87(10.00)

DI2  477(14.00) 4.86(14.00)  0.66(3.00)  5.67(14.00) 14.40(14.00) 5.84(29.00)  3.19(14.00)  3.41(30.00) 5.84(5.00)  24.12(14.00)

DI3  49.41(5.00) 56.07(5.00)  9.34(3.00)  34.96(5.00) 269.20(5.00) 115.67(20.00) 58.13(5.00)  11323(21.00)  115.67(20.00) 910.93(5.00)

DI4  103.00(11.00) 4539(11.00) 72.05(386.0) 51.59(11.00) 411.20(11.00) 123.33(1.00) 618.20(11.00)  56.24(34.00)  123.33(11.00) 996.10(11.00)

DI5  4.08(11.50) 4.84(11.50)  0.65(6.00)  4.28(11.50) 14.05(11.50) 7.46(28.00)  3.03(11.50)  10.61(17.00)  7.46(14.50)  12.31(11.50)

D16  103.75(11.00) 121.15(11.00) 6.11(3.00) 396.04(11.00) 585.87(11.00) 36.35(11.00) 83.80(11.00) 3766.40(11.00) 36.35(11.00)  180.97(11.00)

Ave  43.66(3.69) 1402.56(8.69) 16.70(119.63) 53.60(8.69) 364.96(3.69) 52.33(14.66) 606.59(8.69) 1361.11(19.78) 52.33(10.06)  255.53(8.69)

two baseline approaches, CUK and FDC, under varying pro-
portions of missing labels ranging from 10% to 90%. The
classification accuracies of all three methods are summarized
in Table II. In this table, Ave £ St denotes the average
performance across the nine missing label proportions, with
the best results highlighted in bold.

As shown in the table, the proposed S2-Label achieves
superior classification accuracy in most scenarios. Specifically,
it outperforms the baseline methods on 12, 11, 11, 11, 11,
11, 14, 13, and 15 datasets under nine different missing label
proportions, respectively. Notably, the performance of S2-
Label improves as the proportion of missing labels increases.
This enhancement can be attributed to S2-Label’s ability to
consider the overall distribution of each decision class and
strategically exclude unfavorable samples during label learn-

ing compared with FDC and CUK. Additionally, S2-Label
achieves the highest average values on 13 occasions across 16
datasets. These results collectively validate the effectiveness
of S2-Label in addressing label learning challenges.

A more vivid comparison of some datasets is presented in
Fig. 5. Under different proportions of missing labels, the S2-
Label curve consistently outperforms the other two methods
in most scenarios, particularly on the D5, D10, and DI2
datasets. Additionally, the S2-Label bar in this figure is higher
than the other methods in most cases, further reinforcing its
effectiveness in label learning.

C. Performance Comparison and Analysis

This subsection presents a comparative analysis of the
feature selection performance of nine methods across three
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TABLE IV
CLASSIFICATION ACCURACY OF COMPARED FEATURE SELECTION METHODS UNDER UNDER 20% MISSING LABEL PROPORTION

No.s Dataset FSDK SES Inf-FS RRPC SPCA FScNCE HSFSGU MsFSVE FSZE Ze-MGM
D1 50.00£0.10 67.56+0.05 52.674+0.08 62.89£0.1 56.674+0.08 55.784+0.07 66.89+0.06 57.33+0.06 60.224+0.07 70.67+0.05
D2 74.93+0.02 87.40+0.02 60.25+0.02 75.68+0.03 76.394+0.02 81.284+0.02 87.2040.02 81.04£0.02 80.584+0.03 86.83+£0.02
D3 91.85+0.03 91.48+0.02 89.44+0.04 91.85+0.04 92.4140.04 92.04£0.04 91.8540.03 92.59+0.04 93.524+0.03 94.44+0.03
D4 56.9+0.27 85.714+0.14 78.5740.14 82.384+0.19 52.86+0.23 46.90+0.12 91.90+0.12 82.624+0.17 83.57+0.16 89.05+0.10
D5  46.00£0.19 78.00+0.20 66.00£0.27 32.00+0.17 46.00£0.19 44.00£0.23 78.004£0.20 42.00£0.18 56.00+0.23 86.00+£0.16
D6  62.68+0.16 92.86+0.10 80.36+0.12 94.46+0.07 62.68+0.14 65.00£0.19 94.294+0.10 85.00£0.15 94.294+0.10 94.82+0.09
D7  72.2440.08 79.71£0.09 58.004+0.12 72.294+0.06 78.48+0.13 75.624+0.09 81.244+0.11 77.76+0.07 77.62+0.15 82.57+0.11
D8  99.44+0.01 99.444+0.01 99.54+0.01 99.07+0.01 99.5440.01 99.53+0.01 99.074+0.01 99.07£0.01 99.174+0.01 99.72+0.00

c1 D9  91.1+0.010 85.254+0.01 17.72£0.09 89.51+0.01 90.954+0.01 91.10+£0.01 85.2940.01 90.83£0.01 90.824+0.01 91.10=£0.01
D10  92.37+0.05 95.87+0.04 86.61+£0.07 91.74+0.10 93.29+0.06 93.37+0.07 96.32+0.06 91.24+0.08 93.34+0.03 96.45+0.04
D11 71.90£0.05 72.70£0.04 69.804+0.05 72.20£0.05 72.70+0.04 71.60£0.02 72.00+0.04 72.504+0.03 71.70£0.02 75.2040.03
D12 73.85+0.08 71.95+0.07 78.284+0.07 68.97£0.07 72.74+0.07 70.43£0.10 72.64+0.08 71.144+0.09 77.44+0.11 79.7440.09
D13 92.58+0.01 96.82+0.01 92.584+0.01 92.46£0.01 90.71+0.01 94.10£0.01 96.76+0.00 93.90+0.01 93.92+0.01 96.9740.01
D14  31.54+0.08 72.31£0.11 42.314+0.17 38.46£0.11 40.00+0.13 16.92+0.08 74.62+0.11 55.38+0.11 28.46+0.10 74.62+0.13
D15 96.13+0.02 96.66+£0.02 91.74+0.02 96.49+0.02 96.66+£0.03 96.49+0.03 96.84+0.03 96.83+0.02 96.13+0.03 97.01+0.02
D16  56.55+0.01 57.06£0.02 45.204+0.03 57.02£0.01 56.984+0.02 56.92+0.03 57.00+0.02 57.194+0.03 57.55+0.01 57.5540.01

Avextst 72.50+0.07 83.174+0.06 69.32+0.08 76.09+0.07 73.6940.08 71.94+0.07 83.874+0.06 77.90+0.07 78.39+0.07 85.80+0.06
Rank 7.06 4.00 7.69 6.94 5.81 6.56 3.94 5.56 5.25 1.19

Dataset FSDK SES Inf-FS RRPC SPCA FScNCE HSFSGU MsFSVE FSZE Ze-MGM
D1 48.22+0.06 61.784+0.10 48.89+0.06 53.11+0.11 43.78+0.06 65.78+0.06 62.00+0.09 57.11£0.09 55.11+0.06 71.11£0.04
D2 78.98+0.03 84.99+0.03 63.12+£0.04 72.77+0.04 75.63+0.04 84.95+0.02 85.754+0.02 84.10£0.02 82.601+0.02 85.94+0.01
D3 91.854+0.05 90.194+0.04 86.304+0.06 88.524+0.05 91.674+0.04 91.484+0.04 91.854+0.04 91.854+0.04 89.261+0.04 92.041+0.04
D4 64.52+0.10 70.71+0.11 73.81£0.20 83.81+0.14 65.00+0.18 64.05+0.18 90.244+0.12 81.19£0.19 79.051+0.13 90.48+0.11
D5  42.00+0.24 64.00+0.21 40.00£0.16 32.00+0.22 50.004+0.24 36.00£0.16 78.004+0.18 62.00£0.15 66.00+0.21 80.00+0.19
D6  56.794+0.13 95.714+0.10 87.5040.14 94.2940.07 71.964+0.23 59.2940.16 95.714+0.10 81.964+0.14 93.044+0.10 97.324+0.06
D7  70.19£0.09 51.90+0.06 73.57£0.10 63.57+0.09 71.62+0.11 77.62+0.12 52.624+0.10 77.81£0.11 76.384+0.12 79.14£0.11

2 D8  84.86+0.03 85.15+0.03 80.13+0.03 85.524+0.03 84.864+0.04 85.344+0.02 85.704+0.04 84.68+0.04 85.424+0.04 86.17+0.03
D9  92.15+0.00 88.884+0.01 34.20£0.02 90.56+0.01 91.514+0.01 92.22+0.01 88.994+0.01 92.13£0.01 92.084+0.00 92.22+0.01
D10 86.76+0.09 85.18+£0.06 84.00+0.11 84.13£0.10 85.79+0.07 86.74+0.08 87.11+0.05 87.214+0.11 86.29+0.15 88.26+0.04
D11 67.90+0.05 70.50+0.07 69.00+£0.04 68.40+0.06 62.60+0.05 68.40+0.04 69.50+0.04 73.00+0.06 70.70+0.05 73.20+0.03
D12 76.35+0.09 73.29£0.09 77.524+0.09 79.43£0.09 71.85+0.10 79.43+£0.09 75.64+0.09 72.644+0.09 73.48+0.08 80.46+0.05
D13 92.58+0.01 98.00+£0.00 92.584+0.01 92.15£0.01 89.194+0.01 99.60+0.00 98.08+0.00 99.60+0.00 99.53+0.00 98.0640.01
D14  31.54+0.16 65.38+0.13 60.77+£0.11 33.85+0.15 29.23+0.12 19.23+0.10 71.54+0.09 43.85+0.12 30.77+£0.09 63.85+0.13
D15  93.67£0.03 93.50£0.03 91.4040.03 90.34£0.05 91.9240.02 92.28+0.04 93.31+0.03 94.214+0.03 92.61£0.02 95.08+0.03
D16  56.96+0.02 57.76£0.02 50.451+0.02 57.94£0.02 58.49+0.01 57.19£0.02 57.78+0.02 58.4740.03 58.11+£0.02 58.624+0.03

Ave#st 70.96+0.07 77.31£0.07 69.58+0.08 73.15£0.08 70.94+0.08 72.47£0.07 80.24+0.06 77.61£0.08 76.90+0.07 83.25+0.06
Rank 6.56 5.69 7.69 6.75 7.56 5.56 3.88 4.19 5.19 1.38

missing label proportions: 20%, 40%, and 60%. The evaluation
metrics include the number of selected features, computational
time, and classification accuracy on four adopted classifiers.

1) Selected Feature Number: The number of selected
features under different missing label proportions is recorded
in Table III, where the reported values represent the average
number of selected features across four adopted classifiers for
each method. For a fair comparison, the number of selected
features for ranking-based methods is consistent with that of
the proposed Ze-MGM method.

At a 20% missing label proportion, the SFS, Inf-FS, RRPC,
FScNCE, FSZE, and Ze-MGM methods achieve the minimum
number of selected features on 1, 9, 1, 4, 2 and 1 datasets,
respectively. As shown in this table, when the missing label
proportion increases to 40%, the Inf-FS, FScNCE, and FSZE
achieve the minimum feature number on 10, 4, and 2 datasets
out of the total 16 datasets. Similarly, under a 60% missing
label proportion, these four methods including Inf-FS, SPCA,
FScNCE, and FSZE select the fewest features on 7, 2, 5,
and 2 datasets, respectively. It is worth noting that FScNCE
occasionally selects only a single dominant feature, which
may be insufficient for reliable classification. In contrast, Inf-

FS exhibits instability in feature selection: a large number of
features on datasets D4, DS, and D6, but only one on D9. Such
inconsistency may lead to degraded classification performance.
In addition, Ze-MGM consistently yields a lower average
number of selected features across all datasets and missing
label proportions compared to the other competing methods.
This observation demonstrates the effectiveness of Ze-MGM
in identifying the most informative features, particularly under
challenging conditions with incomplete supervision.

Moreover, the t-SNE [51] method is adopted to visualize
the feature space induced by different methods. Considering
the space limitation, the Leuk and Thyr are two examples
in Figs. 6 and 7. As illustrated, the Ze-MGM method yields
feature spaces with reduced class overlap compared to other
methods, demonstrating the superior discriminative capability
achieved through the multi-granularity uncertainty framework.

2) Computational Time: The computational time of the
compared methods under three different missing label pro-
portions is reported in Tables III. Overall, the proposed Ze-
MGM method demonstrates superior efficiency in the feature
selection process compared to several baselines. Specifically,
at 20% missing label proportion, Ze-MGM achieves competi-
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TABLE V
CLASSIFICATION ACCURACY OF COMPARED FEATURE SELECTION METHODS UNDER UNDER 40% MISSING LABEL PROPORTION

No.s Dataset FSDK SFS Inf-FS RRPC SPCA FScNCE HSFSGU MSsFSVE FSZE Ze-MGM
D1l 50.89£0.06 62.44£0.09 53.11£0.08 60.00£0.06 52.89+0.09 56.89+0.08 62.44+0.07 58.22+0.06 60.67£0.05 68.891+0.04
D2 77.51£0.02 85.99+0.02 60.86+0.02 78.03£0.02 82.08+0.03 79.92+0.04 86.12+0.03 80.91+0.04 80.66+0.03 87.11+0.02
D3 89.81£0.04 93.15£0.04 89.81+0.04 89.07£0.03 91.11£0.05 91.85+0.04 92.59+0.02 91.67£0.05 92.59+0.04 93.70+0.03
D4 39.5240.24 77.86£0.17 85.71£0.14 84.52+0.20 59.29+0.26 48.33£0.22 77.38+£0.08 78.81+£0.16 87.14+£0.13 88.81+0.13
D5  44.00+0.26 74.00+0.23 68.00+£0.19 36.00+0.16 50.00+0.27 40.00+0.21 76.00+0.21 64.00+0.21 70.00+0.24 70.00£0.17
D6  66.794£0.14 95.71£0.07 80.36+0.12 95.89+0.07 62.68+0.14 65.18+0.19 97.14£0.06 94.29+0.07 91.61£0.18 97.324+0.06
D7  76.48+0.11 75.81£0.10 57.38+£0.12 77.05£0.13 80.43£0.07 79.00£0.09 74.43£0.11 78.48+£0.10 75.00£0.03 83.62+0.12
D8  98.24£0.01 99.25+0.01 99.44£0.00 99.35£0.01 98.42+0.01 99.72+0.01 98.79+0.01 99.63£0.01 99.26+0.01 100.00+0.00
cl D9  90.94£0.01 85.25+0.01 17.7240.09 89.51£0.01 90.95+0.01 91.13£0.01 85.29£0.01 91.08+£0.00 91.13£0.01 91.134+0.01
D10 94.87+0.06 92.74+0.08 86.61+0.07 87.05+0.08 94.32+0.05 92.39+0.05 92.71+0.07 94.45+0.05 94.89+0.03 95.4240.04
D11  73.404+0.05 71.80+0.05 70.00+0.05 70.00+0.04 68.90+0.03 73.70+0.05 71.50+0.03 72.40+0.05 73.90+0.04 74.10+0.03
D12 74.534+0.09 78.33+0.07 79.39+0.08 69.29+0.07 79.47+0.06 71.62+0.10 77.14+0.06 73.79+0.11 75.24+0.08 80.11+0.08
D13 92.5840.01 96.15+0.01 92.584+0.01 92.46+0.01 91.424+0.01 93.92+0.01 95.944+0.01 93.93+0.01 95.07+0.01 96.85+0.01
D14  31.544+0.08 77.69+0.09 44.62+0.09 45.38+0.18 33.85+0.14 16.92+0.11 73.08+0.15 61.54+0.19 53.08+0.13 72.3140.15
D15 94.73+0.04 95.95+0.02 91.914+0.03 90.15+0.03 95.78+0.03 96.49+0.02 95.96+0.03 96.31+0.03 96.66+0.02 97.534+0.02
D16 56.80+0.02 56.55+0.01 45.204+0.03 57.02+0.01 56.98+0.02 57.57+0.03 57.00+0.02 57.19+0.03 57.08+0.02 57.5740.03
Avetst 72.044+0.08 82.4240.07 70.1740.07 76.304+0.07 74.284+0.08 72.1740.08 82.104+0.06 80.424+0.07 80.8740.07 84.66+0.06
Rank 7.56 4.75 7.44 7.13 6.88 5.75 4.81 4.81 4.00 1.25
Dataset FSDK SFS Inf-FS RRPC SPCA FScNCE HSFSGU MsFSVE FSZE Ze-MGM
D1 46.89£0.06 66.00£0.10 48.44+0.11 53.56£0.07 44.89+£0.05 62.89+£0.04 64.44£0.06 60.67£0.04 55.78+£0.05 68.67+0.05
D2 78.98+0.03 84.48+0.02 63.08+0.03 72.77£0.03 78.04£0.03 84.33£0.03 84.86+£0.02 84.15£0.03 82.98+0.02 85.611+0.01
D3 83.89£0.07 91.67£0.04 87.22+0.06 83.89+£0.07 87.22+0.05 89.81£0.06 92.59+0.03 91.67£0.03 87.78+£0.05 93.33+0.04
D4  56.43£0.23 69.76+£0.18 76.194+0.17 84.05£0.10 65.95+0.18 64.76+0.16 65.954+0.22 81.674+0.21 86.90+0.13 88.33+0.11
D5  38.00£0.15 72.00£0.22 44.00£0.16 24.00£0.16 44.00£0.16 52.00£0.23 64.00£0.28 48.00£0.23 60.00£0.21 70.00+0.17
D6  65.1840.18 94.294+0.10 87.50£0.14 94.46+£0.07 52.3240.25 56.96+£0.15 94.29+0.10 97.14£0.06 93.39+£0.12 94.641+0.09
D7  79.05£0.07 71.05£0.15 73.57£0.09 76.90£0.12 66.90£0.09 76.43£0.13 72.95£0.09 79.67£0.11 74.95+£0.09 81.57+0.13
Iy D8  83.85+£0.05 84.68+0.03 79.94+0.03 81.33£0.05 77.34£0.04 84.22+0.04 85.42+0.04 84.21+0.04 82.54+0.05 85.421+0.03
D9  92.1540.00 88.88+0.01 34.20+0.02 90.56£0.01 91.51£0.01 92.16£0.01 88.99+0.01 92.04£0.01 92.22+0.01 92.224+0.01
D10 85.66+0.10 85.66+0.07 84.00+0.11 79.89+0.12 88.79+0.07 87.11+0.08 87.61+0.06 85.50+0.09 83.08+0.08 89.66+0.10
D11 69.00+0.04 71.20+0.04 68.90+0.04 73.20+0.04 66.90+0.05 71.70+0.02 71.20+0.04 71.70£0.03 70.40+0.03 73.40+0.05
D12 75.63+0.07 74.02+0.10 76.00+0.07 68.59+0.06 72.32+0.13 77.92+0.07 73.83+0.09 73.45+0.07 75.27+0.10 79.42+0.08
D13 92.5740.01 99.01+0.00 92.584+0.01 92.15+0.01 88.994+0.01 99.60+0.00 99.06+0.00 99.64+0.00 99.60+0.00 98.184+0.01
D14  33.854+0.17 58.46+0.14 58.461+0.12 40.00+0.17 25.384+0.15 17.69+0.08 63.08+0.15 64.62+0.18 51.54+0.15 66.154+0.10
D15 92.2740.01 92.26+0.03 91.04+0.04 88.59+0.04 92.98+0.05 92.79+0.04 92.25+0.04 93.85+0.02 92.97+0.04 95.08+0.04
D16 57.57+0.03 56.96+0.02 50.451+0.02 57.96+0.02 58.49+0.01 56.84+0.02 57.84+0.02 58.04+0.02 56.72+0.02 58.6240.03
Avetst 70.684+0.08 78.774+0.08 69.724+0.08 72.624+0.07 68.884+0.08 72.954+0.07 78.654+0.08 79.13+0.07 77.88+0.07 82.52+0.06
Rank 6.88 4.94 7.50 7.00 7.50 5.13 4.63 3.88 5.38 1.44
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Fig. 8. The average accuracy and rank of different methods on two classifiers

tive efficiency, outperforming methods such as SFS, HSFSGU,
and MsFSVE in most cases. Notably, compared with FSZE,
which also leverages multi-granularity information, Ze-MGM
shows a computational advantage in most cases, as it avoids
the complexity induced by rough approximation mechanisms.

At 40% and 60% missing proportions, Ze-MGM continues
to show lower computational time than the other three methods
(i.e., SFS, HSFSGU, and MsFSVE) and four methods (i.e.,
SES, SPCA, HSFSGU, and MsFSVE), maintaining its effi-
ciency advantage. Interestingly, as the missing label proportion

20% 40% 60%

(d) C2 Rank

0% 0%

(c) C2 Accuracy

0%

under three missing label proportions.

increases, the computational time of supervised methods such
as FScNCE, MsFSVE, and FSZE tends to decrease. This is
because these methods rely solely on labeled data, which
becomes sparser under higher missingness, thereby reducing
their time complexity.

Moreover, the time gap between FSZE and Ze-MGM nar-
rows as the missing label proportion increases. This trend fur-
ther highlights the effectiveness of the proposed explainability-
driven multi-granularity construction. Compared to traditional
multi-granularity modeling based on rough approximation, Ze-
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TABLE VI
CLASSIFICATION ACCURACY OF COMPARED FEATURE SELECTION METHODS UNDER 60% MISSING LABEL PROPORTION

No.s Dataset FSDK SES Inf-FS RRPC SPCA FScNCE HSFSGU MsFSVE FSZE Ze-MGM
DI 48.00+0.09 58.67£0.06 52.00+0.07 60.89+0.11 53.78+0.09 55.56+0.04 58.00+£0.06 57.331+0.06 60.44+0.08 68.221+0.06
D2 79.074+0.02 83.96+0.02 60.86+0.02 76.57+0.02 81.23+0.02 80.48+0.02 84.10+0.02 81.044+0.02 80.86£0.02 84.48+0.01
D3 89.07£0.04 92.96+0.04 89.63+0.03 89.07£0.05 90.00£0.05 90.56£0.05 93.89+0.02 92.59+0.04 92.41+0.03 94.44+0.04
D4 48.331+0.20 68.33£0.15 75.71+0.21 80.95+0.18 54.52+0.28 54.524+0.28 83.81+0.14 82.624+0.17 78.81£0.14 85.48+0.15
D5  40.00£0.23 74.00£0.21 66.00£0.23 32.00+£0.30 44.00£0.30 48.00+0.23 76.00£0.16 42.00+£0.18 44.00£0.21 78.00+0.20
D6  53.214+0.15 55.36£0.18 80.36+0.12 87.324+0.16 67.68+0.27 65.544+0.13 92.86+£0.10 85.004+0.15 80.54+0.10 88.931+0.18
D7  81.76+0.11 76.24£0.10 56.14+0.12 70.24+0.12 79.76+0.08 62.904+0.15 76.90+0.10 77.76+0.07 72.10£0.11 82.48+0.05
D8  98.33£0.01 98.42+0.01 99.72+0.00 98.42+0.02 94.89+0.02 99.63+0.01 98.61£0.01 99.07+0.01 99.35+£0.01 99.91+0.00

C1 D9  90.76+0.01 89.07£0.01 14.544+0.09 89.754+0.01 90.95+0.01 90.86+0.01 88.80+0.01 90.83+0.01 91.15+£0.01 91.154+0.01
D10 87.16+0.07 89.21+0.07 87.7440.08 88.68+0.05 94.324+0.06 93.84:+0.04 88.68+0.04 91.24+0.08 84.58+0.05 92.76+0.08
D11 72.40+0.05 70.50+0.03 70.00+0.05 71.30+0.05 68.60+0.03 72.10+0.05 70.00+0.04 72.50+0.03 72.80+0.06 74.10+0.03
D12 77.83£0.09 71.18+0.08 77.884+0.08 69.57+0.09 76.424+0.08 73.80£0.05 72.284+0.10 71.14£0.09 72.99+0.08 78.29+0.06
D13 92.58+0.01 95.88+0.01 92.584+0.01 92.86:£0.00 91.6440.02 93.99+0.01 95.76+0.01 93.90£0.01 94.97+0.00 96.01+0.01
D14  30.77+0.07 66.15+0.15 44.62+0.09 29.23+0.14 28.46+0.11 19.23+0.10 73.08+0.13 55.384+0.11 53.85+0.16 67.69+0.20
D15  95.95+0.02 95.78+0.02 92.0940.03 95.26£0.04 95.964+0.03 96.83£0.03 95.60+0.02 96.83+0.02 96.66+0.02 97.53+0.03
D16  45.2040.03 56.43+0.02 45.204+0.03 57.024+0.01 56.98+0.02 56.80+0.02 57.00£0.02 57.194+0.03 57.21+0.03 57.33+0.02

Avetst 70.65+0.08 77.63+0.07 69.07£0.08 74.324+0.08 73.07£0.09 72.17+0.08 81.59+0.06 77.90+0.07 77.044+0.07 83.55+0.07
Rank 7.44 5.63 7.25 6.81 6.31 5.81 4.50 4.75 4.69 1.25

Dataset FSDK SFS Inf-FS RRPC SPCA FScNCE HSFSGU MsFSVE FSZE Ze-MGM
D1 44.22+0.07 59.56£0.05 49.56£0.06 54.89+£0.09 47.11£0.05 46.00£0.07 59.11£0.08 57.11£0.09 62.89+0.08 68.22-0.06
D2 84.2440.03 84.62+0.02 63.084+0.03 74.754+0.04 77.38+0.03 82.084+0.02 83.54+0.03 84.104+0.02 84.34+0.02 85.4740.02
D3 85.744+0.05 91.48+0.02 87.59+0.04 85.93+0.04 83.52+0.04 86.48+0.04 92.78+0.03 91.851+0.04 92.41£0.03 93.151+0.03
D4 48.33+0.27 64.05+£0.19 72.62+0.22 82.38+0.16 67.62+0.15 64.76+£0.14 76.19£0.18 81.19£0.19 81.90+0.10 85.00+0.15
D5  40.00+0.16 76.00£0.18 48.00+0.19 28.00+£0.17 38.00+0.18 34.004+0.21 52.00£0.23 62.00+0.15 50.00£0.19 94.00+0.10
D6  67.86+0.18 66.43+£0.18 87.50+0.14 85.8940.22 76.25+0.17 59.644+0.11 87.14+0.20 81.961+0.14 84.82+0.13 87.68+0.13
D7  60.10£0.09 70.81+£0.14 73.62+0.09 70.95+0.09 68.38+£0.08 70.95+0.09 70.90+0.12 77.81+0.11 78.95+0.13 83.10+0.10

e D8  84.324+0.03 82.92+0.03 80.50+0.03 83.104£0.03 64.81+0.07 84.03+0.04 82.53+0.04 84.684+0.04 84.50+0.04 85.70+0.03
D9  92.0840.00 92.19£0.01 34.20+0.01 90.60£0.01 91.51+0.01 92.104+0.00 94.81+£0.01 92.134+0.01 92.05+0.01 92.224+0.01
D10 81.53+0.09 84.53+0.07 83.164+0.05 82.53£0.09 89.264+0.07 83.11£0.05 83.63+0.07 87.21£0.11 87.18+0.09 89.74+0.05
D11 59.70£0.04 71.70£0.04 69.004£0.05 67.80£0.03 70.204+0.05 68.80£0.03 71.80+0.04 71.50£0.03 71.10£0.03 72.40+0.06
D12 74.59+0.08 72.934+0.12 74.53+0.10 72.98+0.11 70.78+0.10 74.914£0.05 69.69+0.10 72.64+0.09 71.574£0.04 79.36+0.07
D13 92.574£0.01 99.11£0.00 92.584+0.01 92.01£0.01 88.1540.01 99.58£0.00 99.194+0.00 99.60+0.00 99.63+0.00 98.4040.00
D14  23.08+0.11 60.00+0.11 58.4640.12 36.15+0.17 25.3840.13 19.23£0.10 53.084+0.12 43.85+0.12 40.00+0.18 68.46+0.11
D15 92.10+0.04 91.56+0.04 92.44+0.03 74.69+0.07 93.85+0.03 94.20+0.02 90.66+0.05 94.21+0.03 94.38+0.03 94.73+0.03
D16  50.45+0.02 57.68+0.03 50.4540.02 57.90£0.02 58.4940.01 56.92+0.02 57.844+0.02 58.47+0.03 58.39+0.02 58.49+0.02

Aveztst 67.56+0.08 76.60+£0.08 69.83+0.07 71.2840.09 69.42+0.07 69.80+0.06 76.56£0.08 77.524+0.07 77.13£0.07 83.511+0.06
Rank 7.75 5.25 6.44 7.06 7.31 6.75 5.06 3.94 3.94 1.38

MGM alleviates the associated computational complexity, as
discussed in subsection II-C, and provides a more scalable
solution for feature selection under incomplete supervision.

3) Classification Accuracy: To evaluate the classification
performance of the compared methods in partially labeled
decision systems, this subsection analyzes the classification
accuracy under different missing label proportions. The de-
tailed results are presented in Table IV-VI, where the best-
performing results are highlighted in bold.

Classification accuracy is measured across four adopted
classifiers at three levels of missing label proportions (20%,
40%, and 60%). Overall, the proposed Ze-MGM method
consistently achieves superior classification performance com-
pared to other baselines. At the 20% missing label proportion,
Ze-MGM obtains the highest classification accuracy on 14 and
14 datasets across the two classifiers, respectively. Moreover,
Ze-MGM reaches the best average accuracy performance of
85.80% and 83.52%, further illustrating its excellence in
classification task.

Similarly, Ze-MGM maintains its performance advantage
at 40% missing proportion, achieving the highest accuracy
on 14 and 13 datasets for the two classifiers, respectively.

The only exceptions occur on a few datasets, such as D5
and D14 on Cl1, and D5, D6, and D13 on C2. When the
missing label proportion increases to 60%, Ze-MGM still out-
performs other methods in most cases, achieving the highest
accuracy on 13 and 14 datasets, respectively. Although FSDK
and RRPC occasionally yield competitive results, Ze-MGM
remains consistently effective across classifiers and datasets.
In addition, the average performance is presented in Fig. 8§,
where the average accuracy and rank of the proposed method
all achieve the best results compared with others.

TABLE VII
BASIC DESCRIPTION OF FOUR LONG-TAILED DATASETS

No.s Datasets Abbreviation Objects Features Classes

LDI  Autos Auto 159 25 4381146112911201113113
LD2 Landsat Land 2000 36 4701146111397112371122411211
LD3 Lungsmall Luns 73 325 211116l11317161511511
LD4  Page Page 548 11 49211331112118113

Moreover, in comparison with the existing multi-granularity
method FSZE, Ze-MGM demonstrates clear and significant
improvements in classification accuracy. At 20% missing
proportion, Ze-MGM outperforms FSZE on nearly all datasets
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TABLE VIII

CLASSIFICATION PERFORMANCE OF COMPARED METHODS ON FOUR LONG-TAILED DATASETS UNDER DIFFERENT MISSING LABEL PROPORTIONS

Proportion No.s Datasets

FSDK SFS

Inf-FS RRPC SPCA FScNCE

HSFSGU  MSsFSVE FSZE Ze-MGM

LDl 58.46410.12 59.211£0.13 51.0040.14 66.6710.17 57.88+0.11 72.38+£0.13 54.671+0.12 58.0410.14 71.1710.15 76.67 £0.12

LD2  87.4010.03 87.854+0.02 81.9510.02 87.9540.04 88.60+0.03 88.35+0.03 88.2010.02 87.75+0.02 87.80+0.02 88.80L0.02

Cl LD3 64.64+0.18 69.29+0.17 83.9340.12 61.6140.17 65.004+0.16 34.82+0.18 64.82+0.16 87.86+0.14 60.8940.18 78.57+0.12

LD4  93.80+0.03 93.61+£0.03 89.4240.03 93.981+0.03 93.9810.03 93.62+0.03 93.9810.03 93.991+0.03 94.1810.04 94.900.02

20% Avest 76.0810.00 77494008 76.57+0.08 77.5540.10 76.3610.08 72.2910.00 75.42.40.08 81.9110.08 7851 10.09 84.7310.07
LDl 67.9240.11 62.9240.00 59.2140.14 74.88+0.12 57.25+0.08 76.71+0.17 61.004+0.11 76.75+0.10 79.88+0.11 81.08+0.08

LD2  83.05+0.03 83.50+0.02 79.5040.03 82.15+0.02 83.10+0.03 82.35+0.02 82.2540.03 81.70+0.03 80.70+0.02 83.75+0.02

C2  LD3 57.1410.20 51.9610.25 52.68£0.24 46.25+0.21 58.39+0.23 32.68+0.14 58.9310.20 64.4610.17 60.7110.14 71.4310.21

LD4  93.611+0.04 94.3340.03 87.964+0.03 95.08+0.03 94.33+0.04 94.53+0.02 95.07+0.04 94.16£0.04 95.07+0.03 95.62+0.03

Avetst 75.4310.10 73.1840.10 69.8440.11 74.594+0.09 73.27+0.09 71.57+0.09 74.31£0.09 79.27+0.08 79.09+£0.08 82.9710.08

LDI  55.2940.16 68.00+0.13 51.0040.14 67.294+0.12 56.67+0.16 71.83+£0.14 68.00L+0.07 63.541+0.09 67.25+0.07 75.50+0.10

LD2  87.90+0.02 87.40+0.01 81.954+0.02 86.90+0.03 82.30+0.03 88.20+0.01 87.70+0.02 87.65+0.02 88.15+0.01 88.55+0.01

Cl LD3 59.1140.15 54.4610.19 83.9310.12 60.18+0.16 61.07+0.16 36.251+0.22 71.614+0.18 84.641 .11 55.7140.33 75.5440.14

LD4  93.9940.03 93.4310.03 89-4210.03 94.7210.02 93.97+0.03 94.3410.03 93.97+0.04 94.16£0.04 94.15+0.03 95.07£0.03

40% Avezst 74.07+0.09 75.8240.09 76.57+0.08 77.2740.08 73.504+0.09 72.6640.10 80.32+0.08 82.504+0.06 76.32+0.11 83.66+0.07
LDl  68.5440.14 60.3340.13 59.2140.14 75.5040.12 60.38+0.10 76.084+0.10 57.92+0.15 77.384+0.11 79.88+0.10 81.8840.12

LD2  81.9540.03 83.004+0.03 79.504+0.03 79.80+0.02 83.50+0.04 82.85+0.02 82.65+0.02 82.00L0.02 81.85+0.03 83.70L£0.02

C2 LD3 72.6810.09 51.07+0.17 52.684+0.24 39.82410.24 44.2940.19 34.2910.12 59.4610.22 62.5040.18 59.64+0.21 63.2140.18

LD4 93.9810.03 93.9840.03 87.9640.03 95.0840.03 93.594+0.04 94.3410.02 93.430.04 94.71 0.03 94.5310.03 95.4310.03

Avedst 79.2940.07 72.1040.09 69-8410.11 72.55+0.10 70.4410.09 71.89+0.07 73.37+0.11 79.15+0.08 78.97+£0.09 81.06L0.09

LD1  55.2940.16 76.711+0.08 51.0040.14 63.5410.14 52.25+0.12 70.4210.10 75.50+0.07 68.54£0.09 66.00L£0.12 78.00L0.08

LD2  87.80+0.02 87.35+0.02 81.9540.02 87.454+0.04 82.50+0.02 87.95+0.02 87.051+0.02 87.55+0.02 88.05+0.03 88.45+0.02

Cl LD3 59.1140.15 68.75+0.12 79.2940.16 61.61+0.17 61.074+0.16 34.6410.16 70.00+0.18 64.2940.20 61.61+0.13 79.4610.10

LD4  93.9940.03 93.4310.03 89.4210.03 94.7240.02 93.97+0.03 94.16£0.03 93.97+0.04 94.52£0.03 94.34+£0.03 95.07+£0.03

60% Avetst 74.0540.09 81.5640.06 75.4140.09 76.834+0.09 72.45+0.08 71.79+0.07 81.63+0.08 78.72+0.09 77.50+0.07 85.2510.06
LD1  67.9210.11 69.7110.12 59.2140.14 74.9240.13 62.1310.14 73.67+0.09 69.17£0.12 76.17£0.10 71.75+£0.11 78.67+£0.12

LD2  81.95+40.03 82.90+0.02 79.5040.03 79.70+0.02 82.20+0.03 82.15+0.04 83.4540.03 82.85+0.03 82.50+0.03 83.45+0.04

C2 LD3 72.68+0.09 63.39+10.16 52.68+0.24 35.71+0.15 44.2910.19 30.3610.15 60.3610.18 57.5040.18 45.5410.13 63.2140.18

LD4  93.9810.03 95.431+0.03 87.9610.03 95.08+£0.03 93.59+0.04 93.61£0.04 94.88£0.04 94.72£0.03 94.7240.04 9543 +£0.03

Avetst 79.1310.07 77.86+0.08 69.8410.11 71.3510.08 70.55+0.1 69.9510.08 76.9610.09 77.814+0.08 73.63+0.08 80.194¢.09

(a) C1-20%

(b) C2-20% (c) C1-40%

10987 1098 Zﬁ 4321
FSDK Cgue o ESDK H‘ ] Ours
RRPC E— MEVE
SPCA FSZE FSeNCE HSFSGU
FSCNCE SFS ES SIS
(d) C2-40% (e) C1-60% (f) C2-60%

Fig. 9. The Nemenyi post-hoc test results of different methods on two classifiers under three missing label proportions.

and classifiers, except D13 on C2. At 40%, Ze-MGM outper-
forms FSZE on 16 and 15 datasets across the two classifiers,
respectively. A similar trend is observed at 60% missing pro-
portion. Furthermore, Ze-MGM consistently achieves higher
average classification accuracy than FSZE under all missing
proportions, underscoring the effectiveness of the proposed
multi-granularity construction in selecting informative features
for classification tasks.

These above results demonstrate the robustness and adapt-
ability of Ze-MGM in handling incomplete supervision sce-
narios and highlight its capability to enhance classification
performance through effective feature selection.

4) Statistical Tests: This subsection presents the statistical
analysis among compared methods. The Friedman test [52] is
first performed across different classifiers and missing propor-
tions. At a significance level of 8 = 0.1, the null hypothesis,
i.e., all algorithms have equivalent classification performance,
is rejected when the p-value is smaller than 8. The computed
p-values for the compared methods under the three proportions
are 1.67 x 1072, 2.06 x 1079, and 2.85 x 10~8 on classifier

Cl, and 3.62 x 1072, 4.86 x 1079, and 5.90 x 1019 on C2
classifier. All p-values are substantially below the threshold,
confirming the significant differences among the methods.
Given this result, the Nemenyi post-hoc test [52] is further
applied to conduct pairwise comparisons. The equality null
hypothesis will be rejected when the observed rank distance
exceeds the critical difference (CD) value, computed as:

M(M +1)
6D ’
where C'Dg = 3.1257 for M =10, D =16, and 8 = 0.1.
The results of the Nemenyi post-hoc test are illustrated in
Fig. 9. As shown, Ze-MGM consistently ranks first across
different conditions, highlighting its superior performance.
Specifically, Ze-MGM shows statistically significant improve-
ments over 7 and 7 methods on the two classifiers under the
20% level; 8 and 8 methods under the 40% level; and 9 and
7 methods under the 60% level. These findings further vali-
date the effectiveness of Ze-MGM in enhancing classification
performance under incomplete supervision.

CDy =qs (23)
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TABLE IX
CLASSIFICATION ACCURACY OF ABLATION EXPERIMENTS AND ZE-MGM

Proportion No.s Datasets _ Ab-ZeM _ Ab-OOD _ Ze-MGM__ No.s _ Ab-ZeM Ab-OOD  Ze-MGM
DI 666740 06 6978+0.00 7967+0.05 6756+ 0.07 671110.11 711110 01
D2 862640 o2 868310 o2 868310 02 85.14£0.03 85-3740.01 8594+ 0.01
D3 929640, 02 933310.01 %444+0.03 91484.0.04 91304£0.03 920410.04
D4 888140 13 890510 16 899510 10 89294 .14 904810 .11 90481011
D5 820040.15 860040.14 860010 16 74004 0.19 800040, 16 800040 19
D6 932149, 10 944640.07 948240.09 94294 0.14 930440.07 9732+0.06
D7 818130 o7 81194 .07 825740 11 7171%0.10 790540.11 79143011
D8 99724 ¢ 01 97240.00 997240.00 84504 0.03 85.3410.06 86174 0.03
DY 910040 01 91.0010.01 911010 01 9212 0.01 92.1210.01 92224 0.01
20% €l DI0 963410 05 963740 05 964540.04 C2 88264 (.07 86710008 882640 04
DIl 74701 .05 74404 (.04 75204 0.03 72004 0.04 7260 10,04 73204 0.03
DI2 763540.10 786840.11 7974+0.00 793640.08 79-3640.08 804640 05
DI3 972610 00 96824 (.01 9697+0.01 99434 0.00 97:89%0.00 98064 0.01
DI4 70001 0.12 661541012 746210.13 60.77£0.16 60.77+0.16 63851 0.13
DIS 96.6640.02 96664002 97014 (.02 94554 (.04 945540.04 95084 0.03
D16 573540.03 3735+0.03 575540.01 5798 £0.02 380040.02 5862+0.03
LDl 761740 11 743840.14 766740.12 79923011 798340.09 819840 .08
LD2 887040 03 88801 .02 888010 02 83204 0.03 827010.03 83754 0.02
LD3 780430 16 766140.10 7857+0.10 70.7130.18 69464 0.19 714340 21
LD4 94533 ¢ 02 %4714 0.02 949010 02 94894 .02 95264 0.02 95624 0.03
Avest 84434 0 06 8461 140,06 85584000 8186 .08 82.0540.07 83194 0.06
Proportion No.s Datasets ~ Ab-ZeM Ab-OOD Ze-MGM  No.s  Ab-ZeM Ab-OOD Ze-MGM
DI 648910 08 67-7840.00 88910 04 62671000 65224 0.09 686710 05
D2 85804 02 853740.02 87114002 85.004 .02 84951 0.02 85614 0.01
D3 927840 03 93:5210.05 937010.03 9185 (.02 92041 0.04 933340 .04
D4 83574016 871410.12 888140 13 823840.18 904810 11 88334011
D5 820040, 15 60004019 70.0040.17 700040 17 620040 22 70.0040.17
D6 91794 (.07 944640 07 973240.06 944640 1 94294 (.14 946410 09
D7 8144 g9 83141 0.07 83.6210.12 789540.12 790540.11 81574 0.13

D8 99814001 98140.01 1000040 00  84.5940.02 850040.20 854240.03

D9 91.0040. 01 910040.01 911340.01 92.1240.01 921240.01 922240.01
40% ClI DI0 93391 0.06 953940.04 9542 0.04 C2 86634(.06 86.5310.11 89661 0.10
DIl 724040 04 73.6040.04 741040 03 72204 0,05 725040.07 734040 .05
DI2 78021 0.09 77144 0.07 80114¢.08 79364 0.08 75-5840.11 79424 0.08
DI3 97.351(.01 96.7410.01 9685+0.01 99.63 .00 98.111+0.00 9818£0.01
DI4 72313 g 68464 (.20 723140.15 63854 (.11 60.7740.11 66154 10
DIS 96831 0.02 97.37+0.03 9753 +0.02 94914 .03 94.0310.03 95080 04
DI6 57.3540.03 573540.03 575740.03 57924 0.02 5788%40.02 58624 0.03
LDI 741740 13 74881 0.14 755010.10 77384 0.17 77:3840.10 81881 0.12
LD2 886010 03 887510.02 $8.551+0.01 83301 0.02 829510.03 83701 (.02
LD3 755440 13 71074 0.19 755440.14 63214 (.18 614310 .12 63214 (.18
LD4 945210 02 94344 0.02 950710.03 9397£0.03 94.171+0.03 9543 10.03
Avest 83.664 0 06 828740.07 844640 06 8072 0,08 80474+0.08 822340.12
Proportion Nos Datasels _AbZeM ___AbOOD __ ZeMGM__ Nos _AbZeM __ Ab-OOD __ Ze MGM

DI 64894 08 671110.06 682210.06 6556+ 0.08 67-1110.04 82210 06
D2 828840.03 826940.03 844840.01 852340.03 84954+ 0.02 85474+0.02
D3 93.1540.03 942040.03 %444+0.04 92041 0.04 924140.03 931540.03
D4 84764 ( o1 85241 (.17 854810 15 8262 (.14 81.9010.18 8500 (. 15
D5 78004020 740040.28 780010 20 740040.10 70004£0.25 94040.10
D6 889340 13 808940 13 889340 18 86254 (.11 85.1840.13 87684013
D7 79.1940.07 77101 0.08 82480.05 75.00£0.10 78431009 831010 10
D8 99914 0o 96310.01 999140.00 8468 .02 84681 0.04 85704 0,03
DY 910040 01 91.0010.01 91510.01 9212 0.01 92.1210.01 92224 0.01
60% Cl DI0 94791 o6 902640 04 927640.08 C2 85084 0g 86.7140.07 897440 05
DIl 71901 0.04 71904 (.04 74104 (. 03 71904 .04 70.1010.04 72404 06
DI2 779230 .09 752740.07 782940.06 774130.12 74164006 79364+0.07
D13 97504 0.01 9583 £0.01 900140.01 995840.00 9963 £0.00 98401+0.00
DI4 64621014 569210.18 6769410 20 6231£0.17 53.0810.09 684610 11
DIS 968410 03 96844 (.03 9753 40.03 94384 0.04 93501 0.04 947340.03
DI6 56.8210.03 56944 (.02 573340.02 5835410.03 582310.03 58491 0.02
LDl 741740 11 760840.10 789040, 08 773840.07 7808%0.00 786740.12
LD2 87.854( 03 88351 0.02 884510 02 82804 .03 82901 0.02 83454 (. 04
LD3 77.8610.18 73044 0.18 79461 0.10 62681 0.26 51.79+0.22 63211018
LD4 94523 ¢ 0o 95441 (.03 950710 03 95264 0.02 95431 0.02 95434 0.03
Avest 82874 o7 814440 08 838940 07 80234 (.07 79024007 828440 07

D. Comparison Evaluation on Long-tailed Datasets

To further illustrate the generality of the proposed method
in long-tailed situations, four datasets from the KEEL Data-
Mining Software Tool are employed to make comparisons,
where the detailed information is summarized in Table VII.

As shown in Table VIII, the proposed Ze-MGM achieves
the highest classification accuracy in most cases, except for
LD3 on the Cl1 classifier at 20% and 40% proportions and
the C2 classifier at 60% proportion. Moreover, the average
results obtained on both classifiers are significantly better
than those of other methods. These results indicate that the
proposed Ze-MGM maintains excellent performance even in
long-tailed scenarios. Although it exhibits outstanding results,
developing a specific learning mechanism to handle extreme
class imbalance remains a promising direction for future work.
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E. Ablation Study

To verify the effectiveness of the two core modules, the
Ze-MGM without out-of-distribution removal (Ab-OOD) and
Ze-MGM without multi-granularity uncertainty measure (Ab-
ZeM) are two ablation experiments for further validation. All
the classification results are summarized in Table IX.

From this table, the proposed Ze-MGM achieves superior
classification performance under different missing label levels.
On the two classifiers, it attains the highest accuracy 19 and
19 times under the 20% level, 17 and 18 times under the 40%
level, and 17 and 19 times under the 60% level, respectively. In
contrast, both Ab-OOD and Ab-ZeM achieve the best results
only a few times. Furthermore, the average accuracy of Ze-
MGM consistently surpasses that of the two ablated variants.
These results clearly demonstrate the effectiveness of both the
out-of-distribution removal and multi-granularity uncertainty
modules in enhancing the semi-supervised feature selection
capability of the Ze-MGM method.

F. Parameter Sensitivity Analysis

This subsection investigates the impact of the parameter A
on Ze-MGM under three different missing label proportions.
As discussed in subsection III-B, the A directly influences
the granularity structure, which plays a key role in the multi-
granularity zentropy modeling for HIDWS data.

Accuracy(%)
73.40

Accuracy(%)
97.03

66.76
60.12
53.48
46.84
40.20
33.56
26.92
20.28
13.64
7.000

- 96.75
96.47
96.19
95.91
95.63
95.34
95.06
94.78
94.50

Accuracy(%) Accuracy(%)

95.80 87.60
83.72
79.84
75.96
72.08
68.20
64.32
60.44
56.56
52.68
48.80

94.03
92.26
90.49
88.72
86.95
85.18
83.41
81.64
79.87
78.10

(d) D11

Fig. 10. Classification accuracy of Ze-MGM on KNN with A and p.

To examine how A affects classification performance, the
classification accuracy of Ze-MGM using the KNN classifier
is presented in Fig. 10, where A\ denotes the granularity
parameter, and p is the missing label proportion. As observed,
the accuracy fluctuates with variations in A, particularly on
the D5 and D11 datasets, indicating the sensitivity of Ze-
MGM to this parameter. Furthermore, the optimal value of
A induced by the best accuracy differs across various missing
label proportions due to the dynamic changes in granularity
structure induced by unlabeled instances. Therefore, adjusting
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A appropriately is necessary to achieve optimal performance
under different missing proportions.

VI. CONCLUSIONS

This paper develops a generalizable multi-granularity mod-
eling framework to address the challenges of high sensitivity
and limited robustness in high-dimensional and sparsely la-
beled scenarios. In contrast to existing methods, the approach
uniquely incorporates object compatibility for informed sam-
ple selection and enhances label learning by integrating object
proximity with classification certainty. Moreover, the designed
interpretable multi-granularity structure leverages zentropy
modeling to accurately capture uncertainty across various
granularities. Furthermore, an SSFS approach tailored for
partially labeled data is proposed by introducing strategic label
augmentation combined with zentropy modeling. Extensive
theoretical analysis and experiments demonstrate the effec-
tiveness of the proposed Ze-MGM method compared to state-
of-the-art techniques. While the proposed approach mitigates
the limitations of conventional uncertainty measures that rely
on fixed modeling assumptions, the computational overhead
of granularity optimization warrants further study. Moreover,
practical systems often encounter continuously evolving data
streams and open scenarios. Hence, incorporating incremental
mechanisms to handle such dynamic environments is a promis-
ing yet nontrivial direction for future work.
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