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A B S T R A C T

The multi-label classification task is more challenging than the degenerated case of single-label classification
due to diversified uncertainty. Uncertainty in multi-label classification not only involves label dependency
but also the inconsistency of label correlation and imbalanced label association. While three-way decision
methods excel in characterizing multifaceted uncertainty, developing a well-established three-way decision-
based framework for multi-label classification remains challenging. Based on the historical developments of
decision-theoretic rough sets and sequential three-way decision, this paper presents a systematic review of rep-
resentative three-way multi-label classification models. By analyzing the contributions from existing studies, the
multifaceted uncertainty of multi-label classification is classified into label uncertainty, correlation uncertainty,
and structure uncertainty. To effectively deal with the structure uncertainty, some essential subproblems are
identified, and a general three-way-based framework called the multi-label sequential decision-theoretic three-
way decision (ML-SD3WD) model is presented. The ML-SD3WD model sequentially handles three-way topic
generation, three-way label assignment, and three-way label enhancement by integrating decision-theoretic
rough set with sequential three-way decision. Furthermore, some emerging directions in customizing the ML-
SD3WD model are delineated. Finally, limitations from both the label side and feature side are discussed and
corresponding solutions are offered for uncertainty-driven solutions in practical applications. The results of
this review will offer a road map for knowledge discovery in multi-label classification.
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1. Introduction

The ability to leverage underlying knowledge for precision classi-
ication on unseen instances has been deemed as a manifestation of
uman intelligence. To evolve such intelligence on machines, many
uthors consider concept cognition problems and learn the intension
f concepts based on extension information annotated by labels. The
eneralization of label semantics in scale and relationship has witnessed
he extension from single-label classification to multi-label classifica-
ion [1–3]. Contrary to the single-label case in which concepts are

mutually exclusive, the multi-label case (e.g., UCO repository1) em-
braces varying degrees of inconsistency among concepts. The uncertain
verlapping nature of concepts is especially ubiquitous in domains
ncluding emotion analysis [4,5], video annotation [6,7], and medical
iagnosis [8–10].

Label correlation is an essential uncertainty component in devel-
ping a multi-label classifier. The reasons are two-fold. Firstly, the

annotator may prefer some reliable evidence from the combinations of
salient labels, which means the relevancy/irrelevancy of a particular
instance-label pair may be referred to when determining another. Sec-
ondly, the learner expects to find some data-driven information to resist
the overwhelming imbalanced label relevancy and the interpretation
of label correlation serves as an auxiliary. During the past decades,
the correlated order, spatial representation, and regional boundary
constitutes three main directions on label correlation construction,
and three trends have correspondingly emerged on label correlation,
i.e., from hyperparameter-specified order (including first-order label
correlation [11–13], second-order label correlation [14–17], high-order
label correlation [18–21]) to a judicious order of label correlation [22–
24], from observable feature-label space [25,26] to latent feature-label
pace [27–29], and from solely global label correlation [30–32] to

solely local, both global and local label correlation [33–37]. Despite
he increasingly refined label correlations, the robustness of label cor-

relation is still flawed, especially for the case of label distribution
learning [38] and label enhancement [39], where numerical labels are
predefined or learned from logical labels, respectively. Accordingly, the
uncertainty of label correlation remains unsolved and degenerates the
classification performance.

Granular computing (GrC) [40–42] is a methodology that approx-
mates the underlying structure of knowledge by granulation. Com-
onents in granulation are not limited to a specific mathematical

1 https://www.uco.es/kdis/mllresources/
2 
model such as rough set [43], fuzzy rough set [44], intuitionistic fuzzy
set [45], evidential theory [46], formal concept analysis [47], and shad-
owed set [48]. Rather, they are determined by both the characteristics
of the data and the identified complexity of uncertainty. These factors,
influenced by objective and subjective considerations, lead to a diverse
range of granule-based solutions. As the understanding of multi-label
semantics deepens, the intensity and scope of multi-faceted uncertainty,
including randomness, roughness, and fuzziness, are gradually reduced.
For example, Li et al. [49] optimized feature representations via the

aximal correlation minimal redundancy principle. Che et al. [50]
generated label-specific features by measuring overlapping degrees
on label-dependent essential features. Qian et al. [51] extended the
eighborhood granularity to solve feature selection in the label dis-
ribution learning case. Tan et al. [52] constructed the cost-sensitive

features by introducing granular discrimination-based regularization.
Lin et al. [53] optimized the common features and label-specific fea-
ures by introducing mutual information into label correlation. Bian
t al. [54] constructed an adaptive membership function to overcome

the numeric underflow issue in fuzzy systems for the high-dimensional
multi-label classification. Liu et al. [55] introduced a class-imbalance-
aware fuzzy information entropy on feature selection for adaptive
label enhancement. Zhao et al. [56] developed augmented features by
earning quantitative discrimination within the neighborhood.

Three-way decision (3WD) [57] is a field of study related to the
heory of granular computing. Originating from semantic explanations

of three regions deduced from the rough set, the semantics of threes
and decisions in three-way decision have been substantially enriched.
A theory of three-way decision has been evolved from the framework
of trisecting-and-acting [58], trisecting-acting-outcome (TAO) [59], to
the triading-acting-optimizing (TAO) [60] (see Fig. 1). A recent re-
view [61] concludes the development of three-way decision from the
philosophy-theory-application triad and who-what-when triad. It is
worth mentioning that the TAO structure is problem-dependent in
characterizing and reasoning the degrees of uncertainty. This means
that the TAO structure adapts to the specific information distribu-
tion related to the certainty and uncertainty of the target concepts,
allowing for more accurate and context-specific uncertainty manage-
ment. Consequently, the three-way decision model is conducive to
minimizing uncertainty while maintaining interpretability. The superi-
ority of three-way decision has been demonstrated in both theoretical
researches and practical explorations, including movement-based TAO
model [62–64], change-based TAO model [65–67], uncertainty mea-
sure [68,69], concept cognition [70,71], granular ball computing [72–
74], conflict analysis [75–77], incremental learning [78,79], outlier

https://www.uco.es/kdis/mllresources/


Y. Zhang et al. Applied Soft Computing 171 (2025) 112757 
Fig. 1. Illustration of TAO framework.
detection [80,81], clustering analysis [82–84], pearson search [85–87],
and privacy-preserving modeling [88–90].

Multi-label classification has become a major topic of three-way
decision over decades [61]. Recently, many scholars have employed
three-way decision to address the uncertainty in multi-label classi-
fication and obtain promising outcomes. For incremental learning,
Zhang et al. [91] accelerated the calculation of tripartition for multi-
label in the arrival of multiple instances. Liu et al. [92] presented
a novel instance similarity distribution-based neighborhood rough set
for streaming feature selection. Deng et al. [93] developed an F-
fuzzy condition entropy measure to dynamically update the features
characterized by an F-double-fuzzy rough set. For active learning,
Zhang et al. [94] proposed a granule-based batch learning model and
improved the instance selection quality by considering three-way label
correlation fitting. For imperfect information processing, Zhu et al. [95]
devised an active three-way clustering method to polish the local label
correlation for instances with weak labels. Qian et al. [96] developed
a three-way label fusion strategy to synthesize the intermediate out-
puts from tri-training, thus reducing the biased estimation incurred
by insufficient consistent instances for partial multi-label classification.
Yin et al. [97] introduced multi-scale transformation principle on label
space to capture the characteristics fine-grained features for missing
label cases.

1.1. Motivation

Numerous extensions from single-label-based three-way decision
flourish the solutions of multi-label classification. However, a compre-
hensive survey that reviews the advancements and accomplishments of
three-way multi-label classification is lacking. The detailed motivations
on why this survey paper is imperative are as follows.

1. Complex Uncertainty in Multi-label Classification: The cat-
egories of uncertainty in multi-label classification include more
than randomness, fuzziness and roughness. The label ambigu-
ity is compounded by enriched semantics of inconsistency, im-
balance, and inaccuracy, which is beyond the scope of the
single-label-based uncertainty.

2. New Challenges in Handling Diversified Uncertainty: With
the diversified uncertainty in observable labels, it is impossi-
ble to employ the conventional divide-and-conquer strategy to
3 
solve a series of subproblems, which means the label correlation
becomes a novel knowledge discovery issue. The classification
accuracy will be suboptimal if the structures of concept remains
uncertain. To effectively deal with the multi-faceted uncertainty,
it is valuable to clarify the representative procedures and analyze
the corresponding topology of the TAO model, and a feasible
solution for this purpose is conducting a comprehensive review
on three-way multi-label classification.

3. Construction on General Modeling Framework: As the spe-
cialized solutions are unavailable, studies taking model adap-
tation on three-way multi-label classification are reviewed. The
essential functionalities and extension directions are clarified af-
ter summarizing the progress in decision-theoretic rough set and
sequential three-way decision. Based on these developments, the
components of uncertainty in multi-label classification are sum-
marized. With these requirements on uncertainty formulation,
a general modeling framework is established. It is crucial for
guiding future research and practical applications, ensuring that
the models are adaptable and robust across different scenarios.

4. Supporting Application-Oriented Knowledge Discovery: To
elaborate on how three-way-based model promote the researches
in concrete applications, studies from concept-cognitive learn-
ing, emotion detection, medical diagnosis, recommender sys-
tems, and social network analysis, are critically analyzed. Mean-
while, the limitations and solutions of the proposed framework
are discussed, thus inspiring an uncertainty-driven solution.

Despite the challenges and limitations, the proposed framework serves
as the backbone of the three-way multi-label classification approach.

1.2. Contribution

By systematically outlining the model developments and highlight-
ing the representative models, this survey can serve as a reference
for practitioners in the relevant community to further develop more
effective three-way-based solutions for multi-label classifications. The
contributions are as follows:

1. A historical review of three-way decision is completed on repre-
sentative extensions of decision-theoretic rough set and sequen-
tial three-way decision from single-label to multi-label. Through
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comprehensive investigations on problem formulation, the adap-
tation of uncertainty-aware modules in three-way-based models
are intensively compared.

2. The uncertainty factors in constructing three-way-based multi-
label classification are identified as label uncertainty, correlation
uncertainty, and structure uncertainty. They denote three kinds
of uncertainty distributions, known as the trustworthiness of
multiple labels, the topic-based positive and negative correla-
tions among labels, and the granulation strategy, respectively.
For comprehension, a hierarchical structure representing the
multi-faceted uncertainty as data level, knowledge level, and
formulation level, is developed.

3. By leveraging the advantages of the decision-theoretic rough
set and sequential three-way decision, a novel three-way-based
framework called multi-label sequential decision-theoretic three-
way decision (ML-SD3WD) is established to reduce the uncer-
tainty in essential procedures, including topic generation, label
assignment, and label enhancement.

4. Challenges in customizing the ML-SD3WD model for multi-label
classification are comprehensively discussed, with a focus on the
limitations and corresponding solutions of employing three-way
decision in real applications.

The remaining parts are organized as follows: the single-label-based
prototypes of three-way decision are reviewed in Section 2, which
provides the theoretical foundation for three-way-based multi-label
classification. Section 3 summarizes the bibliometric analysis on recent
tudies and three major model adaptation directions, offering valuable
nsights into the structural uncertainty. Section 4 details the chal-

lenges incurred by various kinds of uncertainty and explores a trilevel
solution by structural formulation. Section 5 points out some emerg-
ng applications, promoting discussions on domain-specific data-driven
ormulations. Section 6 discusses the limitations and corresponding

solutions when employing three-way classification on real application.
inally, Section 7 concludes the paper.

2. 3WD in single-label classification

The decision-theoretic rough set (DTRS) and sequential three-way
decision (S3WD) models constitute the foundations of three-way deci-
sion and serve as the prototypes of many variations. In this section, the
essential components of DTRS and S3WD in binary classification are
reviewed. Representative extensions of DTRS and S3WD in multi-class
classification are provided, where the concept relations are relaxed
from complementary to mutually exclusive.

2.1. DTRS for binary classification

The motivation of decision-theoretic rough set proposed by Yao
t al. [98,99] is to offer a reasonable interpretation of how a rough
oncept 𝑋 is approximated by three non-overlapping regions from the

perspective of the misclassification cost in decision-making. Let  =
(𝑈 , 𝑅, 𝑃 𝑟) denote a triple of available information, where 𝑈 represents
the universe, 𝑅 represents the equivalence relation that partitions 𝑈
nto a family 𝑈∕𝑅 of nonempty subsets of 𝑈 . Let [𝑥] ∈ 𝑈∕𝑅 denote the

equivalence class in the partition 𝑈∕𝑅, which is induced by an object
𝑥 ∈ 𝑈 and 𝑃 𝑟 (𝑋 |[𝑥] ) represents a probability-based measure for 𝑋 ⊆ 𝑈
on 𝜎-algebra of 𝑈 . Suppose the loss function 𝜆𝑖𝑃 (𝑖 ∈ {𝑃 , 𝐵 , 𝑁}) denotes
otential cost incurred for taking the 𝑖th action when an element 𝑥 ∈ [𝑥]
elongs to 𝑋 (i.e., 𝑥 ∈ 𝑋), and 𝜆𝑖𝑁 (𝑖 ∈ {𝑃 , 𝐵 , 𝑁}) denotes potential cost
ncurred for taking the 𝑖th action when an element 𝑥 ∈ [𝑥] belongs to
he complementary of 𝑋 (i.e., 𝑥 ∈ ¬𝑋), then for the binary classification

problem, the six loss functions can be placed as Table 1.
Correspondingly, the expected conditional risk 𝑅 (𝑃 |[𝑥] ), 𝑅 (𝐵 |[𝑥] ),

(𝑁 |[𝑥] ) of determining [𝑥] as positive region (denoted as 𝑃 𝑂 𝑆 (𝑋)),
oundary region (denoted as 𝐵 𝑁 𝐷 𝑋 ) and negative region (denoted
( ) c

4 
Table 1
Loss function matrix.

𝑎𝑃 𝑎𝐵 𝑎𝑁
𝑋 𝜆𝑃 𝑃 𝜆𝐵 𝑃 𝜆𝑁 𝑃
¬𝑋 𝜆𝑃 𝑁 𝜆𝐵 𝑁 𝜆𝑁 𝑁

as 𝑁 𝐸 𝐺 (𝑋)) can be expressed by following Bayesian decision the-
ry [100–102] as:
𝑅 (𝑃 |[𝑥] ) =𝜆𝑃 𝑃𝑃 𝑟 (𝑋 |[𝑥] ) + 𝜆𝑃 𝑁𝑃 𝑟 (¬𝑋 |[𝑥] ) ,

𝑅 (𝐵 |[𝑥] ) =𝜆𝐵 𝑃𝑃 𝑟 (𝑋 |[𝑥] ) + 𝜆𝐵 𝑁𝑃 𝑟 (¬𝑋 |[𝑥] ) ,

(𝑁 |[𝑥] ) =𝜆𝑁 𝑃𝑃 𝑟 (𝑋 |[𝑥] ) + 𝜆𝑁 𝑁𝑃 𝑟 (¬𝑋 |[𝑥] ) .

(1)

where 𝑃 𝑟 (𝑋 |[𝑥] )+𝑃 𝑟 (¬𝑋 |[𝑥] ) = 1. In this way, the relative difference
n decision-making is cost-sensitive. The optimal tripartition on 𝑋 and
he complementary ¬𝑋 is formulated as a problem that simultaneously
inimizes expected conditional risks for the three regions as:

(𝑃 ) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝑃 𝑂 𝑆 (𝑋) 𝑖𝑓 𝑃 𝑟 (𝑋 |[𝑥] ) ⩾ 𝛼 ∧ 𝑃 𝑟 (𝑋 |[𝑥] ) ⩾ 𝛾 ,
(𝐵) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝐵 𝑁 𝐷 (𝑋) 𝑖𝑓 𝛽 < 𝑃 𝑟 (𝑋 |[𝑥] ) < 𝛼 ,
𝑁) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝑁 𝐸 𝐺 (𝑋) 𝑖𝑓 𝑃 𝑟 (𝑋 |[𝑥] ) ⩽ 𝛽 ∧ 𝑃 𝑟 (𝑋 |[𝑥] ) ⩽ 𝛾 .

(2)

where 𝛼, 𝛽, and 𝛾 are resolved as:

𝛼 =
𝜆𝑃 𝑁 − 𝜆𝐵 𝑁

(

𝜆𝑃 𝑁 − 𝜆𝐵 𝑁
)

+
(

𝜆𝐵 𝑃 − 𝜆𝑃 𝑃
) ,

𝛽 =
𝜆𝐵 𝑁 − 𝜆𝑁 𝑁

(

𝜆𝐵 𝑁 − 𝜆𝑁 𝑁
)

+
(

𝜆𝑁 𝑃 − 𝜆𝐵 𝑃
) ,

𝛾 =
𝜆𝑃 𝑁 − 𝜆𝑁 𝑁

(

𝜆𝑃 𝑁 − 𝜆𝑁 𝑁
)

+
(

𝜆𝑁 𝑃 − 𝜆𝑃 𝑃
) .

(3)

2.2. DTRS for multi-class classification

The extensions of DTRS in multi-class classification (abbreviated
s 𝑚-class, where 𝑚 > 2) emphasize the problem transformation on
oth class relations and loss functions [103–106]. By referring to

problem transformation, the new formulation is composed of a number
of subproblems in the form of classical DTRS. Let 𝛺 = {𝐶1, 𝐶2,… , 𝐶𝑚}
be a finite set of 𝑚 classes, for the three actions named as acceptance
as the class 𝐶𝑖 (denoted as 𝑃𝑖), postpone as the class 𝐶𝑖 (denoted as 𝐵𝑖),
and reject as the class 𝐶𝑖 (denoted as 𝑁𝑖), respectively. Then the DTRS
in multi-class can be formulated as follows:

(1) Model of Zhou [104]
In the multi-class classification based on decision-theoretic rough

set model, the tripartition takes a one-versus-rest strategy where each
class 𝐶𝑖 is associated with a set of strategies composed of three actions
𝑃𝑖, 𝐵𝑖, 𝑁𝑖}. In other words, there are 3 × 𝑚 loss functions, where 𝑃𝑖,
𝑖, and 𝑁𝑖 correspond to the decision [𝑥] ⊆ 𝑃 𝑂 𝑆(𝐶𝑖), [𝑥] ⊆ 𝐵 𝑁 𝐷(𝐶𝑖),
𝑥] ⊆ 𝑁 𝐸 𝐺(𝐶𝑖), respectively. Then the expected conditional risk for

acceptance (denoted as 𝑅
(

𝑃𝑖 |[𝑥]
)

), neutral (denoted as 𝑅
(

𝐵𝑖 |[𝑥]
)

),
nd rejection (denoted as 𝑅

(

𝑁𝑖 |[𝑥]
)

) can be expressed as:

𝑅
(

𝑃𝑖 |[𝑥]
)

=
𝑗=𝑚
∑

𝑗=1
𝜆
(

𝑃𝑖
|

|

|

𝐶𝑗

)

𝑃 𝑟 (𝐶𝑗 |[𝑥]
)

,

𝑅
(

𝐵𝑖 |[𝑥]
)

=
𝑗=𝑚
∑

𝑗=1
𝜆
(

𝐵𝑖
|

|

|

𝐶𝑗

)

𝑃 𝑟 (𝐶𝑗 |[𝑥]
)

,

(

𝑁𝑖 |[𝑥]
)

=
𝑗=𝑚
∑

𝑗=1
𝜆
(

𝑁𝑖
|

|

|

𝐶𝑗

)

𝑃 𝑟 (𝐶𝑗 |[𝑥]
)

.

(4)

where 𝜆
(

𝑃𝑖
|

|

|

𝐶𝑗

)

, 𝜆
(

𝐵𝑖
|

|

|

𝐶𝑗

)

, and 𝜆
(

𝑁𝑖
|

|

|

𝐶𝑗

)

are the loss incurred by
making acceptance, neutral or rejection of class 𝐶𝑖 when the actual
class is 𝐶𝑗 , 𝑃 𝑟 (𝐶𝑗 |[𝑥]

)

is the probability of an instance 𝑥 being 𝐶𝑗
onditioned on the equivalence 𝑥 . Thus the tripartition on the concept
[ ]
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𝑋 can be deduced by following Bayesian decision theory [100–102] as:
(𝑃 ) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝑃 𝑂 𝑆 (

𝐶𝑖
)

𝑖𝑓 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

⩾ 𝛼𝑖 ∧ 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

⩾ 𝛾𝑖,

(𝐵) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝐵 𝑁 𝐷 (

𝐶𝑖
)

𝑖𝑓 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

< 𝛼𝑖 ∧ 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

> 𝛽𝑖,
(𝑁) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝑁 𝐸 𝐺 (

𝐶𝑖
)

𝑖𝑓 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

⩽ 𝛽𝑖 ∧ 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

⩽ 𝛾𝑖.

(5)

where 𝛼𝑖, 𝛽𝑖, and 𝛾𝑖 are resolved as:

𝛼𝑖 =

∑𝑗=𝑚
𝑗=1,𝑗≠𝑖 𝑃 𝑟 (𝐶𝑗 |[𝑥]

)

(

𝜆
(

𝑃𝑖
|

|

|

𝐶𝑗

)

− 𝜆
(

𝐵𝑖
|

|

|

𝐶𝑗

))

𝜆
(

𝐵𝑖
|

|

|

𝐶𝑗

)

− 𝜆
(

𝑃𝑖
|

|

|

𝐶𝑗

) ,

𝑖 =

∑𝑗=𝑚
𝑗=1,𝑗≠𝑖 𝑃 𝑟 (𝐶𝑗 |[𝑥]

)

(

𝜆
(

𝐵𝑖
|

|

|

𝐶𝑗

)

− 𝜆
(

𝑁𝑖
|

|

|

𝐶𝑗

))

𝜆
(

𝑁𝑖
|

|

|

𝐶𝑗

)

− 𝜆
(

𝐵𝑖
|

|

|

𝐶𝑗

) ,

𝛾𝑖 =

∑𝑗=𝑚
𝑗=1,𝑗≠𝑖 𝑃 𝑟 (𝐶𝑗 |[𝑥]

)

(

𝜆
(

𝑃𝑖
|

|

|

𝐶𝑗

)

− 𝜆
(

𝑁𝑖
|

|

|

𝐶𝑗

))

𝜆
(

𝑁𝑖
|

|

|

𝐶𝑗

)

− 𝜆
(

𝑃𝑖
|

|

|

𝐶𝑗

) .

(6)

(2) Model of Jia et al. [105]
In the multi-class three-way decision-theoretic rough set (MCDTRS)

odel, the tripartition takes a one-versus-rest strategy where each class
𝐶𝑖 is associated with a set of strategies composed of three actions  =
{𝑎𝑃𝑖 , 𝑎𝐵𝑖

, 𝑎𝑁𝑖
}. Different from Zhou’s model [104] whose loss functions

nclude 3 ×𝑚 combinations, MCDTRS is composed of 6 ×𝑚 combinations
or 𝑚-class. As shown in (7), the expected conditional risk for positive,

boundary, and negative class on 𝑖th class is calculated by Bayesian
decision theory [100–102].
𝑅𝑃𝑖 =𝜆

𝑖
𝑃 𝑃𝑃 𝑟 (𝐶𝑖 |[𝑥]

)

+ 𝜆𝑖𝑃 𝑁
(

1 − 𝑃 𝑟 (𝐶𝑖 |[𝑥]
))

,

𝑅𝐵𝑖
=𝜆𝑖𝐵 𝑃𝑃 𝑟 (𝐶𝑖 |[𝑥]

)

+ 𝜆𝑖𝐵 𝑁
(

1 − 𝑃 𝑟 (𝐶𝑖 |[𝑥]
))

,

𝑅𝑁𝑖
=𝜆𝑖𝑁 𝑃𝑃 𝑟 (𝐶𝑖 |[𝑥]

)

+ 𝜆𝑖𝑁 𝑁
(

1 − 𝑃 𝑟 (𝐶𝑖 |[𝑥]
))

.

(7)

where 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

denotes the probability of 𝑥 being the class of 𝐶𝑖.
he six loss functions 𝜆𝑖𝑃 𝑃 , 𝜆𝑖𝑃 𝑁 , 𝜆𝑖𝐵 𝑃 , 𝜆𝑖𝐵 𝑁 , 𝜆𝑖𝑁 𝑃 , 𝜆𝑖𝑁 𝑁 , represent the loss

ncurred by accepting (P), delaying (B), and rejecting (N) 𝑥 as 𝑖th class
when the 𝑥 actually belongs to the 𝑖th class (P) or not (N). Similarly,
he decision on 𝑥 follows the principle of risk minimization:
(𝑃 ) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝑃 𝑂 𝑆 (

𝐶𝑖
)

𝑖𝑓 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

⩾ 𝛼𝑖,

(𝐵) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝐵 𝑁 𝐷 (

𝐶𝑖
)

𝑖𝑓 𝛽𝑖 < 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

< 𝛼𝑖,
(𝑁) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑥 ∈ 𝑁 𝐸 𝐺 (

𝐶𝑖
)

𝑖𝑓 𝑃 𝑟 (𝐶𝑖 |[𝑥]
)

⩽ 𝛽𝑖.

(8)

where the 𝛼𝑖 and 𝛽𝑖 are determined as:

𝛼𝑖 =
𝜆𝑖𝑃 𝑁 − 𝜆𝑖𝐵 𝑁

(

𝜆𝑖𝑃 𝑁 − 𝜆𝑖𝐵 𝑁
)

+
(

𝜆𝑖𝐵 𝑃 − 𝜆𝑖𝑃 𝑃
) ,

𝑖 =
𝜆𝑖𝐵 𝑁 − 𝜆𝑖𝑁 𝑁

(

𝜆𝑖𝐵 𝑁 − 𝜆𝑖𝑁 𝑁
)

+
(

𝜆𝑖𝑁 𝑃 − 𝜆𝑖𝐵 𝑃
) .

(9)

2.3. S3WD for binary classification

The motivation of S3WD presented by Yao and Deng [107,108] is
to formulate a top-down information processing solution that can be
examined at a finer granulation level with more detailed information
when there is a need or benefit for doing so [109]. This means the
roughness of a given concept 𝑋 can be gradually resolved and the
hree-way decision is degenerated as a two-way decision eventually
see Fig. 2).

Let {0, 1,… , 𝑛} denotes 𝑛 + 1 (𝑛 ⩾ 1) levels of granularity, with 0
and 𝑛 representing the finest and coarsest granularity, respectively. The
ecision-making procedure performs sequentially at levels 𝑛, 𝑛− 1,… , 1

and eventually reaches the two-way decision at level 0. For the 𝑖th level,
he descriptor of the instance 𝑥 (𝐷 𝑒𝑠𝑖 (𝑥)) follows the assumption below:

𝐷 𝑒𝑠0 (𝑥) ⪯ 𝐷 𝑒𝑠1 (𝑥) ⪯ … ⪯ 𝐷 𝑒𝑠𝑖 (𝑥) ⪯ … ⪯ 𝐷 𝑒𝑠𝑛 (𝑥) (10)

where the relation ⪯ denotes a ‘‘finer than’’ relationship for two descrip-
tors at different granularity. It is worth mentioning that the tripartition
5 
at a particular level can be any concrete three-way model like DTRS.
Let 𝑈𝑖+1 be the set of instances in boundary region at level 𝑖 + 1 and
stipulate 𝑈𝑛+1 = 𝑈 , then the general form of S3WD at a particular level
can be expressed as:
𝑃 𝑂 𝑆(𝛼𝑖 ,𝛽𝑖)

(

𝑣𝑖
)

=
{

𝑥 ∈ 𝑈𝑖+1
|

|

|

𝑣𝑖
(

𝐷 𝑒𝑠𝑖 (𝑥)
)

⪰𝑖 𝛼𝑖
}

,

 𝑁 𝐷(𝛼𝑖 ,𝛽𝑖)
(

𝑣𝑖
)

=
{

𝑥 ∈ 𝑈𝑖+1
|

|

|

𝛽𝑖 ≺𝑖 𝑣𝑖
(

𝐷 𝑒𝑠𝑖 (𝑥)
)

≺𝑖 𝛼𝑖
}

,

𝑁 𝐸 𝐺(𝛼𝑖 ,𝛽𝑖)
(

𝑣𝑖
)

=
{

𝑥 ∈ 𝑈𝑖+1
|

|

|

𝑣𝑖
(

𝐷 𝑒𝑠𝑖 (𝑥)
)

⪯𝑖 𝛽𝑖
}

.

(11)

where 𝑃 𝑂 𝑆(𝛼𝑖 ,𝛽𝑖)
(

𝑣𝑖
)

, 𝐵 𝑁 𝐷(𝛼𝑖 ,𝛽𝑖)
(

𝑣𝑖
)

, and 𝑁 𝐸 𝐺(𝛼𝑖 ,𝛽𝑖)
(

𝑣𝑖
)

denote the
ositive, boundary and negative regions at 𝑖th step. 𝑣𝑖 (⋅) is an eval-
ation function that measures the relationship between its value and
he corresponding three-way-based thresholds (𝛼𝑖 and 𝛽𝑖, which satisfies
𝑖 ≺𝑖 𝛼𝑖). For level 0, the evaluation function 𝑣𝑖 (⋅) compares its value
ith the two-way-based threshold 𝛾0 on 𝑈1.

2.4. S3WD for multi-class classification

The extensions of S3WD on multi-class classification [110–116] ex-
plore different combinations between the instance descriptor (𝐷 𝑒𝑠𝑖 (𝑥))
nd the structure of thresholds

(

𝛼𝑖, 𝛽𝑖
)

at every level of granularity. Nev-
rtheless, they all share the three-way-based decision-making structures
ith the refinement of granularity2. In what follows, the structures of

three representatives are enumerated to show how the extensions of
S3WD are completed.

(1) Model of Savchenko [110]
In the sequential database enumeration with the sequential three-

way decision model, the S3WD is employed for statistical recognition
of the objects. With the refinement of the grid, the method con-
structed a group of segmentations with identical sizes and generated
the instance descriptor by calculating gradient orientations based on
Kullback–Leibler divergence (a.k.a. KL-divergence). To minimize ambi-
uity within classes, the tripartition at the 𝑖th granularity is realized in
 one-versus-one strategy by comparing the KL-divergence (denoted as
(𝑖)
𝐾 𝐿

(

𝑋1, 𝑋2
)

) from different classes against the thresholds
(

𝜌(𝑖)0 , 𝜌(𝑖)1
)

.

𝑃 𝑂 𝑆𝜌(𝑖)1
=
{

𝜌(𝑖)𝐾 𝐿
(

𝑋1, 𝑋2
)

|

|

|

𝑋1, 𝑋2 ∈ 𝐗, 𝜌(𝑖)𝐾 𝐿
(

𝑋1, 𝑋2
)

> 𝜌(𝑖)1
}

,

𝐵 𝑁 𝐷𝜌(𝑖)0 ;𝜌(𝑖)1
=
{

𝜌(𝑖)𝐾 𝐿
(

𝑋1, 𝑋2
)

|

|

|

𝑋1, 𝑋2 ∈ 𝐗, 𝜌(𝑖)0 ⩽ 𝜌(𝑖)𝐾 𝐿
(

𝑋1, 𝑋2
)

⩽ 𝜌(𝑖)1
}

,

𝑁 𝐸 𝐺𝜌(𝑖)0
=
{

𝜌(𝑖)𝐾 𝐿
(

𝑋1, 𝑋2
)

|

|

|

𝑋1, 𝑋2 ∈ 𝐗, 𝜌(𝑖)𝐾 𝐿
(

𝑋1, 𝑋2
)

< 𝜌(𝑖)0
}

.

(12)

The model determines the classification at level 0 by selecting the
east unreliable level 𝑙∗ from the boundary region among all 𝑛 levels.
𝑙∗ = arg max

𝑖∈{1,2,…,𝑛}
𝑃 𝑟(𝑖) (𝑊𝑣(𝑖) |𝑋

)

(13)

where

𝑃 𝑟(𝑖) (𝑊𝑣(𝑖) |𝑋
)

=
exp

(

−𝜌(𝑖)𝐾 𝐿
(

𝑋(𝑖), 𝑋(𝑖)
𝑣(𝑖)

))

∑𝑅
𝑟=1 exp

(

−𝜌(𝑖)𝐾 𝐿
(

𝑋(𝑖), 𝑋(𝑖)
𝑟

))

denotes the estimation of the posterior probability.
(2) Model of Qian et al. [111]
In the variable multigranulation sequential three-way decision

ased on multiple thresholds (VMS3WDMT) model, the S3WD is intro-
uced to extend a variable multigranulation rough set. For the ℎth level

of granularity, the tripartition takes the one-versus-one strategy with
he fixed instance descriptor (denoted as 𝑃 𝑟

(

𝐷ℎ
𝑞
|

|

|

[𝑥]𝐸𝑖

)

) and granule-
ependent thresholds. Concretely, it determines the positive, boundary

2 The two-way decision module is optional for S3WD if the non-
commitment case is allowed. Therefore, the S3WD generalizes as a multi-stage
version of conventional three-way-based solutions (e.g., DTRS).
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Fig. 2. Illustration of sequential three-way decision.
and negative class on the 𝑞th class (denoted as 𝐷ℎ
𝑞 ) if the corresponding

conditional probabilities of more than 𝛿-percentage of equivalence
classes of the 𝑞th class are greater than the threshold 𝛼ℎ𝑖 , smaller than
the threshold 𝛽ℎ𝑖 or otherwise. Particularly, VMS3WDMT degenerates
as optimistic multigranulation S3WD (OMS3WDMT) if 𝛿 = 1

𝑚 , and
pessimistic multigranulation S3WD (PMS3WDMT) if 𝛿 = 1.

𝑃 𝑂 𝑆(𝜶ℎ ,𝜷ℎ)
E

(

𝐷ℎ
𝑞

)

=
⋃

T⊆E∧|T|∕𝑚⩾𝛿

{

𝑥 ∈ 𝑈ℎ
|

|

|

|

|

|

⋀

𝐸𝑖∈T
𝑃 𝑟

(

𝐷ℎ
𝑞
|

|

|

[𝑥]𝐸𝑖

)

⩾ 𝛼ℎ
𝑖

}

,

𝐵 𝑁 𝐷(𝜶ℎ ,𝜷ℎ)
E

(

𝐷ℎ
𝑞

)

=
⋃

T⊆E∧|T|∕𝑚⩾𝛿

{

𝑥 ∈ 𝑈ℎ
|

|

|

|

|

|

⋀

𝐸𝑖∈T
𝛽ℎ𝑖 < 𝑃 𝑟

(

𝐷ℎ
𝑞
|

|

|

[𝑥]𝐸𝑖

)

< 𝛼ℎ
𝑖

}

,

𝑁 𝐸 𝐺(𝜶ℎ ,𝜷ℎ)
E

(

𝐷ℎ
𝑞

)

=
⋃

T⊆E∧|T|∕𝑚⩾𝛿

{

𝑥 ∈ 𝑈ℎ
|

|

|

|

|

|

⋀

𝐸𝑖∈T
𝑃 𝑟

(

𝐷ℎ
𝑞
|

|

|

[𝑥]𝐸𝑖

)

⩽ 𝛽ℎ𝑖

}

.

(14)

where 𝑈ℎ = 𝑃 𝑂 𝑆
(

𝜶ℎ−1 ,𝜷ℎ−1
)

E

(

𝐷ℎ−1
𝑞

)

− 𝐵 𝑁 𝐷
(

𝜶ℎ−1 ,𝜷ℎ−1
)

E

(

𝐷ℎ−1
𝑞

)

repre-
sents that given a family of equivalence relation (i.e., E), the ℎth
processing from the uncertain component of universe 𝑈 at step ℎ − 1.
The model does not require bipartition at level 0 as it focuses on the
variation of tripartition rather than classification.

(3) Model of Xu et al. [113]
Three DTRS-based S3WD models are formulated by taking one-

versus-one (OVO), one-versus-rest (OVR), and one-versus-multiple
(OVM) strategies. The formulations of one-versus-rest and one-versus-
multiple at 𝑖th level of granularity are similar in both instance descrip-
tor

(

𝑃 𝑟
(

𝐷𝑗
𝑖
|

|

|

[𝑥]𝐶𝑖

))

and structures of thresholds
(

𝛼𝑗𝑖 , 𝛽𝑗𝑖
)

, however the
loss functions

(

𝜆⋅⋅⋅
)

are class-dependent. The three-way structure of OVR
and OVM are as follows:

𝑃 𝑂 𝑆
(

𝐷𝑗
𝑖

)

=
{

𝑥 ∈ 𝑈𝑖
|

|

|

|

𝑃 𝑟
(

𝐷𝑗
𝑖
|

|

|

[𝑥]𝐶𝑖

)

⩾ 𝛼𝑗𝑖

}

,

𝐵 𝑁 𝐷
(

𝐷𝑗
𝑖

)

=
{

𝑥 ∈ 𝑈𝑖
|

|

|

|

𝛽𝑗𝑖 < 𝑃 𝑟
(

𝐷𝑗
𝑖
|

|

|

[𝑥]𝐶𝑖

)

< 𝛼𝑗𝑖
}

,

𝑁 𝐸 𝐺
(

𝐷𝑗
𝑖

)

=
{

𝑥 ∈ 𝑈𝑖
|

|

|

|

𝑃 𝑟
(

𝐷𝑗
𝑖
|

|

|

[𝑥]𝐶𝑖

)

⩽ 𝛽𝑗𝑖

}

.

(15)
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where 𝑈𝑖 is the 𝑖th processing from the uncertain component of uni-
verse 𝑈 at step 𝑖− 1. For the OVR model that takes the one-versus-rest
strategy, the thresholds

(

𝛼𝑗𝑖 , 𝛽𝑗𝑖
)

are determined as:

𝛼𝑗𝑖 =
𝜆𝑗
𝑃𝑖¬𝐷

𝑗
𝑖
− 𝜆𝑗

𝐵𝑖¬𝐷
𝑗
𝑖

(

𝜆𝑗
𝑃𝑖¬𝐷

𝑗
𝑖
− 𝜆𝑗

𝐵𝑖¬𝐷
𝑗
𝑖

)

+
(

𝜆𝑗
𝐵𝑖𝐷

𝑗
𝑖
− 𝜆𝑗

𝑃𝑖𝐷
𝑗
𝑖

) ,

𝛽𝑗𝑖 =
𝜆𝑗
𝐵𝑖¬𝐷

𝑗
𝑖
− 𝜆𝑗

𝑁𝑖¬𝐷
𝑗
𝑖

(

𝜆𝑗
𝐵𝑖¬𝐷

𝑗
𝑖
− 𝜆𝑗

𝑁𝑖¬𝐷
𝑗
𝑖

)

+
(

𝜆𝑗
𝑁𝑖𝐷

𝑗
𝑖
− 𝜆𝑗

𝐵𝑖𝐷
𝑗
𝑖

) .

(16)

For the OVM model that takes the one-versus-multiple strategy, the
thresholds

(

𝛼𝑗𝑖 , 𝛽𝑗𝑖
)

are determined via Bayesian decision theory [100–
102].

𝛼𝑗𝑖 =

∑𝑘=𝑚
𝑘=1,𝑘≠𝑗 𝑃 𝑟

(

𝐷𝑘
𝑖
|

|

|

[𝑥]𝐶𝑖

)

(

𝜆𝑗
𝑃𝑖𝐷𝑘

𝑖
− 𝜆𝑗

𝐵𝑖𝐷𝑘
𝑖

)

𝜆𝑗
𝐵𝑖𝐷

𝑗
𝑖
− 𝜆𝑗

𝑃𝑖𝐷
𝑗
𝑖

,

𝛽𝑗𝑖 =

∑𝑘=𝑚
𝑘=1,𝑘≠𝑗 𝑃 𝑟

(

𝐷𝑘
𝑖
|

|

|

[𝑥]𝐶𝑖

)

(

𝜆𝑗
𝐵𝑖𝐷𝑘

𝑖
− 𝜆𝑗

𝑁𝑖𝐷𝑘
𝑖

)

𝜆𝑗
𝑁𝑖𝐷

𝑗
𝑖
− 𝜆𝑗

𝐵𝑖𝐷
𝑗
𝑖

.

(17)

For the one-versus-one strategy, the structures of threshold be-
come

(

𝛼𝑗 𝑘𝑖 , 𝛽𝑗 𝑘𝑖
)

while the instance descriptor (𝑃 𝑟
(

𝐷𝑗
𝑖
|

|

|

[𝑥]𝐶𝑖

)

) remains
unchanged.

𝑃 𝑂 𝑆
(

𝐷𝑗 𝑘
𝑖

)

=
{

𝑥 ∈ 𝑈 𝑗 𝑘
𝑖

|

|

|

|

𝑃 𝑟
(

𝐷𝑗
𝑖
|

|

|

[𝑥]𝐶𝑖

)

⩾ 𝛼𝑗 𝑘𝑖
}

,

𝐵 𝑁 𝐷
(

𝐷𝑗 𝑘
𝑖

)

=
{

𝑥 ∈ 𝑈 𝑗 𝑘
𝑖

|

|

|

|

𝛽𝑗 𝑘𝑖 < 𝑃 𝑟
(

𝐷𝑗
𝑖
|

|

|

[𝑥]𝐶𝑖

)

< 𝛼𝑗 𝑘𝑖
}

,

𝑁 𝐸 𝐺
(

𝐷𝑗 𝑘
𝑖

)

=
{

𝑥 ∈ 𝑈 𝑗 𝑘
𝑖

|

|

|

|

𝑃 𝑟
(

𝐷𝑗
𝑖
|

|

|

[𝑥]𝐶𝑖

)

⩽ 𝛽𝑗 𝑘𝑖
}

.

(18)

where 𝑈 𝑗 𝑘
𝑖 represents the instances with the 𝑗th and 𝑘th class at the

𝑖th processing from the uncertain component of universe 𝑈 at step
𝑖 − 1, the thresholds

(

𝛼𝑗 𝑘𝑖 , 𝛽𝑗 𝑘𝑖
)

are determined by Bayesian decision
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Fig. 3. Publications and citations of three-way multi-label classification.
theory [100–102] as:

𝛼𝑗 𝑘𝑖 =
𝜆𝑗
𝑃𝑖𝐷𝑘

𝑖
− 𝜆𝑗

𝐵𝑖𝐷𝑘
𝑖

(

𝜆𝑗
𝑃𝑖𝐷𝑘

𝑖
− 𝜆𝑗

𝐵𝑖𝐷𝑘
𝑖

)

+
(

𝜆𝑗
𝐵𝑖𝐷

𝑗
𝑖
− 𝜆𝑗

𝑃𝑖𝐷
𝑗
𝑖

) ,

𝛽𝑗 𝑘𝑖 =
𝜆𝑗
𝐵𝑖𝐷𝑘

𝑖
− 𝜆𝑗

𝑁𝑖𝐷𝑘
𝑖

(

𝜆𝑗
𝐵𝑖𝐷𝑘

𝑖
− 𝜆𝑗

𝑁𝑖𝐷𝑘
𝑖

)

+
(

𝜆𝑗
𝑁𝑖𝐷

𝑗
𝑖
− 𝜆𝑗

𝐵𝑖𝐷
𝑗
𝑖

) .

(19)

3. Representative 3WD-based models for multi-label classification

The concept relations in multi-label is further relaxed from mutu-
ally exclusive to uncertain degrees of co-existence. This generalization
frustrates the pipeline of single-label-based three-way decision with
the characteristics of concatenating solutions of subproblems based
on well-defined divide-and-conquer strategies. Fortunately, scholars
have explored some promising directions in approximating the unseen
label correlation by extending the representation and reasoning of
uncertainty. Consequently, the three-way-based solutions are much
more diversified. In this section, a summary of bibliometric analysis
(see Section 3.1) is firstly conducted to present the landscape of the
three-way-based multi-label classification. Detailed comparisons on the
representative studies are trisected (i.e., Extensions on DTRS (see Sec-
tion 3.2), Extensions on S3WD (see Section 3.3), and Other Extensions
(see Section 3.4)) based on the prototype models.

3.1. Bibliometric analysis

To evaluate the trends of activity degrees for three-way multi-label
classification, publications and citations on Web of Science are col-
lected with the keywords ‘‘three-way decision*’’ or ‘‘TAO’’ or ‘‘trisecting-
acting-outcome’’ or ‘‘trisecting-acting-optimizing’’ or ‘‘*rough set*’’ or
‘‘formal concept analysis’’ or ‘‘intuitionistic fuzzy set’’ or ‘‘evidential
theory’’ or ‘‘shadowed set’’ and ‘‘multi-label’’ or ‘‘multilabel’’ or ‘‘label
enhancement’’ or ‘‘label distribution learning’’ as topics from 2014 to
2024 (see Fig. 3). It can be observed that, most of the 98 papers are
published in the past three years (i.e., 2022–2024), while the citations
surge rapidly since 2021 and reach 550 in 2024. Both indicators show
that the three-way multi-label classification is an emerging domain.

The distribution of publication titles in the 98 studies shows the
journal preference. In Fig. 4, the numbers above the journal name
record how many publications are published in the journal, and the
areas on the chart is in proportional to the publication count. Among
7 
the 25 SCI-indexed journals, the top 10 journals that favor this topic are
Information Sciences, Applied Soft Computing, Knowledge-based Sys-
tems, International Journal of Approximate Reasoning, International
Journal of Machine Learning and Cybernetics, Applied Intelligence,
IEEE Transactions on Fuzzy Systems, IEEE Access, Pattern Recognition,
and Fuzzy Sets and Systems.

The corresponding topic distribution is shown in Fig. 5 . The pre-
sented 31 topics come from the co-occurrence of keywords in a publi-
cation, and each has co-occurred at least 3 times. The nodes represent
the frequently discussed topics for three-way multi-label classification,
while thickness of the topic-to-topic edges shows the degree of rele-
vancy. Based on the color count, it can be observed that these topics
are partitioned into four different categories. The keywords with the
top 10 largest total link strength (i.e., the size of the dots in Fig. 5)
are feature selection, rough sets, multi-label learning, fuzzy rough sets,
uncertainty, feature extraction, redundancy, label enhancement, multi-
label classification, and label correlation. A more in-depth observation
on the co-authorship network is available in Fig. 6. All the selected
35 authors have published at least 3 papers and achieved at least
10 citations in this area. The nodes represent the active authors for
three-way multi-label classification, while thickness of the author-to-
author edges shows the strength of co-authorship. The collaboration
is clustered into 8 groups, and the authors with the top 10 largest
total link strength (i.e., the size of the dots in Fig. 6) are Tengyu Yin,
Tianrui Li, Hongmei Chen, Keyu Liu, Lin Sun, Jiucheng Xu, Weiping
Ding, Wenbin Qian, Duoqian Miao, and Zhong Yuan.

3.2. Extensions of DTRS

The labels in multi-label classification are sparsely distributed, thus
the evaluation metrics prioritize the accuracy of the relevant labels. The
motivation of extending DTRS for multi-label classification is to deal
with the related cost-sensitive components including unreliable label
association [117], doubtful label correlation [118], and ambiguous
feature redundancy [119] in problem formulation. How the DTRS
modules are extended will be discussed later.

(1) Model of Zhao et al. [117]
In the multi-granular threshold with a three-way-based label en-

hancement (MGT-LEML) model, the DTRS is employed to determine
the instances with unreliable label association on an arbitrary label 𝑙𝑖
for label enhancement. This is completed by estimating the label-based
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Fig. 4. Distribution of publication titles on three-way multi-label classification.
Fig. 5. Major topics in three-way multi-label classification.
misclassification cost.

𝐶 𝑜𝑠𝑡
(

𝑃𝑙𝑖 |[𝑥]
)

= 𝜆𝑃 𝑃𝑃 𝑟 (𝑙𝑖 |[𝑥]
)

+ 𝜆𝑃 𝑁𝑃 𝑟 (¬𝑙𝑖 |[𝑥]
)

,

𝐶 𝑜𝑠𝑡
(

𝐵𝑙𝑖 |[𝑥]
)

= 𝜆𝐵 𝑃𝑃 𝑟 (𝑙𝑖 |[𝑥]
)

+ 𝜆𝐵 𝑁𝑃 𝑟 (¬𝑙𝑖 |[𝑥]
)

,

𝐶 𝑜𝑠𝑡
(

𝑁𝑙𝑖 |[𝑥]
)

= 𝜆𝑁 𝑃𝑃 𝑟 (𝑙𝑖 |[𝑥]
)

+ 𝜆𝑁 𝑁𝑃 𝑟 (¬𝑙𝑖 |[𝑥]
)

.

(20)

where 𝑃 𝑟 (𝑙𝑖 |[𝑥]
)

denotes the probability of an instance 𝑥 that is
with label 𝑙𝑖 by scaling the output of a linear model into [0, 1]. By
following the Bayesian decision theory [100–102], the tripartition on
the reliability of 𝐱 on 𝑙𝑖 is given as:

𝑃 𝑂 𝑆 (

𝑙𝑖
)

=
{

𝑥 ∈ 𝑈 |

|

|

𝑃 𝑟 (𝑙𝑖 |[𝑥]
)

⩾ 𝛼𝑖
}

,

𝐵 𝑁 𝐷 (

𝑙𝑖
)

=
{

𝑥 ∈ 𝑈 |

|

|

𝛽𝑖 < 𝑃 𝑟 (𝑙𝑖 |[𝑥]
)

< 𝛼𝑖
}

,

𝑁 𝐸 𝐺 (

𝑙𝑖
)

=
{

𝑥 ∈ 𝑈 |

|𝑃 𝑟 (𝑙𝑖 |[𝑥]
)

⩽ 𝛽𝑖
}

.

(21)
|

8 
where the thresholds 𝛼𝑖 and 𝛽𝑖 are determined as:

𝛼𝑖 =
𝜆𝑃 𝑁 − 𝜆𝐵 𝑁

(

𝜆𝑃 𝑁 − 𝜆𝐵 𝑁
)

+
(

𝜆𝐵 𝑃 − 𝜆𝑃 𝑃
) ,

𝛽𝑖 =
𝜆𝐵 𝑁 − 𝜆𝑁 𝑁

(

𝜆𝐵 𝑁 − 𝜆𝑁 𝑁
)

+
(

𝜆𝑁 𝑃 − 𝜆𝐵 𝑃
) .

(22)

(2) Model of Che et al. [118]
In the multi-label with three-way decision (ML-3WD) model, the

DTRS is introduced to characterize the roughness of local label cor-
relation. The corresponding misclassification cost is regarded as an
indicator representing the fitness of local label relevance in problem
formulation:

min
𝐖

1
2
‖𝐖𝐗 − 𝐘‖2𝐹 + 𝜎

2
‖𝐖𝐖⊤ − ̂|𝐃‖

2
𝐹 + 𝜙‖𝐖‖1

𝑠.𝑡. ‖𝐰 ‖ = 1, 𝑗 = 1,… , 𝑠
(23)
𝑗 2
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Fig. 6. Cooperation network with more than 3 papers and 10 citations in three-way multi-label classification.
where 𝐖 is the coefficient matrix of the multi-label classification
model, 𝐗 is a training set with the corresponding label matrix as 𝐘.
̂|𝐃 is a matrix with the dimensionality of |𝐿| × |𝐿| whose element
is an aggregation of pairwise label correlation on dataset 𝐃 ⊆ 𝐷
(denoted as 𝑟𝑖𝑗

(

𝑥𝑘
)

). 𝜎 and 𝜙 are trade-off parameters, while 𝑠 is the
dimensionality of features. Note that the tripartition in this case is
relevant to the positive, negative, and undetermined pairwise label
correlation (𝑟𝑖𝑗

(

𝑥𝑘
)

) instead of the affiliation of 𝑥𝑘 to a specific label
𝑙𝑖.

(𝐿𝑃 ) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑟𝑖𝑗
(

𝑥𝑘
)

= +1 𝑖𝑓 𝑃 𝑟
(

𝐷𝑖𝑗
|

|

|

[

𝑥𝑘
]

)

⩾ 𝛼𝑖𝑗
(

𝑥𝑘
)

,

(𝐿𝐵) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑟𝑖𝑗
(

𝑥𝑘
)

= 0 𝑖𝑓 𝛽𝑖𝑗
(

𝑥𝑘
)

< 𝑃 𝑟
(

𝐷𝑖𝑗
|

|

|

[

𝑥𝑘
]

)

< 𝛼𝑖𝑗
(

𝑥𝑘
)

,

(𝐿𝑁) 𝐷 𝑒𝑐 𝑖𝑑 𝑒 𝑟𝑖𝑗
(

𝑥𝑘
)

= −1 𝑖𝑓 𝑃 𝑟
(

𝐷𝑖𝑗
|

|

|

[

𝑥𝑘
]

)

⩽ 𝛽𝑖𝑗
(

𝑥𝑘
)

.

(24)

where the thresholds 𝛼𝑖𝑗
(

𝑥𝑘
)

, 𝛽𝑖𝑗
(

𝑥𝑘
)

are the product of 𝛼𝑖
(

𝑥𝑘
)

𝛼𝑗
(

𝑥𝑘
)

and 𝛽𝑖
(

𝑥𝑘
)

𝛽𝑗
(

𝑥𝑘
)

, respectively, which are determined as:

𝛼𝑗
(

𝑥𝑘
)

=
∑𝑚

𝑡=1
(

1 − 𝜉𝑡𝑗
)

𝜔𝑡𝑗𝑑
(

𝑥+𝑘𝑡, 𝑥+𝑡
)

∑𝑚
𝑡=1

(

1 − 𝜉𝑡𝑗
)

𝜔𝑡𝑗𝑑
(

𝑥+𝑘𝑡, 𝑥+𝑡
)

+
∑𝑚

𝑡=1 𝜉𝑡𝑗𝜔𝑡𝑗𝑑
(

𝑥−𝑘𝑡, 𝑥−𝑡
) ,

𝛽𝑗
(

𝑥𝑘
)

=
∑𝑚

𝑡=1 𝜉𝑡𝑗𝜔𝑡𝑗𝑑
(

𝑥+𝑘𝑡, 𝑥+𝑡
)

∑𝑚
𝑡=1 𝜉𝑡𝑗𝜔𝑡𝑗𝑑

(

𝑥+𝑘𝑡, 𝑥+𝑡
)

+
∑𝑚

𝑡=1
(

1 − 𝜉𝑡𝑗
)

𝜔𝑡𝑗𝑑
(

𝑥−𝑘𝑡, 𝑥−𝑡
) .

(25)

where 0 ⩽ 𝜉𝑡𝑗 ⩽ 0.5 is the risk avoidance parameter, 𝜔𝑡𝑗 is the weight of
𝑡th feature on 𝑗th label, 𝑑

(

𝑥+𝑘𝑡, 𝑥+𝑡
)

and 𝑑
(

𝑥−𝑘𝑡, 𝑥−𝑡
)

represent the distance
of 𝑡th feature of 𝐱 to the maximal (𝑥+𝑡 ) and minimum value (𝑥−𝑡 ) of 𝑡th
feature.

(3) Model of Yu et al. [119]
In the variable-degree multi-granulation decision-theoretic rough

set multi-label feature selection (VMFS) model, the DTRS is incorpo-
rated to explore the distribution of redundant features. The 𝑏th feature
is relatively redundant to the multi-label information system if the im-
portance of feature subset (𝐼 𝑀 𝑃𝐵−{𝑏}) remains unchanged as compared
with the origin (𝐼 𝑀 𝑃𝐵) by observing the proportion between coarse
and refine decision function at least 𝜈-percentage of the corresponding
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equivalence classes.
𝑅 (𝑐) = 𝐼 𝑀 𝑃𝐵 − 𝐼 𝑀 𝑃𝐵−{𝑏}

=

∑

𝑈 𝑐 𝑎𝑟𝑑𝐵
(

𝑅𝐷 𝐹 𝜈
(𝛼 ,𝛽),𝐵 (𝑥)

)

+ 𝜑 (𝐵)
∑

𝑈 𝑐 𝑎𝑟𝑑𝐵
(

𝑅𝐷 𝐶𝜈
(𝛼 ,𝛽),𝐵 (𝑥)

)

+𝛷 (𝐵)

−

∑

𝑈 𝑐 𝑎𝑟𝑑𝐵−{𝑏}
(

𝑅𝐷 𝐹 𝜈
(𝛼 ,𝛽),𝐵−{𝑏} (𝑥)

)

+ 𝜑 (𝐵 − {𝑏})
∑

𝑈 𝑐 𝑎𝑟𝑑𝐵−{𝑏}
(

𝑅𝐷 𝐶𝜈
(𝛼 ,𝛽),𝐵−{𝑏} (𝑥)

)

+𝛷 (𝐵 − {𝑏})

(26)

where 𝑐 𝑎𝑟𝑑 (⋅) is the function representing set cardinality, while 𝜑 (⋅)
and 𝛷 (⋅) are two smoothing factors to make compensation of 𝜆1 and
𝜆2 if the numerator or denominator reaches 0

(

𝜆1 ⩽ 𝜆2
)

. 𝑅𝐷 𝐹 𝜈
(𝛼 ,𝛽),𝐵 (𝑥)

and 𝑅𝐷 𝐶𝜈
(𝛼 ,𝛽),𝐵 (𝑥) are the coarse and fine decision function on feature

set 𝐵 with the thresholds (𝛼 , 𝛽), 0 ⩽ 𝜈 ⩽ 1 denotes the variable degree.
Finally, the tripartition on label approximation is given as:

𝑃 𝑂 𝑆𝜈
(𝛼 ,𝛽),𝐵 =

⋂

𝑥∈𝑋
𝑅𝐷 𝐹 𝜈

(𝛼 ,𝛽),𝐵 (𝑥) ,

𝐵 𝑁 𝐷𝜈
(𝛼 ,𝛽),𝐵 =

⋃

𝑥∈𝑋
𝑅𝐷 𝐶𝜈

(𝛼 ,𝛽),𝐵 (𝑥) −
⋂

𝑥∈𝑋
𝑅𝐷 𝐹 𝜈

(𝛼 ,𝛽),𝐵 (𝑥) ,

𝑁 𝐸 𝐺𝜈
(𝛼 ,𝛽),𝐵 =𝑈 − 𝐵 𝑁 𝐷𝜈

(𝛼 ,𝛽),𝐵 .

(27)

3.3. Extensions of S3WD

The S3WD-based multi-label classification solutions [120,121] em-
phasize the minimization of essential components in boundary re-
gions. The boundary region is generated via information fusion on
fine-grained features or labels.

(1) Model of Zhao et al. [120]
In the 3WDLE model, the S3WD is introduced to conduct label

enhancement on unreliable classifications from a logical label-based
model on unseen instances, and keep the classification unchanged
otherwise. The unreliable classifications come from the boundary re-
gion whose instances are close to the label-specific hyperplane and
surrounded by heterogeneous in neighborhood.

𝐗(𝐝,𝝆)
2 =

𝑞
⋃

𝑐=1

{

𝑥𝑗
|

|

|

|

|

|

𝑥𝑗 ∈ 𝐗𝑐+
2 ∪ 𝐗𝑐−

2

⋀ ∑
𝑐
𝑠𝑔 𝑛

(

∑

𝑐
𝑢𝑗 𝑐 ⩽

∑

𝑐
𝑢𝑖𝑐

)

⩽ 𝑛𝑙 𝑒2
}

,∀𝑖 ≠ 𝑗
(28)
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where 𝐗𝑐+
2 and 𝐗𝑐−

2 denote the positive and negative instances close
to the hyperplane of the 𝑐th label. 𝑢𝑗 𝑐 is the fundamental instance
escriptor which denotes the local uncertainty degree of 𝑥𝑗 on 𝑐th label.
𝑔 𝑛 (⋅) is a sign function that returns 1 if the condition holds and 0
therwise. 𝑛𝑙 𝑒2 is a threshold which is related to the distribution of 𝑢𝑗 𝑐
s:

𝑛𝑙 𝑒2 =
⎢

⎢

⎢

⎢

⎣

∑𝑚
𝑔=1

∑𝑛2
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)

⎥

⎥

⎥

⎥

⎦
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where 𝑢𝑗 𝑐 is the fraction of the weighted proportion of heterogeneous
amples within the neighborhood of 𝑥𝑗 (denoted as 𝜌𝑗 𝑐) to the distance

of the sample to the hyperplane on 𝑐th label (denoted as 𝑑𝑗 𝑐) .
The three-way decision on label association is constructed in a

label-dependent fashion, which is trisected by the relationship between
classification and threshold 𝜏𝑙 for positive and negative region and the
unreliability of classification for boundary region. The classification
result is either determined by the logical-label-based model (i.e., 𝑓𝑙 (⋅))
or by the numerical-label-based model (i.e., 𝑓𝑛 (⋅)).
⎧

⎪

⎪

⎨

⎪

⎪

⎩
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}
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(30)

(2) Model of Yu et al. [121]
In the three-way graph convolutional neural network (TW-GCN)

odel, S3WD is introduced to optimize the uncertain neighborhood-
ased relation within the layers of a graph convolutional network

(GCN). Concretely, the node embedding in GCN is refined sequen-
tially via the three-way neighborhood-based relation for the middle 𝑙
layers. Specifically, the three-way-based graph convolution layers are
iteratively defined as:

 = 𝑃 𝑟
(

𝑙+1 |
|

|

𝑙+1 = 𝜎
(

𝑁 ,𝑙 , 𝑊 𝑙) , 𝑁 ∈ ̂, ̂, ̂
)

(31)

where 𝜎 (⋅) denotes the activation function like Relu and 𝑊 𝑙 ∈ R|𝑈 |×|𝑑|

enotes the weight matrix of the 𝑙th layer. ̂, ̂, and ̂ constitute
he instance descriptor denoting the normalized term of the three
ttribute-level neighborhood-based three-way relation matrices.

The underlying three-way relation stems from advantages neighbor-
hood, disadvantage neighborhood, and uncertain neighborhood of 𝑢𝑖
under the attribute 𝑝𝑘. They are defined as follows:
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,
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where 𝑓
(

𝑢𝑖, 𝑝𝑘
)

denotes the value of 𝑢𝑖 on attribute 𝑝𝑘, |⋅| represents the
symbol of absolute value, the threshold 𝛾𝑝𝑘 denotes the average differ-
ence among two arbitrary instances 𝑢𝑖 and 𝑢𝑗 on attribute 𝑝𝑘. Finally,
he two-way decision combines both the Euclidean and non-Euclidean
eatures and is made at the 𝑙 + 1th layer as:
𝑙+1 = 𝜎

(

𝐸̂𝑑𝑙𝑊 𝑙)

ℎ𝑒𝑟𝑒 𝐸̂𝑑 = 𝜀−1𝐸𝑑
𝐸𝑑

(

𝑢𝑖, 𝑢𝑗
)

,

𝐸𝑑
(

𝑢𝑖, 𝑢𝑗
)

=

{

1 𝑅𝑑
(

𝑢𝑖, 𝑢𝑗
)

⩽ 𝑘,
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(33)

where 𝑙 is the characteristic matrix at the 𝑙th layer, 𝜎 (⋅) is an activate
function, 𝑊 𝑙 is the convolutional kernel at the 𝑙th layer represented by
10 
a weight matrix, 𝜀 is the degree matrix, 𝐸𝑑 is an indicator function,
which preserves the instances within the 𝑘 neighborhood. 𝑅𝑑 (⋅, ⋅) is a
distance ranking function.

3.4. Other extensions

In addition to extensions of decision-theoretic rough sets and se-
quential three-way decision, three-way multi-label classification has
seen a variety of model adaptation solutions. Table 2 to Table 5 summa-
rize the prototypes, focused uncertainty, motivations, and contributions
of the selected 70 papers. The functionality of the four dimensions are
as follows:

1. Prototypes: This explains the foundation of the proposed model.
By taking appropriate adaptations on these prototypes, the
model’s ability to handle uncertainty becomes stronger.

2. Focused Uncertainties: This explains the specific types of uncer-
tainty addressed in the study. The classification accuracy will
be significantly improved if a well-defined granular structure is
developed to describe the crucial concepts.

3. Motivations: This explains the rationality on adaptation strategy.
It highlights the limitations of the original prototype in handling
multi-label classification and justifies the need for improve-
ments.

4. Contributions: This outlines the significance of the proposed
three-way multi-label solutions. It emphasizes how these solu-
tions enhance the understanding and management of multi-label
data.

Four groups are generated according to the differences of extension
directions:

1. Extensions from rough set: This group (see Table 2) includes 20
papers that develop three-way via extension on rough set-based
models, while the labels are complete.

2. Extensions from fuzzy rough set: This group (see Table 3) in-
cludes 20 papers that develop three-way via extension on fuzzy
rough set-based models, while the labels are complete.

3. Extensions beyond rough set: This group (see Table 4) includes
14 papers that develop three-way via extension on prototypes
other than rough set, while the labels are complete.

4. Extensions for flawed label: This group (see Table 5) includes
16 papers that develop three-way solutions for missing or noisy
labels.

Meanwhile, to comprehensively analyze the progress on the label
description-based three-way formulation, the studies that concerning
the label distribution learning and label enhancement are marked by
solid dot (i.e., ∙) and hollow circular dot (i.e., ◦) from Table 2 to
Table 5. Studies without any kinds of dots represent the three-way-
based formulations with logical-based multi-label classification.

From Table 2 to Table 5, the number of papers in each group
i.e., 20/20/14/16) implies that most three-way multi-label classifica-
ion solutions are originated from rough set based theory, and the stud-
es for flawed labels (i.e., missing labels or noisy labels) requires more
nvestigations. There are 15 papers and 9 papers formulating three-
ay multi-label solutions for label distribution and label enhancement,
ith the group-based publications (9/3/0/3) for label distribution and

1/3/1/4) for label enhancement, respectively. Meanwhile, the relevant
tudies on the label distribution and label enhancement emerge from
020 and 2022. As label importance information provides stronger
upervision in dealing with multi-label classification, the uncertainty
nalysis on the two directions deserve more efforts.

Some interesting findings from the selected four dimensions are as
follows.

1. It is easy to observe that most of these prototypes are soft
computing techniques, which includes neighborhood rough sets,
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Representative three-way multi-label classification solutions (Group 1: Extensions from rough set).

Authors Prototypes Focused uncertainties Motivations Contributions

Yu et al. [122] Neighborhood rough set Bias between visual similarity
and semantic similarity.

Projection from visual feature space to semantic concepts
are uncertain.

Adopted an algorithm adaptation fashion on neighborhood rough set,
and generated multi-output based on neighborhood relationship.

Li et al. [123] Pawlak rough set Feature selection Specialized reduct for multi-label is preliminary. Defined a complementary decision reduct on Pawlak rough set and constructed
the classifier based on deduced features.

Zhang et al. [124] Probabilistic rough set Label-specific features
Label correlation

Characterizing the boundary of ambiguious labels
is difficult.

Constructed a label-specific three-way decision representation, where three
regions are determined by attribute reductions from probabilistic rough set.

Liang et al. [125] Multi-granulation rough set Optimal granularity selection Existing multi-granulation-based reduct cannot fully
describe the uncertainty.

Suggested an optimal attribute reduction method by extending the optimistic
and pessimistic operators in the sense of granules to refine positive reducts .

Fan et al. [126] Neighborhood rough set Feature selection
Label ambiguity

The difference between single label and multi-label
requires an extension for attribute reduction algorithms.

Deduced label positive region preserving, neighborhood label positive region
preserving, label dependency and the neighborhood label dependency
reduction by extending positive region-based attribute reductions.

Wen et al. [127] Neighborhood rough set Label ambiguity
Heterogeneous sample pairs

ML-kNN degenerates significantly if neighborhood
contains instances in boundary region.

Constructed a label-specific neighborhood relation to assist weight adjustments
of features in kNN model based on the discernibility of labels.

Wu et al. [128] Neighborhood rough set Label-specific features
Label correlation

Advancement in label correlation is promising but
lacks analysis on uncertainty.

Developed a novel neighborhood relation with the embedded label correlation
information measured by label similarity for feature selection.

Fan et al. [129] Neighborhood rough set Feature selection Sample-level calculation for attribute reduction is
time-consuming.

Constructed an inter-class based distance to generate neighborhood-based
monotonic attribute reduction and increase the distance robustness via k pairs
from instances with heterogeneous classes.

Wang et al. [130] Pawlak rough set
Membership function

Feature selection
Granularity-aware reducts

Insufficient discrimination can be extracted from
single-level label representation.

Explored the label representations on macroscopic-level, mesoscopic-level, and
microscopic-level to reduce the computational complexity of feature reduction.

Liu et al. [131] Pawlak rough set Feature selection
Knowledge consistency
Knowledge independence

Uncertainty degrees towards the consistency and
independence of knowledge granules are lacking, thus
limiting the knowledge extracted from label space.

Defined the structures of knowledge consistency and knowledge independence
from the perspective of granularity and features to generate the knowledge
consistency-independence index for feature selection.

∙ Deng et al. [132] Neighborhood rough set Feature selection
Label ambiguity

Studies on selecting features from high-dimensional
data or data with redundant features with label
distribution are lacking.

Developed a novel neighborhood fuzzy entropy as feature evaluation metric
to extend the capability of feature selection with neighborhood rough set.

∙ Kou et al. [133] Neighborhood rough set Feature selection
Label correlation

Mixed order of label correlations in label distribution
learning has not been studied.

Presented a neighborhood description by feature value representation,
and leverage label correlations by association mining with label distribution.

∙ Liu et al. [134] Neighborhood rough set Feature selection Qualitative labels cannot discriminate the significance
of two feature subsets in some cases and the local
relationship between features and labels is neglected.

Extended the neighborhood relation for multi-label by collaborating with
variable neighborhood structure,and improved the label-specific features
by embedding label significance.

∙ Qian et al. [135] Neighborhood rough set Feature selection Traditional mutual information cannot be directly
employed for label distribution, which limits the
effectiveness of label distribution learning.

Extended the mutual information to multi-labelfeature selection by
incorporating the feature complementarity without discretization.

∙ Qian et al. [136] Neighborhood rough set Feature selection
Feature dependency

High-dimensional label distribution learning suffer
from inefficiency with numerical label representation.

Defined cost-sensitive approximations by neighborhood-based label
distribution while maintaining the monotonicity variation of reducts.

∙ Qian et al. [137] Neighborhood rough set Feature selection
Label ambiguity

Large concept priority has only been studied in
single-label and the interpretability in multi-label
case is lacking.

Transform the instance-level similarity to granular-ball based on adaptive
similarity for enhanced label distribution and tripartition the usefulness of
features.

◦ Qian et al. [138] Linear discriminative analysis
Granular-ball

Feature selection
Label correlation

Linear discrimination-based feature selection does not
support the label distribution, resulting in flawed
knowledge extraction.

Proposed a two-stage framework to learn the label enhancement and
corresponding reducts iteratively in terms of granular ball representation.

∙ Liu et al. [139] Neighborhood rough set Feature selection
Neighborhood granulation

Neighborhood rough set deals with mixed type
of data without breaking the data structures,
and is promising for streaming features.

Extended the neighborhood relation for the feature selection of online
streaming feature and maintain the classification accuracy.

∙ Chen et al. [140] Neighborhood rough set Feature selection
Label correlation

Incremental instances require fast knowledge updating.
Neighborhood rough set is an appropriate choice since
it preserves the data structure without requiring prior
knowledge.

Introduced mutual information into neighborhood construction for label
correlation learning and extended to the dynamic updating scenario
by sequentially handling analyses on feature importance, significance,
and redundancy.

∙ Lu et al. [141] Neighborhood rough set Feature selection
Instance hierarchy

Feature selection in label distribution should take the
advantages of hierarchical relationships among data to
improve feature discriminability, and granulation process
can fill this gap to improve features’ identification.

Presented a variable precision neighborhood rough set by fusing local
and global metrics within a multi-granularity hierarchical framework
to identify more discriminative and relevant features for label distribution
learning.
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Table 3
Representative three-way multi-label classification solutions (Group 2: Extensions from fuzzy rough set).

Authors Prototypes Focused uncertainties Motivations Contributions

Vluymans et al. [142] Fuzzy rough set Label ambiguity
Neighborhood consensus

Approximation operators in fuzzy rough set extends
the uncertainty reasoning of labelset-based aggregation.

Developed a consensus prediction with ordered weighted average aggregations based on
neighborhood relation of labelsets via fuzzy rough operators-based quality measure.

Li et al. [143] Fuzzy rough set Feature selection
Label roughness

Fuzzy rough set deals with feature space and label
space separately, ignoring the connection between
features pace and label space.

Extended the capability of learning internal correlation between feature space and
label space in fuzzy rough set by merging multiple kernelized information from
corresponding spaces and constructed a robust kernelized fuzzy rough set.

Tan et al. [144] Fuzzy rough set Feature selection
Topic-based label correlation

Discernibility matrix has not been studied for multi-label
case to explore sample and label correlations.

Introduced fuzzy rough discrimination matrix to evaluate and weight the sample
discrimination ability of features for feature selection.

Qian et al. [145] Fuzzy rough set Feature selection
Label correlation

Traditional fuzzy discernibility matrix cannot handle
complicated discrimination relation in multi-label case.

Extended a fuzzy label discernibility relation and a fuzzy relative discernibility
relation from fuzzy discernibility relation for feature selection.

Che et al. [146] Fuzzy rough set Topic-based label correlation Consistency of crucial features imply the similar
distribution on subset-based label correlation.

Explored sample-level positive and negative label correlation and simplified local
attribute reductions via discernibility matrix on fuzzy positive region preserving.

Xu et al. [147] Fuzzy rough set
Neighborhood rough set

Feature selection
Instance similarity

Feature importance are exploited from single perspective
and ignore uncertainty in boundary region.

Constructed a mixed measure combining fuzzy neighborhood conditional entropy
and approximate accuracy of fuzzy neighborhood for feature selection.

Yao et al. [148] Fuzzy rough set Feature selection
Instance similarity

Existing rough set-based methods cannot effectively
characterize the ability of features to distinguish
multilabel sample pairs and are time-consuming in
processing large-scale multi-label data.

Improved the discerning ability of feature sets from the perspective of discernibility
relations by defining relative discernibility pair matrix in the fuzzy rough set and
accelerated the computation with the combination of sampling and ensemble
strategies.

Che et al. [149] Fuzzy rough set Topic-based label correlation The local label correlation is easily trapped by over-
fitting issue, while the decisive influence of features
generated by local label attribution should be an
alternative solution for local label correlation learning.

Provided a feasible solution to estimate the distribution of local label correlation
at instance level based on kernelized fuzzy rough set and improved the applicability
on unseen instances by redefining label relevance matrix as the integral average of
the distribution.

Zhong et al. [150] Fuzzy rough set Feature selection
Feature redundancy

Redundancy on the impact of selected feature set is
limited, resulting in the feature redundancy and
incomplete collections of discriminative features.

Partitioned the feature redundancy into label-independent redundancy and
label-dependent redundancy and employed fuzzy conditional mutual information
based on the results of redundancy analysis between candidate and selected features.

Yin et al. [151] Fuzzy rough set Feature selection
Feature interactivity

Importance of feature interaction is neglected, which
incurs the contradict estimation on class relevancy
degree when they are with and without other features.

Explored the multi-neighborhood granularity representation of multi-label and the
interactivity between features by measuring fuzzy dependence from both algebraic
view and information view.

Jiang et al. [152] Fuzzy rough set
Neighborhood rough set

Feature selection
Label correlation

Divergence-based fuzzy rough set is noisy-sensitive and
cannot leverage the relevance among all labels, especially
for the uncertainty induced by upper approximation.

Enriched the self-information representation of upper approximation and lower
approximation to describe feature distinguishing ability by exploring divergence-based
fuzzy neighborhood relation on three-level uncertainty measure.

Dai et al. [153] Fuzzy rough set Feature selection
Label correlation

The informativeness of features w.r.t. labels may be
different, and the ignorance degenerates the effectiveness
of selected features.

Introduced strongly relevant label gain and label mutual aid information into feature
significance by combining fuzzy mutual information and fuzzy conditional mutual
information, which improves the estimation of positive correlation between features.

Dai et al. [154] Fuzzy rough set Feature selection
Label correlation

Although fuzzy mutual information is effective in
characterizing uncertainty, it has high computational
cost for multi-label with high-dimensionality.

Established an optimization framework based on fuzzy mutual information to deduce the
feature weights, which supervised the learning of embedded features from both
correlation perspective and regression perspective.

Liu et al. [155] Fuzzy rough set
Synthetic minority
oversampling

Class imbalance Complexity of generating synthetic data for minority classes
in multi-label arise significantly.

Exploring the distribution of labelset-aware synthetic data by combining fuzzy rough set
and optimized intra-cluster-based instances.

∙ Qian et al. [156] Fuzzy rough set
Neighborhood rough set

Feature selection
Label ambiguity

Reducing the feature dimensionality of label distribution
learning is challenging due to the label ambiguity.

Accelerate the feature reduction on label distribution learning by integrating granular
ball with the fuzzy rough set.

◦ Cai et al. [157] Fuzzy rough set Feature selection
Instance similarity

Single distance metric overlooks the variability of label
descriptions for different datasets.

Suggested a multi-metric function to learn fuzzy similarity relationship via metric
learning and deduce feature selection based on the extended approximation operators.

◦ Deng et al. [158] Fuzzy rough set Feature selection
Label ambiguity

The effectiveness of selected features are limited by the
flawed selecting criteria, which does not consider the
structural information including relevancy between
labels and redundancy among features.

Proposed a criterion for feature selection via label enhancement called weighted label
relevancy and label-fuzzy redundancy, which acquires distinguished knowledge in
positive regions from a general label-fuzzy rough set.

◦ Sun et al. [159] Fuzzy rough set
Neighborhood rough set

Feature selection
Label dependency

Existing approaches does not fully leverage the correlations
between features and labels, while the variants of ant colony
optimization is promising in speedup and feature stability.

Optimized the fusion strategy of roughness degree by integrating algebraic and information
viewpoints from a new adaptive fuzzy neighborhood rough set, which further improved
the initial representation in ant colony optimization.

∙ Li et al. [160] Fuzzy rough set Label-specific features
Label correlation

Abundant information in irrelevant labels are omitted
in limited studies concerning label distribution, resulting
in the biased estimation of label-specific features.

Constructed multi-label-specific features by simultaneously leveraging label importance
from instance similarity and label correlation from fuzzy rough set.

∙ Dai et al. [161] Fuzzy rough set
Discernibility pair theory

Feature selection
Instance similarity

Existing discernibility pair theory is not applicable to
label distribution case, and even for the feature selection
with label enhancement, the relevance and importance
between labels are considered rarely.

Customized the discernibility pair theory for speedup of feature selection and explored the
approximated representation of soft relevance between objects and labels via fuzzy rough
set.
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Table 4
Representative three-way multi-label classification solutions (Group 3: Extensions beyond rough set).

Authors Prototypes Focused uncertainties Motivations Contributions

Denoeux et al. [162] Dempster-Shafer theory Label ambiguity
Label lattice

The partial label association in multi-label is set-valued,
thus compatible with DS theory.

Formulated the multi-label classification problem as a synthesis of the mass function
represented by tuples under the context of the nearest neighborhood.

Masson et al. [163] Dempster-Shafer theory Label ambiguity
Label ranking

Quantitative solutions fail to support analysis on partial
order cases like label ranking.

Suggested a partial order structure tailored for belief function to deal with multi-label
classification.

Mehravaran et al. [164] Dempster-Shafer theory
Rough set theory

Feature selection
Label correlation

Existing feature selection strategy fails to evaluate the
importance of label correlation.

Presented a feature selection method for correlation label based on overlapping nature
of label-specific features by regarding belief function as heuristic information of attribute
reduction.

Chen et al. [165] Network embedding Label ambiguity Existing network embedding only learns the local
structures of nodes under a single granularity,
while the beneficial global structure is neglected.

Developed a multi-granular network embedding to improve the informativeness of embedded
network by repeatedly employing quotient space from coarsest to finest, where the granulation
criteria are flexible and the global structure within the same candidate node is preserved.

Nápoles et al. [166] Recurrent neural network Label ambiguity
Feature sparsity

Sparse features degenerates the classification performance,
and imputation incur bias for distribution.

Developed a three-block structure to sequentially generate high-level features, learn
relationship, and conduct aggregation by incorporating with the cognition processing.

Cui et al. [167] Deep hashing Semantic correlation Deep hashing cannot exploit the multi-level similarities
between instances, especially for the semantic
correlation at fine granularity.

Developed a multi-central ranking loss to preserve complex semantic correlations of multi-label
images with low quantization error, where the hash centers count is learnable and semantic
similarity is measured in a metric space.

Wu et al. [168] Formal concept analysis Label correlation Existing concept-cognitive learning fails to establish the
robust association between structured features and multi-
label.

Constructed a correlation concept-cognitive learning method for the optimization of feature
concepts and formulation of positive and negative label correlation concepts.

Li and Xu [169] Variational estimation Label correlation Knowledge distillation is degenerated by the inherent
uncertainty in the knowledge transfer process.

Constructed a multi-model combination strategy for category enhancement with three loss
functions to distill knowledge from intra-class, interclass, and prediction probability deviation.

Yu et al. [170] Graph convolutional
neural networks

Label ambiguity
Instance similarity

The inference capability of graph convolutional neural
networks has not been exploited in analyzing instance
relations, while the equally importance of attributes
incurs suboptimal solution.

Optimizing the instance similarity by incorporating attention mechanism with multiple
difference matrices, where the adaptive adjustment is realized by introducing attention
mechanism on feature subset with varying granularity.

Peng et al. [171] Bidirectional encoder
Representation from
Transformation

Label ambiguity
Long-tail labels

A single vector for the whole text cannot capture intact
discriminative information, while label-specific vectors
tends to over-emphasizing the importance of tail labels.

Constructed a label-adaptive representation framework to enhance the improvement of features
from both layer-aspect and fragment-aspect, which is composed of three components named
as base feature generation, representation pool building, and adaptive label matching,
respectively.

Zou et al. [172] Gradient-based methods
Information theory

Label-specific feature
Label correlation

The importance of different features on label correlation
should be different to mitigate the gap between feature
correlation and label correlation.

Developed a second-order regularization term to consider three-way feature interaction
between actual decrease and expected reduction on both feature and label side.

Wei et al. [173] Recurrent neural network
Graph neural network

Semantic correlation
Instance similarity

The imbalanced semantic similarity within labels can
degenerate the discrimination, while the generalization
capability of tail-label is limited.

Incorporated multi-level constraint augmentation with label association attention to alleviate the
impact of imbalanced instances and optimize the association between text and levels.

Liu et al. [174] k-nearest neighborhood Label ambiguity
Instance similarity
Label correlation

Oversampling imbalanced data can be skewed if a single
neighborhood is selected, and degenerate the label correlation.

Proposed an adaptive strategy for natural neighbor construction to approximate the
underlying local label distribution and the structure of label correlation.

◦ Qian et al. [175] Linear regression Feature selection
Feature ambiguity
Label ambiguity

Conventional multi-label learning cannot effectively
handle the vagueness incurred by the difference
among all associated semantics in the label space.

Extending the uncertainty capability of label enhancement by developing fuzzy neighborhood
discrimination index and fuzzy label similarity.
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Table 5
Representative three-way multi-label classification solutions (Group 4: Extensions for flawed label).

Authors Prototypes Focused Uncertainties Motivations Contributions

Sun et al. [176] Fuzzy rough set
Neighborhood rough set

Feature selection
Missing label
Label correlation

Shortage of uncertainty measures for multi-label limits the
quality of selected features, especially for the missing labels
case.

Proposed fuzzy neighborhood entropy-based measures to approximate the semantics
and relationships among ambiguous labels with the criterion maximum relevance
minimum redundancy.

Liang et al. [177] Neighborhood rough set Feature selection
Missing label
Instance similarity

Hyperparameter setting in existing stream feature selection
requires domain knowledge, and these configurations cannot
be easily adapted with missing label case.

Proposed a filtering strategy based on neighborhood rough set for streaming feature
selection without parameter configurations.

Shu et al. [178] Neighborhood rough set Feature selection
Missing label
Label correlation
Feature redundancy

Hyperparameter neighborhood radius cannot reflect data
characteristics, while granular ball determines radius in a
data-driven way.

Developed a granular-ball-based mutual information measure as feature significance on
recovered labels, which is learned by simultaneously optimizing the feature matrix and
label matrix.

Gull and Aguilar [179] Multi-assignment clustering
Fuzzy theory

Label ambiguity
Missing label
Instance similarity

Shortage of multiple cluster assignment cannot support pattern
recognition for one-versus-many label associations.

Defined a semi-supervised algorithm to automatically generate overlapping clusters by
optimizing three membership thresholds.

Liu et al. [180] k-modes clustering
Formal context

Label dependency
Missing label

Single-level-based dependency exploration overlook the
multi-level characteristic of label dependencies.

Develop a meso-granularity description on complete labels by granularity-aware
mutual information and complete the missing label based on stochastic granules.

Qian et al. [181] Neighborhood rough set
Bayes’ rule

Feature selection
Noisy label
Label confidence

Most partial label learning methods cannot learn the underlying
factor that incurs the noisy label, thus the model robustness
on unseen instances cannot be guaranteed.

Learning the key distinguishing features among labels based on a two-stage framework,
which selects the most beneficial features by extending granular ball firstly, and
adaptively adjust the feature weights based on joint effects from global to local.

Li et al. [182] Multilabel twin support
vector machine

Label-specific features
Noisy label
Topic-based label correlation

The hyperplane of twin support vector machine is sensitive to
noisy labels. Meanwhile, it cannot capture the specificity of
label
and the one-by-one learning fails to learn label correlation.

Demonstrated the effectiveness of intuitionistic fuzzy set in filtering noisy labels
and improved the feature representation in a unified framework by cascading
the clustering with the group-based label manifold regularization.

Yin et al. [183] Fuzzy rough set
Covering rough set

Feature selection
Feature interactivity

How to incorporate the characteristics of multi-label to define
fuzzy 𝛽 covering neighborhood relation and the corresponding
uncertainty measure remains unsolved.

Extended the robustness of fuzzy 𝛽 covering by considering multi-neighborhood on
multi-label fuzzy 𝛽 covering decision by fusing the relevance, redundancy, interactivity,
and complementarity information between features and the fuzzy 𝛽 covering decision.

Sun et al. [184] Neighborhood rough set Feature selection
Noisy label
Instance similarity

Traditional granular ball models cannot cope with the
partial multi-label learning and incur secondary errors
with anomalous splitting on granular structure.

Enhanced the robustness of granular ball against noisy label by combining with fuzzy
mutual information and optimizing a fuzzy membership degree-based objective function.
A granular ball partial multi-label system is thus established.

∙ Qian et al. [185] Local rough set Feature selection
Missing label
Label correlation

Incomplete label distribution cannot be effectively handled,
and local rough set shows superiority on learning incomplete
labels.

Extended the capability of local rough set on multi-label feature selection based on
customized neighborhood relation and cost-sensitive approximation operators.

∙ Qian et al. [186] Neighborhood rough set Feature selection
Missing label
Instance similarity

Incomplete labels and dimensionality disaster appear
simultaneously, imposing difficulty for label distribution
learning.

Developed a new significance measure called neighborhood-tolerance discrimination
index by leveraging neighborhood-tolerance relation on neighborhood discrimination
index.

◦ Yin et al. [187] Fuzzy rough set Feature selection
Noisy label
Label ambiguity

While the label distribution implies crisp assumption on
relation between instances and relevant labels may not
hold, the relative solutions are limited and the setting of
fuzzy neighborhood radius is empirical.

Optimized the robustness of fuzzy neighborhood granules by introducing representative
samples identification as a subproblem and extended the 𝛽-precision fuzzy rough set in
describing semantics of noisy multi-label.

◦ Yin et al. [188] Fuzzy rough set Feature selection
Label ambiguity

Shortage of solutions for noisy feature-based feature
selection in label enhancement and insufficient
consideration of evaluation perspectives on uncertainty
measure.

Improved the robustness of feature selection criterion for label enhancement by
extending ◦ 𝛽-precision fuzzy dependency and fuzzy entropy measures for uncertainty
quantification among natural neighbors-based instance evaluation coefficient from
both the algebraic and information perspectives.

◦ Deng et al. [189] Fuzzy rough set Label ambiguity
Missing label
Topic-based label correlation

Low-rank assumption is prone to overfitting, while non-negative
matrix factorization learns from parts-based representation with
strong interpretability.

Introduced non-negative matrix factorization into fuzzy rough set to recover missing
label and provides interpretability for the relationships between latent features and
labels.

∙ Li et al. [190] Linear regression Label ambiguity
Noisy label
Instance similarity

Noisy labels in label distribution learning degenerate the
classifier and are difficult to locate, which are feasible by
three-way decision.

Developed a sequential three-way noisy instance detector before the label distribution
learning, and impose reconstruction constraints on the feature weights for noisy
instances.

◦ Sun et al. [191] Fuzzy rough set
Neighborhood rough set

Feature selection
Noisy label
Instance similarity

Hyperparameter settings in fuzzy neighborhood rough set incurs
information loss in granulation, and noisy labels degenerate the
label enhancement.

Constructed a label enhancement-based mutual information by combining approximation
accuracy from algebraic perspective and fuzzy neighborhood entropy from information
perspective.
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Fig. 7. Three-level uncertainty in multi-label classification.
fuzzy rough sets, Pawlak rough set, multi-granulation rough sets,
Dempster-Shafer theory, and formal concept analysis. A com-
mon characteristic is that they share a pairwise approximation
structure to the targeted concept.

2. It is shown that fuzzy rough sets (26/70) and neighborhood
rough sets (25/70) are the most preferred methods for model
adaptations in developing three-way-based multi-label classi-
fiers.

3. The feature selection (43/70), label correlation (22/70), and
label ambiguity (20/70) as the top three focused uncertainties.
The emphasis on feature selection and label ambiguity stems
from the straightforward extension of rough set, while the label
correlation comes from the characteristics of multi-label.

4. Although topic-based label correlation seems more rationale in
human cognition, the relevant studies are limited (5/22), which
means the uncertainty analysis on topic generation should be
highlighted.

5. Instance similarity (13/70) should not be restricted in feature
space only, and the feature interactivity should be further con-
sidered in developing feature selection solutions.

4. Structural uncertainty analysis for three-way-based multi-label
classification

The generalized relationship between different concepts incurs mul-
tifacted uncertainty in employing three-way decision on multi-label
classification. To systematically minimize uncertainty, the essential
uncertainty hierarchically is intensively discussed firstly. As the data-
driven nature of uncertainty is beyond the assumption of traditional
three-way-based model, a three-way-based solution called Multi-Label
Sequential Decision-theoretic Three-Way Decisions (ML-SD3WD) is es-
tablished by combining decision-theoretic rough set with sequential
three-way decision accordingly. Furthermore, some potential research
directions on implementing the ML-SD3WD model are discussed.

4.1. Uncertainty factors

Taking a bottom-up perspective, the uncertainty factors are summa-
rized in three levels, namely label uncertainty (data level), correlation
uncertainty (knowledge level), and structure uncertainty (formulation
level) (see Fig. 7).
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4.1.1. Level 1(Data level): Label uncertainty
Label uncertainty is the foundation in three levels and concerns the

uncertainty incurred by the distribution of observable label association.
Concretely, it involves three kinds of uncertainty, i.e., inconsistency,
imbalance, and inaccuracy.

The inconsistency of labels refers to the case where the similar
features of two instances do not guarantee the similarity on some labels.
The inconsistency degrees are widespread in well-known benchmarks
like Mulan,3 where the degree of multi-classification of quality is
measure-dependent and fluctuates in a wide range. Although incon-
sistency also applies to single-label-based classification, the inconsis-
tency degree in the multi-label case is a distribution rather than a
fixed value. Such a phenomenon has a far-reaching influence on data
complexity [192], discretization [193], and label propagation [194],
where some additional procedures are required for the reduction of
information loss.

The imbalance of labels represents the imbalanced distribution of
positive over negative classes from perspectives of both instance and
label [195]. Given that the dimensionality of label space represents
the interests of humans, the count of relevant labels for a particular
instance is limited when compared with the label count. Furthermore,
these relevant labels are less likely to share label association on a
given instance. Consequently, the evaluation metrics reward the perfor-
mance that achieves better discrimination on positive class, and many
techniques (e.g., cost-sensitive penalty function [196], subproblem ag-
gregation [197], variational distribution learning [198]) are exclusively
developed to address this issue. Since the imbalance closely relates to
sparsity, it is a critical indicator of data characteristics. It corresponds to
cardinality for instance-based imbalance and density for instance-based
and label-based imbalance.

The inaccuracy of labels refers to the untrustworthy annotations.
Compared to the constant influx of data, maintaining accurate annota-
tions manually at a large scale is costly. Meanwhile, factors including
the saliency and similarity of labels can also degrade the annotation
precision if volunteers are recruited. The classifier is thus degenerated
if it is sensitive to the label variations. To alleviate the performance

3 https://mulan.sourceforge.net/datasets-mlc.html

https://mulan.sourceforge.net/datasets-mlc.html


Y. Zhang et al.

c
l
a
R
r

a

c
c

d
f

f
H
b
a
i

i

t

f
l
w
t
f

i
s

o

L
C
t
u
d
i
i
c
t
S
p
s
i

m
m

Applied Soft Computing 171 (2025) 112757 
degeneration, some techniques (e.g., low-rank-based sparse reconstruc-
tion [199], pre-training-based pseudo-label generation [200], low-rank-
based and full-rank-based matrix factorization [201]) on learning un-
derlying statistical label distribution are employed.

4.1.2. Level 2(Knowledge level): Correlation uncertainty
The correlation uncertainty refers to the unknown label correla-

tion and can deteriorate if the label uncertainty is processed inappro-
priately. By referring to knowledge, they can be learned from label
association. One main reason why divide-and-conquer strategies fail
in multi-label cases is that the latent label correlations constitute a
covering rather than a partition on label space. In most cases, practi-
tioners have virtually no knowledge available on label correlation due
to the scarcity of supervision. Fortunately, the approximation on label
correlation seems feasible by combining the component and scope.

The component of label correlation concerns what kinds of 𝑙𝑗 are
orrelated with the given 𝑙𝑖, where 1 ⩽ 𝑖, 𝑗 ⩽ 𝑞. Although the order of
abel correlation may vary, the constraint on the feature side serves as
n additional module, which regularizes the similarity of coefficients.
ecently, the adaptive discovery of label correlation reports promising
esults by introducing techniques like variational Ref. [202], spectral

graph [203], and graph learning [204].
The scope of label correlation concerns what kinds of conditions

re required to support the label correlation between 𝑙𝑖 and other la-
bel(s). The learning procedure is completed by following instance-based
similarity measures in either observable or latent features. Compared
with the global label correlation assumption, the topic-based local label
correlation [205–207] assumption is a more generalized case. Practi-
ally, the local label correlation is mainly generated via partition-based
lustering, where the cluster count is specified empirically.

4.1.3. Level 3(Formulation level): Structure uncertainty
The structure refers to the organization of uncertainty-aware mod-

ules in the objective function. To maintain the generalization and
iscrimination, a group of solutions formulates the multi-label classi-
ication into a single loss function, where the globally or locally label

correlation constraint and the latent representation learning on both
eatures and labels are explicitly introduced as regularization terms.
owever, the performance improvement is mainly from the two-way-
ased parameter optimization with unified knowledge granularity. The
bsence of an adaptive granulation mechanism implies the insufficiency
n deducing an uncertainty-aware model.

4.2. ML-SD3WD model

Based on the investigations of uncertainty factors in the last section,
t is worth mentioning how three-way decision gradually reduce the un-

certainty of multi-label classification and the corresponding challenges
here.

4.2.1. Pipeline
The supervision strength is a crucial point in problem formula-

ion. We assume that the labels are represented in the logical style,
and no hierarchical structure on labels exists. This means the classi-
ication concerns whether an instance is associated with a particular
abel. A three-way-based projection from features to labels is developed
hile reducing the multifaceted uncertainty. Following the percep-

ion of humans, the projection should be endowed with the following
unctionalities:

• It should be capable of capturing ambiguous topics to realize
comprehension capability.

• It should be capable of making uncertain-aware decisions. In
other words, it should proceed rapidly for salient labels and delay
the decision otherwise.
16 
• It should be capable of learning distribution-based relative label
importance from logical labels based on well-defined uncertainty
measures.

The three requirements are completed by formulating a general
framework called multi-label sequential decision-theoretic three-way
decision (ML-SD3WD). The main motivation is determining the
nstance-label pairs by highlighting interactions on uncertain topics. As
hown in Fig. 8, the decision-theoretic rough set with the sequential

three-way decision is integrated to resolve the subproblems of topic
generation, label assignment, and label enhancement hierarchically.
The prefix three-way on the three essential procedures emphasizes the
perations of uncertainty. The corresponding results of ‘‘Three-way

Topic Generation’’, ‘‘Three-way Label Assignment’’, and ‘‘Three-way
abel Enhancement’’ are ‘‘Correlation Confidence Distribution’’, ‘‘Label
onfidence Distribution’’, and ‘‘Enhanced Label Confidence Distribu-
ion’’, which gradually minimizes the size and degree of instance-label
ncertainty in the label matrix for unseen instances. The label confi-
ence distribution is both topic-dependent and label-dependent. The
nstances with uncertainty labels in current procedures will be handled
n forthcoming steps by leveraging sophisticated label correlation. For
omprehension, we illustrate the accumulation of trustworthy distribu-
ion on predicted labels from light gray to dark gray. Since the ML-
D3WD model emphasizes the learning on uncertainty instance-label
airs and preserves those instance-label pairs with trustworthy clas-
ification, one can infer that the trustworthy degree is monotonically
ncreasing as the sequential three-way-based procedures continue.

The TAO framework displays different structures in developing
odules ‘‘Three-way Topic Generation’’, ‘‘Three-way Label Assign-
ent’’, and ‘‘Three-way Label Enhancement’’ (see dashed circles in

Fig. 8). The rationality on such differences is given below:

• For the subtask topic generation, the triading is required for
the generation of uncertain topics. Since this procedure con-
cerns the characterization of topic roughness only, the acting
and optimizing operations are unnecessary. A representative tri-
ading procedure occurs between two topics, where the uncertain
denotes the boundary region.

• For the subtask label assignment, the acting is required to assign
the label relevancy to instances. Here, neither triading nor opti-
mizing is required as the processing of uncertain topics is high-
lighted. A representative acting procedure occurs between two
topics for label assignment, where ensuring the label relevancy
directly for confident labels and fuse labels otherwise.

• For the subtask label enhancement, triading and acting are re-
quired to confirm the label relevancy, where triading is intro-
duced to identify the candidate instances for label enhancement
and the acting on trustworthy and untrustworthy instance-label
pairs are different. Meanwhile, it is relevant to the optimizing
as it is the last procedure in ML-SD3WD. The enhanced labels
correspond to the instances with high misclassification risk.

Formally speaking, the ML-SD3WD framework is denoted as a triple
(

𝐆,𝐖,
(

𝝀∗⋅𝑗 (𝑖) , 𝜸𝑖
))

, where 𝐆 denotes the topic-based representation,
𝐖 denotes the topic-aware projection from features to labels in appro-
priate space, 𝝀∗⋅𝑗 (𝑖) denotes the misclassification cost w.r.t. 𝑖th topic in
the 𝑗th procedure (𝑗 = 0, 1, 2), 𝜸𝑖 denotes the threshold of determining
enhanced labels for the 𝑖th topic. The S3WD and DTRS are executed
iteratively by the tuple

(

𝐷 𝑒𝑠𝑗 (𝑥) ,𝝀∗⋅𝑗 (𝑖)
)

, where 𝑗 decreases from 2 to
0.

4.2.2. Challenges
In what follows, some potential research directions on implementing

the ML-SD3WD framework are discussed.

1. Fine-grained three-way representation: The three-way on
single-label classification case only concerns the components
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Fig. 8. Pipeline of ML-SD3WD Model.
of instance subsets. This stems from the assumption that con-
cepts are at least mutually exclusive. However, inconsistency
is a widespread issue in multi-label classification, which im-
plies meaningless to directly discuss the triading across labels
(𝑃 𝑂 𝑆(𝛼 ,𝛽)

𝐵 (𝑋), 𝐵 𝑁 𝐷(𝛼 ,𝛽)
𝐵 (𝑋), 𝑁 𝐸 𝐺(𝛼 ,𝛽)

𝐵 (𝑋)). Therefore, how to
represent fine-grained three-way regions under the context of
multi-label classification
(𝑃 𝑂 𝑆(𝛼𝑖 ,𝛽𝑖)𝐵𝑖

(

𝑋𝑖
)

, 𝐵 𝑁 𝐷(𝛼𝑖 ,𝛽𝑖)
𝐵𝑖

(

𝑋𝑖
)

, 𝑁 𝐸 𝐺(𝛼𝑖 ,𝛽𝑖)
𝐵𝑖

(

𝑋𝑖
)

) remains an
open issue.

2. Feature augmentation: The original features emphasize how
an instance is generated rather than providing discriminative
information on determining label association. A gap between
representation and classification exists. Meanwhile, the underly-
ing correlation is crucial in measuring instance-based similarity.
An alternative solution is to learn some label-dependent fea-
tures from the original features and concatenate them for topic
generation. However, these features should be compact in size
to avoid over-fitting. How to develop an effective strategy for
learning augmented features remains an open issue.

3. Robust label-specific features: The label-specific features con-
cern both the characteristics and correlations of the label. How-
ever, as the ever-increasing interests arise, the dimensionality of
labels becomes higher, which incurs the phenomenon of long-
tail labels. In other words, the prior probability for a particular
label or combination may be negligible, while the misclassi-
fication on such labels can be intolerable (e.g., diagnosis for
rare diseases). Therefore, the robustness of label-specific features
can be risky. A feasible solution is to develop some novel un-
certainty measures with stronger discrimination on candidate
features. Although Zentropy [208,209], with the nature of multi-
granularity, shows the potential in single-label classification, the
effectiveness requires further demonstration.

4. Topic generation: Existing topic generation strategies mainly
take a two-way-based clustering and neglect the possibility of
overlapping instances. From the perspective of clusters, the
partition-based operation may be suboptimal and the related
bias can be propagated. Since similar topics share similar labels,
such oversimplification in multi-label cases may incur more
17 
information loss. Therefore, a three-way-based topic genera-
tion strategy is preferred. Three-way clustering has shown its
superiority in scenarios like community detection and recom-
mendation. However, since the relationship among labels is
uncertain, some adaptations to three-way clustering should be
considered. How to incorporate inconsistency in both instances
and labels into the similarity metric remains an open issue.

5. Topic-based label correlation: The locality of label correlation
is more likely than the global label correlation if the influence
of topics should be considered. The exploitation of topic-based
label correlation can regularize the sparsity of label-specific
features. However, the topic-based label correlations are still
uncertain even if the topics are available. Two challenges are
raised: (1) How to adaptively learn the components of topic-
based label correlation without explicit supervision information,
and (2) How to deduce a robust topic-based label correlation
with limited instances. The first issue concerns the simultane-
ous optimizations on the label correlation order and the corre-
lated labels. The second issue concerns the exploitation of the
roughness of topics.

6. Adaptive loss function: A significant trend in extending DTRS
from single-label to multi-label is the increasing number of loss
functions. In the ML-SD3WD model, the cost-sensitive may be
considered for topic generation, label assignment, and label
enhancement, which implies more loss functions. A worse matter
is the exponential combinations of parameters from different
misclassification costs, which brings in many issues like sophis-
ticated optimization and over-fitting. In this case, how to define
the quantitative relationship with the least hyperparameters
remains an open issue.

7. Cross-topic label aggregation: For non-salient instance-label
pairs, the label assignment cannot be directly determined by a
single topic. Instead, they are associated with multiple topics,
with the relative importance of each topic determined by the
similarity between the instances and the relevant topics. Based
on these multi-perspective weights and label correlation infor-
mation, label aggregation strategies can be designed, leverag-
ing collective decision-making and evidence fusion techniques.
However, several challenges deserve discussion, including the
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metric-learning on the similarity between instances and top-
ics, the conflict analysis from different perspectives, and the
extension of evidential theory and group decision for label ag-
gregation.

8. Selective label enhancement: Label enhancement is a tech-
nique that learns the label distribution from logical labels by
exploiting similarities locally. By referring to selective label
enhancement, the label enhancement concerns instances with
untrustworthy label predictions only. This raises two questions:
(1) How to define the untrustworthy label predictions, and
(2) How to exploit the trustworthy label predictions without
retraining. The first issue concerns the uncertainty measure, and
one possible solution is the ensemble of a multi-granulation
rough set and a decision-theoretic rough set. The second issue
concerns knowledge representation, and one feasible solution is
knowledge distillation.

9. The trade-off between efficiency and effectiveness: The ML-
SD3WD model can sequentially improve the instance-label pairs
with uncertainty. In contrast, the efficiency of ML-SD3WD stems
from the distribution of trustworthy instance-label pairs. The
two goals are contradictive and may encounter challenges in
large-scale multi-label datasets (i.e., the number of instances
exceeds 5000, and there are more than 100 labels). How to main-
tain the satisfying scalability of ML-SD3WD remains challenging.

5. Applications of 3WD multi-label classification

Three-way multi-label classification shows superiority over prob-
lems with limited precision and/or models with insufficient inter-
pretability. In this section, five representative applications are offered
to explain how three-way decision solves the domain-specific uncer-
tainty.

5.1. Concept-cognitive learning

Concept cognitive learning simulates the human process of under-
tanding concepts, capturing the relationships and similarities among

unknown concepts. This inherent ability to recognize and handle mul-
tiple related concepts naturally aligns with the multi-label classification
paradigm. Yuan et al. [210] proposed an incremental method for
pdating the progressive fuzzy three-way concept. The renewed three-
ay concept is characterized by membership and non-membership

imultaneously, providing a more compact concept description when
ew objects arrive. Guo et al. [211] constructed a three-way-based

fuzzy-granular structure for incremental concept-cognitive learning, By
ntroducing the big concept priority principle, the number of pseudo-
oncepts is significantly reduced. Zhang et al. [212] defined a three-

way-based two-way concept-cognitive learning to efficiently deduce
necessary and sufficient three-way concepts. Based on the incremen-
tal mechanism of object and attribute variation, the necessary and
sufficient three-way concepts can be adaptively updated. Masuyama
et al. [213] developed a continual learning framework for updat-
ng multi-label concepts by updating adaptive resonance theory-based
lusters. The label probability is estimated via the distribution of rep-

resentative instances and is robust to scaling differences in features.
i et al. [214] presented a novel concept drift detector to acquire

high-dimensional multi-label concepts. The category of concept drift
is determined by the differences in the relationship between selected
features and labels. Ma et al. [215] established a transferable generative
ramework by incorporating the advantages of semantic embedding
utoencoders, feature transformation networks, and feature generation
etworks for multi-label zero-shot learning. With the knowledge pre-
rained from single-label images, the discrimination on dominant and
inor object categories is significantly improved.
 a

18 
5.2. Emotion detection

The unprecedented growth of interconnections in cyberspace flour-
shes the development of network events by sharing versatile emotions.
recision emotion detection is raised for the imperative requirements
f reputation safeguarding including nationality, industry, and per-
onality. Subhashini et al. [216] pointed out that the boundary and

intensity of emotions tend to be ambiguous and can be simultaneously
associated with a given textual comment. Ren and Wang [217] adopted
a transformation-based strategy on document-level multi-label emotion
detection. The decision-theoretic rough set determines the positive and
negative regions based on the intensity of sentiment words, while the
boundary region is determined by the proportion of sentence-level
sentiment polarity. Yang et al. [218] extended the sequential three-
way decision model to deal with the problem of dynamic emotion
pdating. With the temporal-spatial multi-granularity structure, the

corresponding discrimination is significantly improved for sentence-
level emotion recognition as compared with the included networks.
Chen et al. [219] developed a three-way feature generation method
for sentence-level emotion recognition. The optimal feature represen-
tation is with a hierarchical structure determined by a fuzzy quotient
space. Liu et al. [220] introduced an intuitionistic fuzzy set on a
large-scale group decision-making model for landslide treatment selec-
tion. To evaluate the public’s sentiment towards expert opinions, the
decision-theoretic fashion of three-way decision ranks the trustworthy
alternative in the sense of misclassification risk. Subhashini et al. [221]
constructed a three-way decision model for customer preference anal-
ysis. With the low statistical correlation between fuzzy features and
semantic features, the three-way opinion classification determines cer-
tain parts (i.e., positive region and negative region) via fuzzy features,
while determining the uncertain parts (i.e., boundary region) from the
deep learning of semantic features.

5.3. Medical diagnosis

Organ dysfunction is a terrible threat to health, making medical
diagnosis becomes an issue with the property of cost-sensitive and
interpretability-aware. Although many kinds of signals are automati-
cally captured, how to precisely interpret the essential evidence in an
explainable manner remains challenging. Wang et al. [222] proposed
a cost-sensitive sequential three-way decision-making method to deal
with multi-attribute group decision-making problems for emergency
diagnosis. For each tripartition, the costs in the decision process and de-
cision result are considered for a single doctor, providing an elemental
cost distribution for group decision-making. Yue et al. [223] introduced
vidential theory into deep convolutional neural networks to assist
mage-based medical decision-making. The deep convolution neural
etworks reclassify risky predictions by weighing the ratio of unknown

evidence to conflicting evidence. Yin et al. [224] developed an inexact
decision-theoretic fashion of a three-way reasoning model for medical
iagnosis. With the strong indicators of increased belief/disbelief in
iseases, all possible diseases are categorized into three groups for an
rbitrary patient. Pham et al. [225] constructed a deep convolutional
eural network for the chest X-ray-based thoracic disease diagnosis.
y combining conditional training and label smoothing techniques, the

model integrates with disease hierarchy and alleviates the potential
bias from weak-supervised labels. Ashfaq et al. [226] designed a novel
deterministic approach to optimize the evidential distribution in deep
neural networks for individual healthcare. An additional layer was
added to the project to transform from evidential space to semantic la-
bel embedding space, addressing uncertainties from out-of-distribution
instances. Barandas et al. [227] explored the robustness of uncertainty
quantification measures for cardiology diagnosis. The standardized

easures can effectively quantify the trustworthy degree of the model
nd control the subjectivity of threshold-based calibration.
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5.4. Recommender systems

Precise promotion requires a comprehensive understanding of not
only the users and commodities but also the latent relationships. Rec-
ommender systems serve as a platform to bridge the two parties.
While the trajectories of determining the preference for commodities
are tractable, it is still uncertain precisely which set of commodities
should be recommended to the user at the correct moment without
compromising personal privacy. Zhang and Min [228] customized the
decision-theoretic rough set to construct a three-way recommender
system. In particular, the decision cost part is generalized to misclassifi-
cation cost and teacher cost, while the original conditional probability
is determined by random forest. Wu et al. [229] introduced a shad-
owed set to conduct three-way movie recommendations. To enhance
the effectiveness of personalized recommendations, an instance-level
neighborhood rough set measures the relative boundary of faithful
user-based preference decisions, and a shadowed set deduces the for-
mulation of tripartition with the principle of uncertainty invariance.

e et al. [230] formulated the movie recommendation problem as a
emporal-spatial sequential three-way decision model. A multi-stage
ost-sensitive model is proposed to capture variations of three-way
ecommendations by updating recurrent neural networks sequentially.
ogaert et al. [231] evaluated the performance of representative multi-

abel classifiers for cross-selling in financial services. They conclude
hat classifier chains’ binary relevance with Adaboost or random forest
s a promising benchmark. Zhao et al. [232] developed a multi-behavior

interactions-based model for streaming recommending cases. The in-
tant and long-term user preferences are subsequently characterized
y a multi-behavior learning module and attentive memory network
nd fused for performance boosting via a gate mechanism afterward.
erez et al. [233] constructed a semantic projection from the photos

of items to the similarity of user preference from the interactions of
ocial networks for the cold start recommendation problem. With an

encoding of the general-purpose convolutional neural network, the
preference similarity on semantic features is gradually reached via a
cascade structure by minimizing the cross-entropy loss.

5.5. Social network analysis

Social network analysis studies the relationships and interactions
n networks, often facing uncertainties in conflict and consensus judg-
ents. Multi-label classification can facilitate behavior understanding

y predicting multiple attributes or roles of these entities simultane-
usly while accounting for the inherent uncertainties in these rela-
ionships. This integration enhances the depth and accuracy of social
etwork insights by leveraging the complex and interconnected nature
f the data, particularly in contexts where conflict and consensus are
ritical. Liang et al. [234] explored the group consensus reaching in

intersections between decision-makers and participants. The minimum
adjustment consensus is obtained by measuring the maximum closeness
degree between inconsistent decision-makers and the most influen-
tial one. Liang et al. [235] investigated large-scale group consensus

echanisms by simultaneously considering the frequent connections
ithin groups and limited connections among subnetworks. With the

optimized network topology, the three-way rules characterizing the
competition relationship on social roles and interest conflicts are thus
deduced. Xiao et al. [236] extended the consensus-reaching process
o the multi-scale information system. The optimal scale combina-

tion induced by the three-way decision improved the robustness of
the mutual trust relation. Shi et al. [237] presented a multi-label
raph convolutional network to capture the uncertain many-to-many
elationship between humans and interests. A unified framework is

constructed to aggregate the intra-label interaction and node label
properties, represented by two Siamese graph convolutional networks.
Wen et al. [238] developed a multi-label learning framework to lever-
ge multi-source information for user profiling in online games. With
19 
feature embedding and multi-relational graph embedding, the multi-
source information is represented, and the underlying correlations are
deduced using two variational autoencoders with disentangled latent
spaces. Guo et al. [239] established a federated graph learning model
for community detection with the requirement of privacy-preserving.
To prevent the leakage of the sensitive user profile, the vertex degrees
nd label weights are concealed by a label perturbation strategy and
omomorphic encryption, respectively.

6. Discussions

The ML-SD3WD model primarily focuses on enhancing the capabil-
ty of uncertainty processing during the data analysis stage, leveraging
he principles of three-way decision-making. While the model has
hown significant improvements in handling uncertainty, it primarily
ddresses the higher-level aspects of data analysis. The underlying
ncertainties associated with the quality of labels and the robustness
f features, which are crucial for the initial stages of data preparation,
re not fully covered. This section aims to discuss these advanced uncer-
ainty issues and their potential solutions, providing a comprehensive
iew of the challenges and opportunities in real-world applications.

6.1. Limitations

Although the ML-SD3WD model substantially improves the capabil-
ity of uncertainty processing, practitioners should be prudent in directly
eveloping three-way-based multi-label solutions if the available infor-
ation is inadequate. Insufficient information may come from labels

r conditions or both, which is caused by factors including annotation
ost, collection cost, inconsistent labeling practices, device failures, and
nowledge absences. In this section, these issues are summarized as
ow-quality labels and primitive features.

1. Low-quality labels: Low-quality labels, characterized by uncer-
tainties in label correlations or insufficient reliable label infor-
mation, pose significant challenges to the application of three-
way decision in multi-label learning. Compared with automati-
cally generated data, label annotations are primarily determined
by experts or volunteers. While expert labeling offers high ac-
curacy, considerable expenditure is a bottleneck in collecting
large-scale, high-quality labels. As a result, the volume of la-
beled data is often limited, which is called few-shot learning
in the machine learning community. In contrast, crowdsourcing
labeling is cost-effective and scalable, however, it suffers from
varying levels of annotator expertise, resulting in inaccurate
labels. Crowdsourcing can also lead to issues of incompleteness,
noise, and inconsistency across the label space. The presence
of flawed labels in the observable label space makes it difficult
to learn the latent label correlations, thereby challenging the
recognition of uncertain instance-label pairs for three-way-based
models. Therefore, scholars should carefully identify the labeling
type in their applications and make appropriate adjustments to
the pipeline of three-way-based models.

2. Primitive features: Primitive features refer to
modality-dependent but task-irrelevant representations. For ex-
ample, in image processing, the values of RGB channels repre-
sent objects in different figures, and the ordered combinations
of pixels denote varying scenarios. Standardized data process-
ing reduces the cost of data preparation. However, artificially
annotated labels often emphasize the priority of wide-range con-
ditions, which differ from primitive features in terms of granular-
ity. This discrepancy between cognitive representation and task-
relevant information can degrade the generalization of three-
way-based models if they are directly employed. Therefore,
scholars should carefully examine the semantics of available
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conditions and develop appropriate transformations to mitigate
the side effects of the information gap.

6.2. Solutions

The main idea to address these limitations lies in finding a knowl-
dge base that is beneficial for solving the problem. From the perspec-

tive of the source of the knowledge base, it generally falls into two
categories: external knowledge associations and internal knowledge
representations. Specifically, solutions can be constructed from the
following aspects.

1. Pre-training and fine-tuning [240]: This technique is recom-
mended for addressing the issue of limited and potentially low-
quality labels incurred by expert labeling. By incorporating ex-
ternal knowledge trained on large-scale, high-quality datasets,
the pre-training technique can provide a robust initial represen-
tation. This initial representation can be further fine-tuned using
a smaller amount of labeled data specific to the task. Fine-tuning
the limited but discriminative annotations plays a regularization
term in the problem formulation, thereby preventing overfitting
and enhancing the model’s generalization ability.

2. Transfer learning [241]: This technique is recommended for
addressing low-quality labels incurred by expert labeling. Both
pre-training and transfer learning leverage external knowledge,
but they differ in the characteristics of the external datasets. Pre-
training requires a large-scale, task-independent dataset, thus
incurring substantial computational overhead. In contrast, trans-
fer learning utilizes a smaller dataset that is more closely related
to the target task, making it more computationally efficient. The
relationship between the source and target datasets in trans-
fer learning is stronger than in pre-training, ensuring better
performance with fewer resources.

3. Weakly supervised learning [242]: This technique is recom-
mended for addressing low-quality labels incurred by crowd-
sourcing labeling. By leveraging the internal knowledge of latent
label representation, weakly supervised learning transforms the
flawed label supervision as a distribution over the instance-
label pairs. Depending on whether the oracle is available, the
strategy can be further categorized as active learning and semi-
supervised learning. In the active learning setting, a small pro-
portion of informative and representative instance-label pairs are
consecutively annotated by experts, and the learning becomes
effective when the label correlation is gradually approximated.
In contrast, the semi-supervised estimates the maximal posterior
probability of instance-label pair based on cluster and manifold
assumption.

4. Deep learning [243]: This technique is recommended for ad-
dressing primitive features. By constructing multiple processing
layers with functionalities such as convolution, pooling, and full
connection, deep learning models can deduce internal struc-
tures with multiple levels of abstraction. For example, in image
processing, the network progressively captures features such
as edges, textures, and shapes. These features approximate the
semantics of engineered features, and the variations in high-
level features are more closely related to label associations.
Consequently, the information gap is reduced, and three-way-
based learning on hierarchical features becomes more effective.

5. Broad learning [244]: This technique is recommended for ad-
dressing primitive features. Both deep learning and broad learn-
ing exploit internal knowledge, but they differ in model struc-
ture. Unlike deep learning, which is time-consuming in searching
for optimal solutions for millions of parameters across multiple
processing layers, broad learning trains a flat network with
20 
only three layers: feature mapping, enhancement, and output.
By reducing redundancy in group-based representation, broad
learning can efficiently extract high-level features, including
edges and textures. Consequently, the three-way-based learning
on these high-level features becomes more effective.

It is worth mentioning that the three-way decision can reduce the
uncertainty incurred by these techniques for discriminative labels and
desirable features, especially when uncertainty is recognized. There-
fore, the functionality of three-way decision in multi-label classifi-
cation holds significant promise for knowledge discovery in various
applications.

7. Conclusions

Multi-label classification is an advanced concept cognition task
with the challenges originating from the generalized uncertain rela-
tionships among different concepts. Three-way decision can deduce
a desirable solution by sequentially reducing the label correlation
uncertainty. The decision-making fashion is a breakthrough of the two-
way-based formulation, where the latter takes subjective assumptions
of label correlation. Additionally, the structure of three-way decision is
uncertainty-driven and can be collaborative with different granularity,
which offers a promising schema for dealing with diversified kinds of
uncertainty.

A systematic review of the developments of three-way decision
from the perspectives of model adaptation is conducted. Through the
categorization of three-way multi-label classification and investigation
of uncertainty factors, it is evident that extensions on a particular three-
way model may be suboptimal for multi-label cases. Based on the strati-
fied uncertainty, a cascade triading-acting-optimizing framework called
ML-SD3WD is developed, where topic generation, label assignment, and
label enhancement are three essential procedures for correlation con-
fidence distribution, label confidence distribution, and enhanced label
confidence distribution, respectively. Furthermore, some uncertainty-
related issues of fine-grained three-way representation, feature aug-
mentation, robust label-specific features, topic generation, topic-based
label correlation, adaptive loss function, cross-topic label aggrega-
tion, selective label enhancement, and trade-off between efficiency
and effectiveness, are identified in customizing the ML-SD3WD model.
The variations of these issues may substantially enrich the context
of the three-way decision. Finally, the discussed limitations and solu-
tions of three-way multi-label classification are conducive to enhancing
uncertainty-driven application solutions.
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