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Abstract—Multigranularity knowledge modeling is an influen-
tial study for information processing and knowledge discovery
in artificial intelligence (AI). A central research focus is the
multigranularity representation and learning of knowledge struc-
tures. Among them, fuzzy rough sets (FRSs) have emerged as a
representative method for characterizing uncertain knowledge.
However, the existing FRS studies still exhibit two limita-
tions: low robustness in knowledge acquisition and incomplete
characterization of uncertainty. Hence, this article proposes a
zentropy-enhanced multigranularity knowledge modeling frame-
work for robust feature selection (ZeMG-FS). Specifically, we
design a fast and adaptive multigranularity information granula-
tion mechanism based on generalized granular-ball generation to
effectively capture data distributions embedded in complex data.
Then, the fuzzy rough approximation method is incorporated into
the representation of multigranularity knowledge. Furthermore,
we analyze the fundamental relationships and structures of the
multigranularity knowledge model to introduce a novel multi-
level zentropy. Unlike existing entropy measures, the primary
consideration of the proposed zentropy is to match and enhance
the performance of the proposed model. Finally, we design two
feature evaluation criteria grounded in the model and apply them
to feature selection. Extensive experiments demonstrate that our
proposed methods achieve superior robustness and effectiveness
compared with state-of-the-art approaches.

Index Terms—Feature selection, fuzzy rough sets (FRSs),
granular computing (GrC), granular-ball computing, uncertainty
measure.

I. INTRODUCTION

ECENTLY, the emergence of new technologies such
as Sora and ChatGPT has considerably accelerated the
development of artificial intelligence (AI). Simultaneously,
developing a credible, reliable, and interpretable Al model
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has attracted renewed attention [1], [2], [3]. Nevertheless, in
many real scenarios, uncertainties arising from data collection
and information processing severely affect the credibility and
reliability of Al models. Thus, uncertainty has become an
unavoidable topic, particularly in complex data modeling with
high-dimensional features [4], [5], [6]. Consequently, feature
selection incorporating uncertainty analysis has emerged as a
crucial research focus in data mining and knowledge discovery
[7].

Feature selection using granular computing (GrC) theory is
a common and effective approach for enhancing data quality
and conducting uncertainty analysis in high-dimensional com-
plex data [8]. The core idea of GrC is to represent and process
data through information granules with different granularities
by simulating the human cognitive process [9], [10], [11].
Among various GrC models, fuzzy rough sets (FRSs) [12],
[13], [14] have been widely adopted for feature evaluation
by combining qualitative and quantitative information. Never-
theless, the effectiveness of FRS-based methods for feature
selection is still subject to two notable limitations: 1) low
robustness in knowledge acquisition since the fuzzy rough
approximation process is highly sensitive to boundary samples
and noise and 2) incomplete characterization of uncertainty
due to the intrinsic multigranularity nature of uncertainty in
both data and modeling. To mitigate the first limitation, many
FRS models are extended to improve the model’s antinoise
ability [15], [16], [17]. Particularly, the fuzzy neighborhood
rough set (FNRS) is proposed to improve model robust-
ness by introducing a neighborhood radius [18]. Similarly,
Yuan et al. constructed a noise-aware neighborhood rough
approximation model for uncertainty measure [19]. Ding et al.
designed a fuzzy neighborhood rule for classification problems
[20]. Moreover, Kumar and Prasad [21] integrated FRS with
fuzzy neural networks to design a hybrid feature selection
approach. Nonetheless, these approaches typically adopt a
unitary and fixed granulation strategy that overlooks intrinsic
data distributions, limiting their adaptability and granularity
precision. The concept of granular all proposed by Xia et
al. [22] offers a fast and adaptive mechanism for knowledge
representation. However, its binary splitting strategy often
fails to account for the actual class distribution and further
influences suboptimal granulation. Therefore, enhancing the
adaptability and robustness of FRSs under noisy conditions
remains necessary.

Furthermore, as the second limitation, various FRS-based
uncertainty measure methods have been investigated and
successfully applied to feature selection [23], [24], [25]. For
instance, Zhang et al. [23] introduced an instance selection
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method and proposed an importance degree measure con-
sidering fuzzy object granules. To handle multilabel tasks,
Yin et al. [24] developed a graph-based fuzzy dependency
degree to improve feature evaluation. In addition to alge-
braic approaches, several entropy-based measures have also
been introduced based on information theory. For example,
Zou and Dai [25] designed monotonic information measures
for fuzzy—beta covering reduction. Addressing heterogeneous
granulation, Yuan et al. [26] proposed a heterogeneous gran-
ulation method for multigranularity uncertainty measures.
In multiscale contexts, Sang et al. [27] developed an optimal
scale selection and feature evaluation based on fuzzy infor-
mation. Despite these advancements, most existing approaches
focus primarily on a single level of fuzzy object granules or
approximations while neglecting the multigranularity structure
and interactions among decision targets, fuzzy approximations,
and fuzzy object granules. As a result, uncertain knowledge
is described in an imprecise and limited manner, leading to
suboptimal feature selection performance.

Zentropy-based uncertainty measure is an effective approach
for characterizing uncertainty across multiple scales, where z
is derived from the German term “zusstandssumme,” which
represents the sum of different scales. It provides a system-
atic perspective in which total system entropy arises from
contributions at different levels, where entropy at a coarse
scale can be further refined into entropies at finer scales. This
hierarchical and decomposable nature of zentropy aligns well
with the granularity structure and interdependencies inherent
in multigranularity knowledge modeling, which has been fully
demonstrated in uncertainty quantification [28], feature extrac-
tion [11], and material property prediction [29]. Nevertheless,
existing zentropy methods are still heavily constrained to
neighborhood-based approximation, overlooking the adequate
characterization of fuzziness and exhibiting limited adaptabil-
ity in granularity modeling. Inspired by the above insights, this
study investigates a novel zentropy-enhanced multigranularity
knowledge modeling approach for robust feature selection. The
main contributions of this article are summarized as follows.

1) It designs an adaptive multigranularity information gran-
ulation mechanism based on generalized granular-ball
generation, which effectively captures data distributions
embedded in complex datasets.

2) It proposes a robust multigranularity knowledge mod-
eling method via fuzzy rough approximation, which
comprehensively depicts uncertain knowledge using
adaptive boundary samples to enhance noise resistance.

3) It defines a new multilevel zentropy structure based on
the proposed multigranularity knowledge model, which
is better aligned with the granularity architecture than
existing entropy measures.

4) It leverages zentropy to enhance the performance of
multigranularity knowledge modeling in feature eval-
uation and classification tasks. Extensive experiments
demonstrate the robustness and effectiveness of our
proposed methods.

The remainder of this article is organized as follows.
Section II reviews the basic concepts. Section III presents
the adaptive multigranularity knowledge modeling. Section IV
develops a robust feature selection approach. Section V
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demonstrates the effectiveness of the proposed methods.
Section VI concludes this article and discusses future work.

II. PRELIMINARIES

This section briefly overviews multigranularity computing,
fuzzy rough approximation, and FRSs’ sensitivity analysis.

A. Multigranularity Computing via Granular Ball

In the context of data analysis, a dataset consisting of an
object set, a conditional feature set, and a decision attribute
is typically referred to as a decision information system.
It can be formally denoted as DIS = (O,C,D), where
O = {x1,x3,...,%,} is a finite universe of n objects, C =
{c1,¢2,...,cp} is the set of m conditional features, and D is
the decision attribute that partitions O into decision classes,
ie., O/D ={Dy,D,,...,D,}.

Multigranularity computing is an effective paradigm for
uncertainty modeling and knowledge acquisition. In particular,
granular-ball computing provides an adaptive data granulation
mechanism based on binary splitting. Given a decision system,
the granular balls are constructed as follows.

Definition 1 [22]: Given a DIS = (O, C, D), where O/D =
{Dy,D;,...,D,},let B C C denote the resulting set of granular
balls as Gg = {g1,82,...,8s). For each granular ball g; € Gg,
its center and radius are defined as

1
Ce(g) = &l Z(’j

0j€gi

1
Ra(g) = > lloj - Ce (g s ()

0j€8i

where |- | denotes the cardinality of a set and |||z denotes the
Euclidean distance induced by B.

During the construction process, a granular ball continues
to split until it becomes pure, i.e., the majority of its objects
belong to the same decision class. The label and purity of a
granular ball g; are computed as

.....

Pg) = lgi N D (gl @)
lgil
where 0 < P(g;) < 1. A higher value of P(g;) indicates a higher
consistency of decision labels within g;.

Note that the granulation process often disregards the coex-
istence of multiple decision classes within a single granular
ball, which may compromise the accuracy and efficiency
of representation, particularly in multiclass scenarios. Hence,
more precise generation mechanisms are crucial for knowledge
representation in decision information systems.

B. Fuzzy Rough Approximation

In decision information systems, fuzzy rough approximation
provides an effective framework for handling uncertainty by
leveraging fuzzy logical operators. These operators quantify
the certainty and possibility that an object belongs to a decision
class by comparing the fuzzy similarity among objects and
their membership degrees to decision classes.
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() (b)

Fig. 1. Visualization of equal fuzzy lower approximation of x* and x* with
different distributions because of the noise distribution of boundary samples.
Here, (a) has a uniform distribution and (b) is with a discordant object y*.

Definition 2 [30]: Given a DIS = (O, C, D), where O/D =
{D1,Ds,...,D,}, for D, € O/D and B C C, the fuzzy lower
and upper approximations of D, on B are defined as

Rp (DP) (0i) = ()i;él;)max {1 —Rp (Oi")j) D) ("j)}
R_B (Dp) (0,‘) = SUI()) min {RB (0,’, Oj) . Dp (Oj)} (3)
where Rp(0;,0;) = minyep{l — abs(b(o;) b(o;))} is the

fuzzy similarity relation induced by B and D,(0;) denotes the
membership degree of object 0; to D).

To evaluate the quality of approximation in an FRS model,
the fuzzy dependency degree is employed. It measures the
proportion of objects that can be accurately classified based
on the conditional attributes B and is computed as follows:

= |Up,co/pRz (D))]
b 0|

A larger value of yp indicates a higher level of certainty
in the classification, thereby reflecting stronger dependency
between the conditional attributes and the decision attribute.

4)

C. Sensitivity and Structural Analysis of FRSs

In a decision information system, the fuzzy approximation
process in FRSs is inherently sensitive to boundary objects
between decision classes. As derived from Definition 2, the
lower and upper approximations of D, can be simplified as

Ry (D)) (o) = inf {1 - Rg(0:,0,)]

D,,) (0;) = sup Rp (oi, Oj) (5

0j€D,

Ry (

where the certainty of o; belonging to D), is determined by its
nearest objects outside D), and the possibility is characterized
by its maximum similarity to objects within D,,.

Fig. 1 illustrates a boundary-based approximation mecha-
nism, where different shapes denote various decision classes.
In fact, noisy or misclassified samples can severely dis-
turb this mechanism, especially under imbalanced conditions.
To address this issue, several FRS-based methods introduce
neighborhoods to control object granularity for improving
model robustness. Despite their effectiveness, they mostly
adopt a uniform neighborhood radius across all objects and
classes, neglecting variations in local data distributions. This
limitation underscores the need for an adaptive and noise-
resilient FRS model that dynamically adjusts to the data
structure.

In addition to the approximation mechanism, various
FRS-based uncertainty measures have been proposed, such

as fuzzy dependency degree and fuzzy conditional entropy.
Specifically, the fuzzy dependency degree is an algebraic
measure that evaluates classification certainty based on fuzzy
lower approximations. In contrast, fuzzy conditional entropy
is an information-theoretic method that quantifies the incon-
sistency between fuzzy object granules and decision labels.
These are single-granularity methods based on approximations
or object granules. Notably, the whole approximation process
is multigranular from target decisions to fuzzy approximation
and object granules. As such, the single-granularity measures
fail to capture the hierarchical and interdependent nature of
uncertainty propagation across different levels. Therefore, it is
imperative to design more accurate and systematic uncertainty
measures for enhancing the expressiveness and reliability of
uncertainty in fuzzy approximation.

III. ADAPTIVE MULTIGRANULARITY
KNOWLEDGE MODELING

To address the sensitivity of FRSs to boundary samples
discussed in Section II-C, this section proposes an adaptive
multigranularity knowledge modeling method based on gener-
alized granular-ball representation. By explicitly incorporating
the class distribution into the granulation process, the proposed
method enables adaptive object granulation and significantly
improves model robustness in complex decision environments.

A. Generalized Granular-Ball Generation

Regarding the multiclass splitting limitation of conventional
binary splitting in multigranularity knowledge modeling, this
section introduces a generalized granular-ball representation
that incorporates class-aware splitting into the granulation
process, thereby achieving more general and precise data
granulation.

Definition 3: Given a DIS = (0,C,D), where O/D =
{D,D;,...,D,}, for B C C and purity P € (0,1], the
enhanced granular-ball representation EGg = {g1,82,-.-,8r}
is constructed through the following iterative procedure.

1) Initialization: Begin with an initial granular ball EGY =

{g}}, computed as follows:

gl =10 ~Ce(g))| s <Ra(e])}  (©

where || - || denotes the Euclidean distance induced by
B, and the center Ce(gl) and radius Ra(gl) of the initial
granular ball are given by

Ce g1 |0|U/z€;) j
ag) ==Y o~ Ce], @
|0|0€0

This initialization generates a single granular ball based
on the data center and its average distance from the data
center, serving as the foundation for subsequent adaptive
splitting.

2) Class-Aware Splitting: This iterative splitting process
continues until each granular ball meets a predefined
purity threshold. Assume that the current granular ball
set at iteration + — 1 is given as follows:

EGy' = {gi"'

&)
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For each g/~! € EGY, if the ball satisfies the purity
requirement, it is retained. Otherwise, it is split into
subballs based on its internal class distribution

g =188 8} (8)

where k; is the number of decision classes present in
~1. Each subball is constructed as follows:

&= {orc | o~ Cele)l, <Ralep)) - ©

where the center and radius are given by

ZHo, Ce(g)|.  «0)

The updated granular ball set at tth iteration is then
1

EGj = U {8?1’(?;2’ e
i=1

L85} (11)

3) Termination and Final Representation: The iterative
process terminates when all granular balls satisfy the
desired purity condition P. The generated enhanced
granular-ball representation is presented as follows:

7gr}

where r is the number of final granular balls, and the
corresponding centers and radii are

EGL ={g1.8.... (12)

Ce={Ce(g1),...,Ce(g)}
Ra ={Ra(g;),...,Ra(g,)}. (13)
The label set of each ball is defined as
Lab (EG’;) = {Lab(g;),Lab(g),...,Lab(g,)} (14)

where Lab(g;) is determined according to (2).
Compared with existing granular-ball computing methods,
the above splitting procedure is fast and adaptive, generating
a set of granular balls that reflect class consistency. A more
detailed visualization of the generation process is provided
in Fig. 2. In practical modeling, each granular ball can be
viewed as a representative region that captures local data
characteristics, and the collective set of balls approximates the

overall distribution in decision information systems.

B. Fuzzy Rough Knowledge Acquisition

Building on the generalized granular-ball representation
introduced in Section III-A, this part presents a robust fuzzy
rough knowledge acquisition model that leverages the class-
aware granulation to improve the robustness of fuzzy rough
approximation.

Deﬁnition 4: Given a DIS = (O,C,D), for BC C and P,6 €
0,17, EGB = {gl,gz, ...,&} is the generalized granular balls
and EG/ /Lab(EGB) = {DL,,DL,,...,DL,}. For any DL; €

B/Lab(EGB), the fuzzy lower and upper approximations
are defined as
Ry’ (DLy) (g) = inf , max {1 - Rj (8i.85) . DLi (g))}
8j€
Ry* (DL)) () = sup min {R} (gi.8;) . DLi (g)}
8;EG}

(15)
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Kmeans Spliting - Iteration 3

Processing 6 balls | Finalized 4 balls
Class0
Class 1
Class2

Kmeans Spliting - Iteration 2
Processing 4 balls | Finalized 0 balls

Class 0
Class 1

eans Spliting - Iteration 1
cessing 1 balls | Finalized 0 balls

Class 2

() (®) (©

. Granular Division - The Final Granular Balls

() (e) )

Fig. 2. Visualization example of generalized granular-ball generation, where
(a)—(f) depicts the detailed split process. Data are first initialized into a single
granular ball based on the initial center and radius in (a) afterward, an adaptive
splitting process is performed by considering the class distribution within each
subgranular ball. This iterative refinement continues until all granular balls
meet the predefined purity. The final results are presented in (f).

(@ (b)

Fig. 3. Visualization of fuzzy rough approximation for g(x*) and g(x) to
D;. Compared with their difference in terms of equality in Fig. 1, g(xT) to
D in (b) reasonably differs from g(x*) to D; under uniform distribution (a).
This is because the influence of the discordant object y* is removed.

where RB(g,, gj) denotes the fuzzy relation between g; and g;
on B and [gilgs = (R3(gi-81))/&1 + (Ry(gi-82))/g2 + -+ +
(RB(g,,g,))/g, is referred to the fuzzy object granule of g;
under B.

In this study, the fuzzy relation is defined as follows to
evaluate the degree of similarity among different objects:

lloj—ojllp
e 2, otherwise

R} (gi-8)) = ol (16)
0, ifee 2 <6

where A% is a tuning parameter set to the 20th percentile of
distances between g; and all others, inspired by [31].

In the above definition, RE°(DL;)(g;) and RL°(DL;)(g;)
represent the certainty and possibility, respectively, of a gran-
ular ball g; belonging to DL;. Compared with traditional
fuzzy rough models, the proposed method exhibits enhanced
robustness to noise by utilizing the enhanced granular-ball
representation. A comparative visualization in Fig. 3 illustrates
how this approach improves noise tolerance near decision
boundaries, especially compared to the existing boundary
object approximations in Fig. 1.

To further analyze the behavior of the above fuzzy rough
approximation process under different conditions, several
important properties are stated as follows.

Property 1: Given a DIS = (O, C, D). Given P,¢6 € (0,1],
={g1,82,.-.,8} is the generalized granular balls. Then,
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for B C C and DL; € EG,/Lab(EGY), the following
properties hold.
1) For B; C By, R;°(DL;) and R,’(DL;) (and similarly the
upper approximations) are incomparable.
2) For 0 < P, < P, < 1, Ry"(DL;) and RY**(DL;) (and
similarly upper approximations) are incomparable.
3) For 0 < 6, < 6 < 1, RE*(DL;)) ¢ RE™(DL;) and

REP(DL;) 2 RE*(DL)).
4) For each g; € EG}, if [gilx, € [gilk,» then R(DL;) 2
Ry(DL;) and R;(DL;) C Ry(DL,).

Proof: These properties directly follow the definitions of the
generalized granular-ball structure and fuzzy approximation
model, along with the monotonicity of fuzzy relations.

Moreover, to evaluate the approximation quality of the
proposed model, the fuzzy dependency degree is also defined.

Definition 5: Given a DIS = (0,C,D) and P, € (0, 1],
for B C C, EG, = {g1,8,...,g,} is the generalized granular
balls, and EG4/Lab(EG%) = (DL,,DL,, ..., DL,,}. The fuzzy
dependency degree of Lab(EGg) on B is defined as

’UDL[GEGQ/Lab(EGg) Ry’ (DL;)
yb9 (Lab (EGE)) = BT £
B

This measure is based on the fuzzy rough lower approx-
imation, which evaluates model quality through approximate
accuracy and maintains a positive trend in its values.

a7

IV. ROBUST FEATURE SELECTION METHOD

Considering the incomplete representation of uncertainty
inherent in traditional fuzzy rough approximations, this sec-
tion proposes a new multilevel zentropy uncertainty analysis
method that could capture hierarchical and interactional struc-
tures embedded within the multigranularity structure.

A. Multilevel Zentropy Uncertainty Analysis

The fuzzy rough approximation is inherently progressed
from coarser target decisions to finer fuzzy approximations
and finally to object granules. Each level reflects its scale
uncertainty, where coarse representations summarize finer
structures, and finer ones provide detailed insight. This hierar-
chical and nested nature aligns with the conceptual structure
of zentropy [28], [29]. Inspired by this, a novel multilevel
zentropy measure is proposed to advance uncertainty analysis.

Definition 6: Given a DIS = (O, C, D), for BC C and P,6 €
0, 1], EGg ={g1,82,...,&} is the generalized granular balls
and EG%/Lab(EGY) = {DL;,DL,,...,DL,}. The multilevel
zentropy uncertainty measure is defined as

Zp’(D)=-)_PilogP;+ Y  PiZ; (18)
i=1 i=1

where P; = |DL;|/ IEGgl denotes the proportion of granular
balls labeled as class i and Z; represents the uncertainty at the
finer levels, decomposing with the same (18).

Z; reflecting uncertainty within each decision group DL; is
considered from certain and uncertain granular regions

2 2
Zi:_ZPijlogPij+ZPijZij (19)
j=1 j=1

where P;; = |G;|/IDL;] and the objects of certainly
assignmented to class i is G; = f{g € DL; |
arg maxe—(1 2, Ry’ (DLY)(g) = i}, while G, = DL; — G
represents the uncertain ones.

Furthermore, Z;; captures the fine-grained uncertainty at the
fuzzy object granule level

Zj= - Z Pij log Pij,
8€Gjj

(20)

where P;j; = |[g/] R, NDL;|/ |[g,]R% | quantifies the proportion of
objects in g,’s fuzzy neighborhood that belongs to decision
class i. Thus, Z;;, = —P;j; log P;j; characterizes the uncertainty
within the fuzzy object granule FAS

Overall, this measure effectively integrates hierarchical
granularity and interlevel interactions among target decisions,
approximation granules, and object granules. Compared with
existing uncertainty measures in FRSs, it offers a compre-
hensive quantification of uncertainty across these three fuzzy
layers. Its variation under different data distributions and
parameters is further discussed in the following.

Property 2: Given a DIS = (O,C,D), for B € C and
P € (0, 1], the multilevel zentropy uncertainty measure Zg’é(D)
satisfies the following properties.
1) Nonnegativity: Zg"s(D) > 0.
2) Nonmonotonicty: For By € B, C C, the Z;°(D) and
Zg’j(D) are nonmonotonic.
3) Nonmonotonicty: For 0 < Py < P,
Zgz"s(D) are nonmonotonic.
4) Nonmonotonicty: For 0 < §; < &,
Zg’éz(D) are nonmonotonic.
5) Degeneracy: For Vg, € EGE, if [g’]R”B is an unit vector,

then we have Zg"s(D) =—)", PilogP;.

1, ZL°(D) and

IA

1, Zy° (D) and

IA

Proof: These properties can be proved from Definitions 4
and 6 and Property 1.

1) It is directly obtained from Definition 6.

2) According to Property 1, feature subset inclusion does
not ensure the monotonicity of approximations or fuzzy
granules. Hence, these measures are incomparable.

3) Similar to 2), changes in the purity P lead to structural
differences in EG% and the resulting uncertainty, making
the ZZ’E(D) values nonmonotonic.

4) It can be proved similar to 2) and 3).

5) When [g]gy is a unit vector (i.e., R%(gr,g) = 1 and
RY(g1,8,) = 0 for g; # g/, the uncertainty in Z;; is
zero. Meanwhile, the generalized granular balls in DL;
are divided into this target decision, leading to P;; = 1
and Pp = 0. Therefore, the full measure degenerates to
top-level entropy.

B. Feature Evaluation and Selection

Based on the proposed multilevel zentropy uncertainty mea-
sure, this section designs two significance measures for feature
evaluation and further develops a robust feature selection
method by integrating information gain analysis.

Definition 7: Given a DIS = (O, C, D), for P,¢ € (0,1] and
c € C, the inner significance of ¢ related to C is defined as

Inn(c,C.D) =Z°, (D) - Z&° (D) (1)
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Fig. 4. Framework of the proposed method.

where Inn(c,C, D) > 0 implies that feature c is important for
preserving uncertainty information in the system.

Similarly, for a feature subset Bc C and Vb € C - B,
the outer significance of b with respect to B is defined as
Out (b, B,D) = Z;° (D) - Z5,,, (D) (22)

where a larger Out(b, B, D) value indicates a greater informa-
tion gain brought by feature b.

Definition 8: Given a DIS = (0,C, D), for P,6 € (0,1],
a feature subset R C C is called a reduct if it satisfies the
following conditions.

1) ZR°(D) < Z&°(D).

2) For Vr € R, Zp°, (D) > Zp (D).

Combining the above feature reduction definitions, the
developed zentropy-enhanced multigranularity knowledge
modeling framework for robust feature selection (ZeMG-FS)
is presented in Algorithm 1. In this algorithm, three steps are
involved: core feature identification, outer feature selection,
and redundant feature deletion. In the first step, general-
ized granular balls are generated with a time complexity of
O(nmw), where n, m, and w denote the numbers of objects,
features, and decision classes, respectively. The construction
of fuzzy relations among n objects under m features requires
O(n*m) operations, which dominate the computational cost
of the zentropy measure. Therefore, the time complexity of
core feature evaluation over m features is O(n*(m — 1)m).
Suppose that there are /; and I, selected features in Steps I
and II, respectively. The time complexity of lines 14-20
is o(zﬁglnml Y ohm - - i+ 1)). In addition, to
ensure the indispensability of each selected feature in Step III,
all I} + [, features must be evaluated, resulting in a time
complexity of O((l;, + L), + b 1)n?). Therefore,
the overall time complexity of the algorithm is bounded by
om*m?).

C. Overall Procedure

The overall procedure of the proposed method is illus-
trated in Fig. 4, which comprises four interconnected phases:
generalized granular-ball generation, robust fuzzy rough
approximation modeling, multigranularity uncertainty analy-
sis, and feature selection. In the first phase, a generalized
granular-ball generation method is developed. Unlike existing
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Algorithm 1 Proposed Feature Selection Algorithm

: DIS = (O, C, D), purity threshold P, radius 0.
: Selected feature subset R.

Input
Output
1 Initialize R < 0;
2 Step I: Core feature identification
3 Generate enhanced granular balls E(S‘rg"s using Definition 3;
4 Compute the multi-level zentropy uncertainty measure of the full set:
ZP,& ( D) .
c 9
5 forall c € C do
6 Generate EGg’f o
7 Compute Inn(c,C, D) using Eq. (21);
8 if Inn(c,C, D) > 0 then
9 | R+ RU{c}
end
11 end
Calculate the multi-level zentropy uncertainty measure on R, i.e.,
P,5
ZR7 (D)
Step 1I: Outer important feature selection
. P,5 P,6
while Z° (D) > Z°(D) do
15 forall b C — R do

16 | Compute Out(b, R, D) using Eq. (22);
17 end

18 Select b* = argmaxpecc— g Out(b, R, D);
19 R+ RU{b*};

20 end

21 Step III: Redundant feature deletion

forall » € R do
.o P,S P,

if ZR_{T}(D) < ZR°(D) then

24 | R« R—{r}

end

end

Return : Reduct R

strategies, it integrates class label information to better reflect
the local data distribution, enabling adaptive splitting and a
robust foundation for multigranularity knowledge modeling.

In the second phase, a robust fuzzy rough approximation
model is constructed. Fuzzy object granules are generated by
introducing a neighborhood ¢ to the fuzzy similarity matrix,
and then, the approximation space is obtained within a pair
of fuzzy operators. Compared with the classical FRS model,
this model significantly improves the tolerance of generalized
boundary granular balls.

In the third phase, a multigranularity structure is established
in the fuzzy approximation process. By analyzing interactions
among target decisions, approximation granules, and object
granules, a new multilevel zentropy uncertainty measure is
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TABLE I
DETAILS ABOUT EMPLOYED 12 DATASETS

Dataset Abbreviation Object Feature Class

D1 Cardiotocography DatasetS3 Card 2126 21 3
D2 Climate Model Simulation Crashes Cmsc 504 18 2
D3 Colon Colo 62 2001 2
D4 Ionosphere Iono 351 34 2
D5 Mice Protein Expression Dataset MPED 1077 68 8
D6 Musk Musk 476 168 2
D7 Segmentation Sege 2310 20 7
D8 South German Credit SoGC 1000 21 2
D9 Spambase Spam 4601 58 2
D10 Thyroid Thyr 7200 22 3
D11 Urban Land Cover ULC 168 148 9
D12 Visegrad Group Companies Dataset ~VGCD 85 450 6

designed to quantify the multigranularity uncertainty in the
GFRS model accurately.

In the final phase, a robust feature selection approach is
proposed by leveraging the zentropy uncertainty measure.
Specifically, two significance criteria are defined to assess
the individual contributions of features. A forward selection
mechanism guided by the maximum information gain is then
employed to construct the optimal feature subset iteratively.

V. EXPERIMENTAL RESULTS AND ANALYSIS

This section presents a series of numerical experiments
to verify the robustness and effectiveness of the proposed
method. All the experiments are performed on a computer with
Intel' Core? i7-6800K x 12, memory: 62.7 GB, and MATLAB
R2020a.

A. General Setting

1) Datasets: Twelve public datasets from the UCI Machine
Learning Repository and the scikit-feature library are
employed to make comparisons, where the details are summa-
rized in Table 1. Meanwhile, all the conditional attributes are
normalized to the unit interval using the following equation:

% (0,-, cj) — min (cj)

max (cj) — min (cj)

,\T(Oi,Cj) = (23)
where v(0;,¢;) denotes the value of object o; under feature
¢j, and min(c;) and max(c;) represent the minimum and
maximum values of c¢; over all objects.

2) Compared Methods: To evaluate the antinoise ability of
the proposed fuzzy rough knowledge acquisition model, five
FRS methods, including classific FRS (CFRS) [23], noise-
aware FRS (NFRS) [32], FNRS [18], FRS with fuzzy decision
(FRSD) [14], and RCU-based FRS (RFRS) [13], are adopted
to make comparisons. In addition, seven other representa-
tive feature selection methods are employed to illustrate the
effectiveness of ZeMG-FS in classification performance. These
details are given as follows.

1) FNCE [33]: It introduces neighborhood granulation and
proposes combination entropy for feature selection.

IRegistered trademark.
2Trademarked.

2) FSNC [34]: Tt applies stripped neighborhood covers
to feature selection, where fuzzy dependency degree is
employed as an important index.

3) FSZUM [28]: Tt analyzes the structure relationship
among different granularities and develops a zentropy-
based uncertainty measure for feature selection.

4) MFEFS [35]: It proposes multiscale fuzzy entropy for
uncertain information processing and uses it for feature
selection from a multiscale viewpoint.

5) VCOS [27]: Tt defines a variable-consistency selection
mechanism for optimal scales and proposes fuzzy com-
bination entropy for feature evaluation.

6) AGM-FS [1]: Tt defines the margin-based weight opti-
mization function for feature selection and obtains
the final subset based on the average granule margin
measure.

7) SFESS [9]: It constructs a separability measure by inte-
grating the relationship between objects and decisions
for feature selection from a reduction perspective.

3) Comparison Setups: Four classifiers—KNN, NB, SVM,
and DT—are employed to evaluate the classification per-
formance of the selected features. For each dataset, tenfold
cross-validation is used to ensure a fair and reliable compari-
son. To analyze the effects of the parameters on the proposed
method, the purity P is set from 0.8 to 1 with a step of 0.05,
and the radius ¢ is set from 0 to 0.5 with a step of 0.05.

B. Robustness Analysis of Fuzzy Approximation

As discussed in Section III-B, the proposed fuzzy approx-
imation model enhances noise tolerance by flexibly adjusting
boundary regions. To verify the robustness of the proposed
fuzzy approximation, this section compares it with several
representative FRS-based models under varying noise condi-
tions. Specifically, the fuzzy dependency degree, as defined in
Definition 5, is employed as the evaluation criterion to measure
the approximation accuracy of each model. For each dataset,
the noised data are obtained as follows:

0, ?(Oi,Cj)+Zij<0
v (0icj) = V(o) Tz 0=V (onc)) Tz <1 (24)
1, v(Oi,Cj)+Zij> 1

where z;; € [0,1] is the Gaussian random noise.

Table II presents the approximate accuracy of all compared
methods across ten noise levels, where the noise level refers
to the property of added noise objects, and the best results
are presented in bold. As observed, the proposed approxi-
mation model achieves the highest average values on nine
out of the 12 datasets, except for D3, D6, and D8, demon-
strating its strong approximation ability and robustness in
noisy environments. This is because the proposed generalized
granular-ball granulation reduces discordant objects neglected
in the approximation process, effectively improving the noise
tolerance and enhancing the fuzzy approximation accuracy.
Furthermore, it exhibits lower variance across noise levels
than CFRS, NFRS, and RFRS do in most situations, indicating
more stable performance under perturbation.

A visual comparison is also provided in Fig. 5, which
clearly illustrates the superior resilience of our method to noise
interference. These results collectively verify that the proposed
method significantly enhances noise robustness.

Authorized licensed use limited to: TONGJI UNIVERSITY. Downloaded on March 02,2026 at 10:36:56 UTC from |IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

8 IEEE TRANSACTIONS ON CYBERNETICS
TABLE II
APPROXIMATION ACCURACY OF DIFFERENT FRS MODELS IN NOISY ENVIRONMENT
Nos FRSs 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%  Ave Nos FRSs 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%  Ave
CFRS 0.19 023 0.26 030 033 0.36 040 043 046 049 0.34+0.10 CFRS 0.26 029 032 035 038 040 043 046 049 0.51 0.39+0.08
NFRS 020 024 029 033 037 041 045 049 053 0.58 0.39+0.12 NFRS 025 0.29 033 037 041 045 048 052 0.56 0.59 0.42-40.11
py FNRS 010 0.5 020 026 0.31 036 041 046 051 056 0.33+£0.15(| [ FNRS 006 0.1 016 020 025 030 035 040 045 050 0.28+0.14
FRSD 044 044 044 044 044 044 044 044 044 044 0.4440.00 FRSD 0.15 0.15 0.15 0.15 0.15 0.15 0.I5 0.I5 0.15 0.15 0.15+0.00
RFRS 0.12 0.16 020 024 028 032 0.36 040 044 048 0.30+0.11 RFRS 0.19 023 026 030 0.33 036 039 043 0.46 049 0.340.09
Our 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.97 0.87 0.85 0.97-+0.05 Our 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00--0.00
CFRS 057 0.58 039 0.60 0.61 0.61 0.62 0.64 0.65 067 0.61£0.03 CFRS 055 0.56 058 0.60 0.62 0.64 0.65 0.67 0.68 0.70 0.62£0.05
RFRS 0.68 070 0.71 072 0.73 0.74 074 0.76 0.77 0.78 0.73+0.03 RFRS 0.52 055 0.58 0.60 0.62 0.64 0.66 0.69 0.70 0.73 0.63+0.06
pp FNRS 092 092 092 0.93 093 0.94 0.94 095 095 096 0.94:£0.01|| o FNRS 092 093 095 095 096 096 098 098 099 0.99 0.96-0.02
NFRS 0.89 0.88 0.89 0.89 0.90 0.90 0.90 091 092 0.96 0.9040.02 NFRS 0.75 0.76 0.78 0.79 0.81 0.82 0.84 0.86 0.87 0.88 0.82+0.04
FRSD 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84+0.00 FRSD 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.58+0.00
Our 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.92 0.90 0.97 0.98--0.04 Our 099 0.99 097 099 0.97 096 0.94 090 0.86 0.85 0.94-40.05
CFRS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00£0.00 CFRS 0.10 0.13 0.16 0.18 021 023 025 028 030 032 022+0.07
NFRS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00-0.00 NFRS 0.10 0.14 0.18 0.22 026 030 0.34 038 042 046 0.28+0.12
p3 FNRS 100 1.00 1.00 1.00 1.00 1.00 1.00 100 100 100 100:£0.00 || o FNRS 003 0.07 010 015 019 023 028 033 039 045 022+0.13
FRSD 054 0.54 054 054 054 054 0.54 054 054 0.54 0.54:0.00 FRSD 0.18 0.18 0.18 0.18 0.18 0.18 0.18 0.18 0.18 0.18 0.180.00
RFRS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00-0.00 RFRS 0.06 0.09 0.12 0.14 0.7 0.19 022 025 027 030 0.18-+0.08
Our 0.81 0.81 076 1.00 0.63 0.69 1.00 1.00 0.67 078 0.82+0.13 Our 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00£0.00
CFRS 042 043 044 045 047 047 049 052 053 055 0.48+0.04 CFRS 0.18 023 026 031 034 038 042 046 049 052 036+0.11
RFRS 0.57 0.59 0.62 0.64 0.66 0.68 0.70 0.72 0.75 0.77 0.67+0.06 RFRS 0.10 0.14 0.19 023 028 032 036 040 044 048 0.29+0.12
ps FNRS 048 0.52 056 058 0.61 063 0.66 0.68 071 0.74 0.620.08 || [y, - FNRS 095 096 0.96 096 0.96 0.97 097 0.97 0.97 098 0.97+0.01
NFRS 0.84 0.85 0.85 0.86 0.87 0.88 0.89 093 093 095 0.88+0.04 NFRS 026 0.30 034 038 042 046 0.51 055 058 0.63 0.44+0.12
FRSD 054 0.54 0.54 054 054 054 054 054 054 054 0.5440.00 FRSD 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86+0.00
Our 1.00 1.00 1.00 0.90 0.90 091 0.87 093 095 093 0.94+0.04 Our 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.88 0.89 0.90 0.97+0.05
CFRS 029 032 034 037 040 043 046 048 051 054 041£0.08 CFRS 047 049 052 054 057 059 062 064 066 0.69 0.58+0.07
NFRS 051 0.54 0.57 0.59 0.62 0.64 0.67 0.70 0.73 0.75 0.63%0.08 NFRS 098 0.98 098 0.98 098 0.98 0.98 098 0.99 0.99 0.98+0.00
ps FNRS 0.04 0.09 014 0.19 024 029 034 039 044 049 0.27+0.14 ||y, FNRS 009 0.14 0.18 023 028 0.32 037 042 048 052 030+0.14
FRSD 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13£0.00 FRSD 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12+0.00
RFRS 043 046 049 0.52 0.55 0.58 0.61 0.64 0.67 0.70 0.56-£0.09 RFRS 091 092 093 093 093 093 094 095 095 095 0.94+0.01
Our 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.0040.00 Our 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00£0.00
CFRS 059 061 063 065 067 0.70 0.72 0.74 0.76 0.78 0.68+0.06 CFRS 0.16 020 024 029 033 037 042 045 049 054 035+0.12
RFRS 0.90 091 091 092 092 093 094 095 095 0.96 0.93:0.02 RFRS 0.11 0.16 020 025 0.30 0.34 039 043 047 052 0.32-+0.13
pg FNRS 100 1.00 100 1.00 1.00 100 1.00 1.00 100 1.00 1.00+0.00 || ., FNRS 0.0 0.4 0.19 025 030 0.34 0.33 042 046 051 031+0.13
NFRS 096 0.97 097 0.97 097 098 098 098 0.98 099 0.97-+0.01 NFRS 021 025 029 034 044 045 049 052 0.56 0.60 0.41+0.13
FRSD 051 051 051 051 051 051 051 051 051 051 0.510.00 FRSD 033 033 033 033 033 033 033 033 033 0.33 0.33+0.00
Our 1.00 0.95 098 095 0.88 097 094 094 097 1.00 0.96+0.03 Our 1.00 1.00 1.00 1.00 1.00 1.00 1.00 097 0.87 0.85 0.97+0.05
TABLE 1II 2) Selected Feature Number: Tables IV-VII present the

COMPUTATIONAL TIME OF COMPARED METHODS ON 12 DATASETS (S)

No.s VCOS FSNC MFEFS FSZUM FNCE AGM-FS SFSS  Our
D1 3844 166.5 2734 4820 44.50 146.10 4.08 663.4
D2 6190 14.68 1.90 313 730 630 098 144.1
D3 1578 76.43 4663 21.55 108.9 530.00 128 2372
D4 3270 2583 1350 6.68 875 1730 2.15 46.70
D5 1973 8744 1918 9045 62.05 343.10 61.50 2055
D6 490.2 770.6 5594 33.18 53.85 471.90 19.93 5825
D7 4554 1409 699  84.05 50.60 13270 8.48 624.0
D8 8125 5150 91.75 3.05 14.83 31.00 278 3464
D9 8319 9560 28095 2915 1005 3691.60 58.53 6754
D10 13018 2214 6472 897.0 534.1 1329.80 8.18 8759
D11 5095 177.1 368.1 50.68 36.50 96.10 24.08 137.8
D12 3738 27.63 4823 1670 11.85 3.80 198 1108
Ave 2706.53 1174.97 3670.09 347.47 161.52 566.64 16.16 1048.10

C. Performance Comparison of ZeMG-FS Algorithm

This section mainly evaluates the effectiveness of the
proposed method from computational time, selected feature
number, classification performance, and statistical validation.

1) Computational Time: The computational times (in sec-
onds) of all methods compared on the 12 datasets are listed
in Table III. On average, our method ZeMG-FS exhibits a
lower runtime than the other three methods—VCOS, FSNC,
and MFEFS. Moreover, the SFSS achieves the shortest time
because it neglects the multigranularity structure and approxi-
mation. Overall, the proposed ZeMG-FS achieves competitive
efficiency in feature selection.

feature numbers selected through different methods under four
classifiers. On the KNN classifier, the proposed method selects
the fewest features on six datasets, while FSNC, MFEFS,
FSZUM, and FNCE obtain the lowest values 1x, 2x, 1x,
and 2x, respectively. Similarly, ZeMG-FS performs better
8%, 9%, and 7times under the NB, SVM, and DT classifiers,
respectively. Moreover, the average feature number is the low-
est for these four classifiers, demonstrating that the proposed
ZeMG-FS effectively selects appropriate features for learning
tasks.

3) Classification Performance: The classification accuracy
results for the four classifiers are reported in Tables IV-VII,
where the best results are highlighted in bold.

Overall, ZeMG-FS consistently outperforms the other meth-
ods across most datasets. Specifically, it achieves the highest
accuracy on nine datasets, showing lower performance for the
KNN classifier only on the Colo, Musk, and Thyr datasets. In
contrast, FSNC, MFEFS, FNCE, and AGM-FS are excellent
on only one or two datasets. Notably, despite selecting 20
and 23 features, respectively, MFEFS and FNCE yield the
lowest accuracy on the Iono dataset, further underscoring the
importance of selecting appropriate features.

Similar trends are observed with the NB, SVM, and DT
classifiers, where ZeMG-FS achieves the highest accuracy on
ten, ten, and 11 datasets, respectively. Other methods, such
as MFEFS, VCOS, FSZUM, and AGM-FS, perform better
on only one or two datasets. Poor classification caused by
selecting redundant features is evident in methods, such as
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Fig. 5. Approximation accuracy of different FRS models on ten different noise levels. (a) D1. (b) D2. (c) D3. (d) D4. (e) D5. (f) D6. (g) D7. (h) D8. (i) D9.
() D10. (k) D11. (1) D12.

TABLE IV
CLASSIFICATION ACCURACY AND SELECTED FEATURE NUMBER OF COMPARED METHODS WITH THE KNN CLASSIFIER (%)

Raw VCOS FSNC MFEFS FSZUM FNCE AGM-FS SFSS ZeMG-FS
No.s Accuracy Num  Accuracy Num Accuracy Num Accuracy Num Accuracy Num Accuracy Num Accuracy Num Accuracy Num Accuracy Num
DI 81.2840.02 20 813340.03 20 81234002 17 87064002 9 83.0240.01 16 81.041003 20 81651002 19 71501003 3 91021002 3
D2 922240.02 17 92044004 17 929640.03 5 94071003 4 94441002 6 92041002 17 93521003 6 93891004 6 95741003 6
D3 77.3840.15 2000 84294015 18 80954022 15 85951017 16 81901917 3 53331021 1 91671012 83 8071101 1 84891015 1
D4 86.0440.05 33 857540.06 28 89.4640.05 8 90.02410.05 20 86.0410.03 33 863010.06 23 857710.06 33 89441008 10 91171004 10
D5 99.1640.01 68 99.7240.00 25 99.6340.00 66 99.7240.01 65 99.6310.01 45 99.6310.01 21 99.6310.01 65 99441001 29 9981i0.00 29
D6 829740.0a 166 80.0540.06 59 83.5640.08 76 83.6240.05 107 783710.07 8 82.5510.06 77 882410.04 122 737510.04 44 84671005 44
D7 96.0640.01 19 96.8840.01 12 9645:10.01 14 965810.01 18 96.5810.01 19 96.2810.01 15 96491001 19 84501003 3 97141001 3
D8 71.2040.0a 20 722040.05 20 73.1040.05 20 71.7040.0a 20 725040.03 20 73.0010.03 20 724010.05 15 72901004 14 73101004 14
D9 90.2940.01 57 90.2640.01 55 90.0040.02 55 90.65+0.02 42 90.2940.01 57 90.2440.02 56 89.7410.01 56 89.94410.01 49 90.871+0.02 49
D10 93.8340.00 21 939310.01 20 93.9310.01 20 9647:0.00 17 93.8310.00 21 939310.01 20 93831002 19 95724001 1 958240.01 1
DIl 78.5740.07 147 76.1840.10 47 803740.11 88 83424011 51 76841015 22 77941008 76 82131011 73 81.6210.10 16 83461010 16
DI2 474240.07 49 487140.06 49 48.7240.07 23 50.0240.07 32 503li0.07 49 464li0.00 19 40584010 1 46441011 6 50321008 6
Ave 83.0410.04 218.08 83.4510.05 30.83 84.2010.06 33.92 85.7710.05 3342 83.6510.05 24.92 81.0710.05 3042 84.6410.05 42.58 81.6510.06 15.17 86501004 15.17
10
FNCE, on the Musk and ULC datasets. Moreover, the average [t Edveos [ o] [Tt Eiveos e
. . . . [C]mrEFs [_JFszuM [ FNCE [ mrers [ JFszuM [ JFNCE
results are illustrated in Fig. 6, further demonstrating the | acvrs [jsrss [Elous || 8] [Jacwrs Eosrss Elous
. . . . s
superiority of generalized granular-ball generation and the g § Z
multilevel zentropy measure in feature selection. go s
. . . N . . . = Z 4
4) Statistical Validation: To assess whether significant dif- 2 <
ferences exist among the compared methods, the Friedman 2
1

test [36] is conducted at a significance level of @ = 0.1. The
null hypothesis assumes that all methods perform equivalently;
this hypothesis is rejected if the P value is less than the «
level. The P values of the Friedman tests are 1.76 x 107°,
0.0016, 0.01, and 2.28 x 107 for the KNN, NB, SVM, and
DT classifiers, respectively, significantly lower than 0.1. This
indicates significant differences among these algorithms.

Fig. 6. Average classification performance of compared methods. (a) Accu-
racy. (b) Rank.

To further identify significant differences between any
two methods, the Nemenyi post hoc test [36] is employed.
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TABLE V
CLASSIFICATION ACCURACY AND SELECTED FEATURE NUMBER OF COMPARED METHODS WITH THE NB CLASSIFIER (%)

Raw VCOS FSNC MFEFS FSZUM FNCE AGM-FS SFSS ZeMG-FS

Accuracy Num Accuracy Num Accuracy Num Accuracy Num Accuracy Num

68304005 16 673140.04 8 64164003 19 67224003 3 71541003 3
94444002 5 924li0.04 17 94074003 6 938940.04 6 95004003 6
83814017 5 65484010 1 82144014 83 79294019 1 80714010 1
D4 91.1740.05 33 90.6140.0s 28 91.1740.05 33 91444005 25 914810.06 33 90.6110.06 33 90.8910.06 33 90.58%0.03 21 92301004 21
D5 85.1440.05 68 863540.02 25 85.8940.04 67 857040.04 65 852310.05 68 8579+0.03 66 86.06+10.05 65 84211002 58 87.5610.03 58
D6 83.1640.05 166 794040.06 59 81.73+0.06 106 82.77+0.05 107 76.8840.06 8 81.9210.04 100 82321005 122 74.5710.06 66 83.6710.00 66
D7 90.0940.02 19 922540.02 11 9195+0.01 12 903940.03 18 904810.02 19 91601002 15 90221003 19 8299+00> 3 93381001 3
D8 704040.05 20 71.0040.05 20 71.2040.05 15 709040.05 20 70.80+0.04 14 713040.03 7 70.70+0.07r 15 713010.05 12 71401003 12
D9 54.1640.08 57 54.1640.08 53 539740.08 55 54.1240.03 57 5427+0.03 55 54.1840.03 56 54881002 56 55271003 44 55421003 44

Accuracy Num Accuracy Num Accuracy Num Accuracy Num

D1 50.2840.04 20 53811003 18 69.0540.03 17 58284004 9
D2 92.0410.03 17 92221005 17 937010.05 8 94441003 4
D3 61434021 2000 88811015 18 8548i0.00 4 91671012 16

D10 94.0610.01 21 940810.01 20 94.0810.01 20 94081001 20 94081001 20 94081001 20 94001001 19 95784001 1 95961000 1
D11 83.9340.10 147 82061014 47 839710.00 88 86404010 51 833110.06 22 83.9040.08 76 83971014 73 7496410.00 16 81.6510.07 16
DI2 41457:{:0_09 49 4543:(:0_07 29 47A12j:0_03 24 4322:(:0_05 34 46.72:(:0_07 38 44.70:(:0_12 24 49.98:{;0,07 1 50'91i0.09 1 5039:{:0.08 1

Ave T4.79 1006 218.08 77.5210.06 28.75 79.11+0.05 3742 78.6210.05 3550 78.3240.05 25.25 76.9410.06 35.25 78.6210.06 42.58 76.7510.05 19.33 79.9710.05 19.33

TABLE VI
CLASSIFICATION ACCURACY AND SELECTED FEATURE NUMBER OF COMPARED METHODS WITH THE SVM CLASSIFIER (%)

Raw VCOS FSNC MFEFS FSZUM FNCE AGM-FS SESS ZeMG-FS

Accuracy Num Accuracy Num

85.704+0.03 17 85.8410.02 17
950040 05 6 95374005 6
85001015 1 84294015 1

Accuracy Num

857540.00 20
9537 10.03 1l
88.5710 14 16

Accuracy Num Accuracy Num

85841003 20 857010.01 20
94441003 5 95001003 17
82.1440.16 3 64054021 1

Accuracy Num

85.5640.02 19
948110.035 6
87.1440.12 83

Accuracy Num Accuracy Num Accuracy Num

DI 853740.02 20 85.65+0.02 20 85801002 20
D2 95.0040.03 17 950010.03 17 95.0040.03 17
D3 83.5740.16 2000 84291016 18 83.8li0.15 4
D4 87.7430.05 33 88.6l10.05 28 88.39:0.05 33 88591 0.07 27 88.6010.06 33 88321006 33 87.1840.05 33 87.2240.0s 23 89451004 23
D5 97.7740.02 68 97.7710.02 68 97.9610.01 65 97.9610.02 65 97.77+0.02 68 97.8710.01 66 97.7710.01 65 97.6840.02 59 98.0510.01 59
D6 82.5410.05 166 79.8410.05 59 81.0910.07 110 81541010 107 741610.07 7 82141005 100 82.3210.06 122 78.1740.04 44 82.5710.05 44
D7 92.9040.01 19 929040.01 12 92944001 16 92.8640.02 18 928110.02 19 93031002 16 92991002 19 91991002 11 93031002 11
D8 755040.06 20 76.0010.05 20 75.1010.03 19 75.6010.03 20 75.8010.05 14 75604003 20 75.1010.05 15 75.8040.05 14 76801004 14
D9 90.1540.01 57 90241001 53 90.0240.01 55 90.1510.01 57 90.15:0.01 57 90.1840.01 56 90.0710.01 56 90.1540.01 52 89.8510.01 52

D10 93.6840.01 21 93401001 20 934010.01 20 93401001 20 93.6810.01 21 934040.01 20 93611002 19 93.1840.01 1 93.68:0.01 1
DIl 80994005 147 76.8040.11 47 82.7240.00 88 82.1040.00 91 75.6340.10 29 80.8840.08 76 81.5840.00 73 684610.13 33 827610.06 33
DI2 51.0140.08 49 51.0210.08 49 51374012 22 51334007 30 51314000 9 513lig.or 25 51274008 1 51374012 1 51371040 1

Ave 84.6910.05 218.08 84.294 .05 34.25 84.8240.05 39.08 85.27+0.05 40.17 83.531¢.05 23.75 83.124 .05 37.50 84.95+0.05 42.58 83.3140.06 21.83 85.254 (.04 21.83

TABLE VII
CLASSIFICATION ACCURACY AND SELECTED FEATURE NUMBER OF COMPARED METHODS WITH THE DT CLASSIFIER (%)

Raw VCOS FSNC MFEFS FSZUM FNCE AGM-FS SESS ZeMG-FS

Accuracy Num Accuracy Num Accuracy Num

85.0940.03 20 85374+0.03 20 84294002 19
93.154+0.05 S5 92.0440.03 17 91.8540.03 6
82.384+0.12 3 654840.19 | 821440.17 83
90.88+0.03 30 90.314+0.03 31 89.75+0.08 33 90.0340.05 11 92331004 11
85.524+0.05 45 85.6l40.05 64 84414004 65 85424004 60 869041004 60
74.57+0.08 7 79.8240.04 77 7729+0.04 122 78.5640.00 41 81941006 41
95.67+0.02 19 96.0240.01 16 96.1040.01 19 96.061+0.01 10 97.06+0.01 10
70.50+0.05 20 70.50+0.05 20 68.00+0.07 15 70.7040.04 14 72104006 14
91.5940.01 57 91.5240.01 56 922410.01 56 91.6810.01 50 92.611p.01 50

Accuracy Num Accuracy Num

70.70i0.04 3 87.82i0.02 3
91.8510.04 6 94074003 6
83811011 1 8405:010 1

Accuracy Num  Accuracy Num Accuracy Num Accuracy Num

DI 840510.02 20 85094002 20 85414003 20 86.6040.03 O
D2 90565005 17 91671005 17 92414004 17 93701005 4
D3 73571001 2000 80714016 18 83574016 4 84051015 16
D4 89.4640.06 33 90.6040.05 28 91464005 8 91.7140.05 16
D5 85241005 68 86261005 25 86.1710.04 66 8635+004 65
D6 78.51+p.10 166 80.47+0.05 59 7921+0.06 11 76.714+p.08 107
D7 95284+0.01 19 96361001 11 95931002 15 96.0210.02 17
D8 70501005 20 7120100sa 20 70504005 20 70501005 20
D9 91.594+0.01 57 91.8140.01 53 91.8140.01 56 91.594¢0.01 57

DI0 995140.00 21 99.5640.00 20 99.5640.00 20 99.5640.00 20 99.51+g.00 21 99.5640.00 20 99.5310.00 19 96011001 1 96131001 1
D11 733140.12 147 80291011 10 77541012 13 773940.07 91 7673%0.00 19 76.7640.00 76 79.19%0.07 73 77.3940.0s8 46 80401007 46
DI2 44481 0.05 49 48.0610.07 49 44.1710.0s 23 45144007 28 451210.06 37 45.1240.05 17 44471005 1 45174007 1 48.0610.00 1

Ave 81.34+0.06 218.08 83.514+0.05 27.50 83.14+0.06 22.75 83.284+0.05 37.50 82.56+0.05 23.58 81.514+¢.05 34.58 82.44+.05 42.58 81.454+¢.05 20.33 84.46-0.04 20.33

It examines the average rank between all method pairs, reject-
ing the null hypothesis of equivalence if the absolute difference
between the pairs exceeds the critical distance (CD) computed
as follows:

Nip (N + 1)

CD=gq, N,

(25)

where g, = 2.855 when N; = 12 and N, = 9 denote the
dataset and method numbers.

The Nemenyi test results are illustrated in Fig. 7. The
proposed ZeMG-FS method consistently ranks first across
all classifiers. Notably, it shows statistical significance over

7, 4, 4, and 5 compared methods under the KNN, NB,

SVM, and DT classifiers. These results demonstrate the overall
superiority of ZeMG-FS in feature selection and classification
tasks.

D. Parameter Sensitivity Analysis

As discussed in Section III, the purity threshold P and
neighborhood radius ¢ are two critical parameters that directly
affect the fuzzy rough approximation and uncertainty mea-
sure, thereby influencing the performance of the ZeMG-FS
algorithm. To evaluate the sensitivity of the model to these
parameters, experiments are conducted on four benchmark
datasets using the KNN classifier as an example.
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Fig. 7. Nemenyi post hoc test results of compared methods on different classifiers
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Fig. 8. Classification accuracy variation of ZeMG-FS on different parameters.
(a) Card. (b) ULC. (c) Sege. (d) VGCD.

Fig. 8 illustrates the variation in classification accuracy at
different values of purity P and radius 6. ZeMG-FS perfor-
mance is notably affected by these parameters, particularly on
the ULC and VGCD datasets, indicating its sensitivity to these
parameters. Furthermore, the optimal parameter settings vary
across datasets. Therefore, the appropriate selection of the P
and ¢ values is essential for achieving optimal performance on
different datasets.

VI. CONCLUSION

ZeMG-FS is a robust feature selection method for knowl-
edge discovery from high-dimensional data. It adopts threefold
ideas.

1) Generalized granular-ball generation for fast and adap-
tive information granulation.

Multigranularity fuzzy-rough knowledge modeling for
accurate knowledge representation.

A multilevel zentropy structure to enhance model per-
formance in robust feature selection. Theoretical and
empirical studies show that ZeMG-FS achieves superior
noise resistance and classification performance.

This study investigates a novel robust feature selection
method by designing a zentropy-enhanced multigranular-
ity knowledge modeling approach. Although the proposed
ZeMG-FS method can significantly enhance the robustness
and computational efficiency of feature selection, it remains
limited to open and dynamic scenarios. Hence, exploring how
to combine sustainable learning and evolutionary computing
theory into robust knowledge modeling and feature selection
deserves further investigation.

2)

3)

11

/D, LD,
987654321 9876%4321
SFSS —1- I— Ours W 41— L Ours
AGM-FS MFEFS AGM-FS VCOs
R FSNC  FSZU MFEFS
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(©) (d
. (a) KNN. (b) NB. (¢) SVM. (d) DT.
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