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formulation of three-way regions from a measure driven view. To satisfy the preferences
of stakeholder, two different objective functions are formulated, and each of them can in-
clude different combinations of measures. To demonstrate the effectiveness, we generate
probabilistic three-way decisions for a wealth of datasets. Compared with Gini coefficient

Rough set theory based and Shannon entropy based objective functions, our model can deduce more satis-
fying three-way regions.
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1. Introduction

Three-way Decisions (3WD) [35,36], developed from rough set theory [26], is an effective theory for decision with un-
certainty. It simulates the routine of man-machine interactions by firstly introducing a third option, which characterizes
the vagueness of concept, and resolving it subsequently. Taking classification problem as an example, it allows objects with
relatively sufficient information to be quickly committed, whereas uncertain objects with relatively poor information are de-
ferred for further evaluation. Thus, three non-overlapped regions are partitioned and correspond to different action strate-
gies. Three-way Decisions has been prevailing in a wide range of applications, such as conflict analysis [14], sentiment
classification [13,30], image annotation [16], attribute reduction [27,41], clustering [38], incremental learning [21,25], stream
computing [32] and other domains [4,9,15,18,29,44].

A fundamental issue in applying Three-way Decisions is how to construct three regions with reasonable interpretations.
Under the umbrella of three-way decisions, a collection of granular computing models, including Rough Sets [29,34,35],
Fuzzy Sets [39,45], Dempster-Shafer Theory [22-24]| and Shadowed Set [2,37], have been extended and customized. In partic-
ular, trade-off goals among regions are discussed from different views. Representative achievements include: Cost-sensitive
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Fig. 1. Hierarchy diagram of the Three-way Decisions evaluation system.

Measure 3WD (Decision-theoretic Rough Set 3WD [3,11,17,29], Fuzzy Set 3WD [5,19], Interval Set 3WD [40], etc.), Conditional
Probability Measure 3WD (Probability Rough Set 3WD [45], Game-theoretic Rough Sets 3WD [1,43]), Information Entropy
Measure 3WD [6], and GINI Coefficient Measure 3WD [42]. Recent studies suggest that the structure of three-way regions
can be approximated sequentially [8], and may be defined in an axiomatic way [28].

The basic evaluation system of 3WD can be viewed as a combination of models and measurements (see Fig. 1). This
constitutes the foundation of 3WD reasoning and application. The optimization of thresholds, i.e., obtaining thresholds with
numerical solution, is alternative in partitioning three-way regions. In [12], an artificial fish swarm algorithm and an sim-
ulated annealing algorithm are proposed to solve the optimal three-way threshold. In [20], a relative value view on risk
preference is investigated for determining the region distribution of decision-theoretic rough set. In [33], an optimization
mechanism is proposed to deduce an optimal granule representation with balanced test cost and decision cost on rough
fuzzy set.

The above studies show that the determination of a three-way regional boundary is influenced by conflicting decision
objectives. Therefore, Three-way Decisions threshold solving can be transformed as multi-objective optimization problems
[10]. In summary, the main idea of Three-way Decisions is that a certain type of decision evaluation system must be selected
firstly, and then a group of appropriate parameters explicitly or implicitly determine the regional boundary of three-way
classification. Despite these progress, most of them only extend the formulation from two-way to three-way. The complexity
for the classification confusion of a given concept is not quantitatively measured. It means some decision preferences cannot
be intuitively formulated.

We attempt to resolve the limitation via confusion matrix. Confusion Matrix [7,31,43] is one of the most classical
decision-measure methods in supervised machine learning. It visualizes the degree of algorithm confusion within differ-
ent classes and is independent of concrete classification algorithm. In view of the significance of Confusion Matrix in the
machine learning field, the quantitative analysis of uncertain confusion in performance evaluation can be promoted if it is
extended with the semantics of Three-way. For this reason, we deduce a collection of measures in Section 3 and believe
that the expansion of measure space can provide more satisfactory performance. Principles for the construction of objective
function will be elaborated in Section 4 and rationality of tri-partition will be demonstrated in Section 5.

2. Preliminary: Three-way decisions theory

Three-way Decisions is a trisecting-acting-outcome framework. Trisecting means objects are partitioned into three non-
overlapped regions. Given a specific measure, a pre-defined evaluation function determines the region affiliation of objects.
Objects are classified into the region I, region Il and region III for the concept. Acting explains the actions we take for the
partitioned objects. If we intend to explore the affiliation of objects with regard to a given concept, we can devise three
potential options, i.e., acceptance, rejection, and deferment. Outcome concerns the measure for the effectiveness of both
trisecting and acting. Tri-partition and Acting operations are reasonable if objects are classified into the ground-truth class
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as many as possible. The simplicity of the theory is compatible with many granular models, and probabilistic three-way
decisions is one of the representatives.

Suppose that the universe of objects U is a finite nonempty set. Let ECU x U be an equivalence relation on U, where E is
reflexive, symmetric, and transitive, s.t. two objects x and y in U satisfy E (i.e., XEy) if and only if they have the same values
across all attributes. The pair apr = (U, E) is called an approximation space. The equivalence relation E induces a partition of
U, denoted as U/E = {[x]|x € U}, where [x] = {y € U|xEy}. For an indescribable target concept C c U, we can apply conditional
probability to measure the probability of object x € C for any given [x]. It is denoted as Pr(C|[x]) and can be computed as:

Pr([x]nC)

Pr(Cl[x]) = W

(1)
where Pr([x]) denotes the possibility of an arbitrary object x affiliated to [x] given the object set U, and Pr([x]n C) denotes
the probability of object x affiliated to intersections between an arbitrary equivalence class [x] and C given the object set U.
Then we can deduce a probabilistic tri-partition [6,42].

POS 4 4)(C) = U{[x] € U/E|Pr(C|[x]) = a};
BND 4 ) (C) = U{[x] e U/E|B < Pr(C|[x]) < a};
NEG 4 ) (C) = U{[x] € U/EIPr(C|[x]) < B}. (2)

where (o, 8)€|0, 1] x [0, 1] denotes a pair of thresholds. Regarding this tri-partition as a whole, we have the expressions
of a probabilistic three-way decisions 74, )(C) [6,42] for a given concept C:

7(0,8)(C) = {POS(y g)(C), BND 4 py(C),NEG 4 g)(C)}. (3)
Accordingly, we have the acting strategies for classifications of each regions:

o accept [x] with the concept of C if [x]<POS, g)(C);
o defer [x] with the concept of C if [x]SBND, g)(C);
» reject [x] with the concept of C if [x]SNEG, gy(C).

Remark 1. Pawlak rough set and Two-way Decision are two special cases of Three-way Decisions. Pawlak rough set model
can be seen as (&, 8) = (1.0,0.0), i.e., the decision rules derived from the acceptance or rejection regions are all consistent
with 100% accuracy. All inconsistent decision rules are deduced from the deferment region.

In contrast, Two-way decision can be interpreted as « = f, usually denoted as y, This model divides all objects into the
acceptance and rejection regions. At this point, the conditional probability of decision rules derived from the acceptance
region is greater than threshold y,and the conditional probability of decision rules derived from the rejection region is less
than threshold y.

A variation of thresholds will cause the shape changes of the three-way decision regions, thus simultaneously obtaining
relative optimal decisions or balancing the decisions of the three regions is an important research problem in Three-way
Decisions theory. In order to evaluate the Three-way Decision measures, a variety of measures such as accuracy, cover-
age, confidence are proposed for quantitative analysis. In this paper, accuracy rate ACC(7(4,)(C)) and commitment rate
CMR(7t (4,)(C)) are used to measuring the quality of Three-way Decisions.

The accuracy rate is used to evaluate the accuracy degree of decision-making based on the acceptance and rejection
regions. It varies in the range of [0, 1]. The formula is as follows [42]:

ICN POS(aﬁ)(CH +1]Cn NEC(ayﬂ)(Cﬂ
[POS (. gy (C)| + INEG 4 gy (O)]

ACC(71(4,5y(C)) = (4)
where C* =U -C.

The commitment rate is used to evaluate the proportion of objects which can be classified with class label via three-way
decisions. It varies in the range of [0, 1]. The formula? is as follows [42]:

|POS(a,) ()| + INEG (45 (O]

CMR(]T(aﬁ)(C)) = |U|

(5)

The accuracy rate and commitment rate are often contradictory, namely a high accuracy rate is accompanied by a low
commitment rate and vice versa. In Pawlak rough set model, for example, the accuracy rate is 1, while the commitment rate
is relatively low. Comparatively, a trade-off between accuracy rate and commitment rate is preferred. We believe a measure
driven view can facilitate the understanding of three-way decisions and details will be elaborated later.

2 In [42], it is denoted with the abbreviation Cov, we believe CMR will be more suitable since Cov may be misunderstood as Covariance.
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Table 1
An illustration of Three-way Confusion matrix deduced from approxi-
mation space apr = (U, E).

X € POS(y,4(C) X € NEG(gp(C) X € BND(g,5(C)

xeC  [POSp(C)NCl  INEGup(C)NCl  IBNDy(C)NC
XeC  |POSp)(C)NC|  INEGp)(C)NC  |BNDyp(C)NCE]

3. Measure system based on three-way confusion matrix

Confusion Matrix is a visual evaluation tool used in machine learning. The columns of a Confusion Matrix represent the
prediction class results, and the rows represent the actual class results. It enumerates all possible cases of a classification
problem. Taking binary classification problem as an example, the dimension of a Confusion Matrix is 2 x 2. A series of
algorithm performance measures can be defined using a Confusion Matrix, such as positive region check rate and negative
class recall rate. These measures are generally applicable in all classification algorithms.

When Two-way Decisions is extended to Three-way Decisions, the dimension of the Confusion Matrix of two classifica-
tion problems is changed from 2 x 2 to 2 x 3, That is, the deferment decision class is added to the actual classification result.
Table 1 shows a three-way classification Confusion Matrix on determining an arbitrary object x to three-way regions of C in
the decision table. The horizontal attributes of the table are the classified object cases. The vertical attributes of the table
are the actual object classifications. The intermediate data of the table is the base number of the six sets of objects that are
actually positive or negative when they are assigned to the three decision regions.

In Table 1, three-way region is determined by a pair of thresholds (¢, ), xeU, C° =U —C, and obviously Pr(C|[x]) +
Pr(C|[x]) = 1, where [x] e U[E, [POS )(C)| + INEG 4 gy (C)| + [BND4 gy (O)| = |U].

3.1. Basic measures of three-way confusion matrix

The meta assessment of classification performance towards Table 1 should be all-encompassed. It is apparent that the
vertical perspective focuses on the distribution of the positive against negative for each decision region, whereas the hor-
izontal view focuses on the distribution of the same category in three decision regions. This section will elaborates the
measure construction from three perspectives.

The first perspective describes the confusion degrees for positive and negatives classes in each decision region. For an
arbitrary decision region, it measures the possibility of instances that are actually affiliated to positive/negative class. Relative
measures are defined as follows:

Definition 1. Given a pair of thresholds (&, 8)<€[0, 1] x [0, 1], classification uncertainty measures on prediction side include
Acceptance Region Accuracy Rate (Mpr(c, B)), Acceptance Region Error Rate (Mpr(ct, B)), Rejection Region Accuracy Rate
(Mnr(e, B)), Rejection Region Error Rate(Myr(e, B)), Deferment Negative Class Rate (Mpr(r, 8)), and Deferment Positive
Class Rate (Mpr(c, B)).

Where
- SR
Mrr (@, B) = % (7)
Myete ) = el O ®)
Mr (e, B) = Wﬁ&f—ﬁgf' (©)
e (10)
Mir (@, ) = %ﬂmﬂ—m ()

The second perspective corresponds to the confusion degrees for positive and negatives classes in binary class. It mea-
sures the possibility of instances in positive/negative class is classified to a particular decision region. Relative measures are
defined as follows:

Definition 2. Given a pair of thresholds (&, 8)<[0, 1] x [0, 1], classification uncertainty measures on observation side in-
clude Positive Class Recall Rate (Mpp(cr, B)), Positive Class Error Rate (Mpy(c, B)), Negative Class Error Rate (Mgp(cr, B)),
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Table 2

Change analysis of Measure Mode 1 when threshold (o, 8) changes

from (1.0,0.0).

(1000) (ai.B) (o 1) (. B1) (v, ¥)

Mmp(e, B)  min / = / /
Mpe(a, B) O 7 = 7 /
Mep(e, B) O / = / /
Mp(e, B)  min 7 = / e

Negative Class Recall Rate(Mgy(c, B)) and Positive Class Deferment Rate (Mrg(cw, B)), and Negative Class Deferment Rate

(Mgg(cx, B)).
Where

POS, 4(C)NC

Mrp(e, B) = %)l()ﬂh (12)
NEGy 4(C) NC

Mry(e, B) = % (13)
POS,,, 4,(C) N CE

Mip(at. B) = % (14)
NEG,,, 4)(C) N CE

Men(e, B) = % (15)
BND c)nC

Mrs (e B) = % (16)

V(o ) = e 0L (17)

The third perspective concerns the distribution measure for positive, negative and boundary region in terms of universe.
It measures the possibility that instances are determined to certain decision region. Relative measures are defined as follows:

Definition 3. Given a pair of thresholds (&, 8)€|[0, 1] x [0, 1], classification uncertainty measures on three-way distribution
include Acceptance Region Decision Rate (M:p(ct, B)), Rejection Region Decision Rate (M:n(c, 8)), and Deferment Region
Decision Rate(M:p(c, 8)). Where

M*P(d,ﬁ):M; N
U]

Moy (. B) = NG Ol .
U]

M. B) = W_ .

and symbol * € {P, B, N}
By the definition of Three-way Confusion Matrix measures, it can be found that the range of each measure is 0 - 100%.
And, the relationship between these measures also has the following properties:

Property 1. Complementation law of Confusion Matrix measures:

11 Mpr(a, B) =1 — Mpp(ct, B)
12 Myp(at, B) =1 — Myr(a, B)
1.3 Mgr(a. B) =1 — Mpe(a, B)

Proof. According to Definition 1
IPOS 4 5y (ONC| | [POS(g 5y (OINCE| [POS 4 gy (OONCI+IPOS (4 5y (OONCE|  [POS 4 gy (OIN(CUCE)]

Mpr (et B) + Mpr (@t B) = “pos; o + ~1p05,q 5, TPOS 5, ©] = TIPS, ©]
IPOS 5 3, ()|

= %P - 1
[POS g ) (©)]

Thus, Property 1.1 Mpr (e, 8) =1 — Mpr(«, B) is proved.
The proofs of Property 1.2 and 1.3 are similar to that of Property 1.1. O
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Table 3
Change analysis of Measure Mode 2 when threshold («, 8) changes from
(1.0,0.0).
(1000)  (al. B) (. B1)  (al.B1) (v, V)
Myi(e, ) O = / / /
Min(e, B) 0 = 7 / /
Mgn(e, B) min = 7 7 /
M.y(a, B)  min = Ve 7 /
Table 4

Change analysis of Measure Mode 3 when threshold (o, ) changes
from (1.0,0.0).

(1000)  (al,B) (1) (al, 1) (v, 7)

Mer(a, B) 1 N = N N
Table 5
Change analysis of Measure Mode 4 when threshold («, 8) changes from
(1.0,0.0).

(10,00) (al,B) ( p1) (al. 1) (v, ¥)
Myg(a, B) 1 = N N N

Property 2. Composition Law of Confusion Matrix measures:

2.1 Myp(a., B) + Mry(a. B) + Mrg(a, B) =1
2.2 Mgp(a, B) + Men(a, B) + Mpp(er, B) = 1

Proof. According to Definitions 2
POS C)NC|+INEG C)NC|+|BND, €)nC
Mrp(a. ) + My, B) + Mg, ) = " TNl 1L PND1e €€
_ |(POSq ) (NOUNEG g ) (OONOUBND g ) (0| |POS(q ) (VUNEG(q ) (C)UBND (o ) €DK e

D] C] (9]
Thus, Property 2.1 Mrp(e, B) + Mry(et, B) + Mrg(ar, B) =1 is proved.
The proof of Property 2.2 is similar to that of Property 2.1. O

Property 3. Integration Law of Confusion Matrix measures:

31 M,p(a, B) = MTP(Olﬁ)‘\C||J{]1T”Fp(aﬁ)-|ccl

32 My(a, B) = MTN(Otﬂ)-lc\ﬁ-]’r’FN(mﬁ)lCE\
33 Myg(a, B) = MTB(aﬁ)-|C\|ZI|\”FB((¥-/3)*|CC\

Proof. According to Definition 2
|POS ©)nc| |POS (C)nCE|
Mrp(a, B) = 7(0‘]?‘ Mgp(et, B) = 7(0('@‘

Which can be summarized as:

|Pos(a.ﬁ)(cmc| \Pos(aﬁ)(cmcﬂ c
MTP(a-ﬁ)*lclrrll\’lFP(Ol-ﬁ)‘lff\ _ 4 "C'Tl eI
U = U
_ |Pos(w)(C)mC|+|Pos(aﬂ)(C)mcf| [POS (g ) (C)NC)U(POS 4 ) (OINCP)] IPOS(a g ©OnCuc)| |POS(a.ﬁ)(C)mU| _IPOS(q ) ©)
- Ul Ul U] u - Ul

And according to Definition 3
[POS,, 4(O)]
Mp(a, B) = (7’3)

Thus, Property 3'1 M*p(ot, B) = MTP(a,ﬁ).\c\ﬁhp(a.ﬁ)»lccl is proved.
The proofs of Properties 3.2 and 3.3 are similar to that of Property 3.1. O

3.2. Measure modes of three-way confusion matrix

According to the definition of Three-way Decisions Confusion Matrix measures, a change of decision region size will
cause a change of the measurement system, and also affect the correct and commitment rates.

Based on the change trend between measured values and thresholds, measures defined in Definitions 1-3 can be divided
into seven Measure Modes. In Tables 2-8, the first column corresponds to the measures, the second column lists the values
of corresponding measure at the initial thresholds, the other columns list the changes of measure when thresholds change
from the initial value(1.0,0.0). There are four possible changes of initial thresholds, i.e., @ decreases and 8 remains 0 (x|,
B), o remains 1 and B increases (o, B1), o decreases and f increases («|, B1) simultaneously, and o equals to 8 (y,
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Table 6
Change analysis of Measure Mode 5 when threshold (¢, 8) changes from
(1.0,0.0).
(1000)  (al.B) (. B1) (ad. BT (v, V)
Mrg(et, B)  max N N N 0
Mgp(a, B)  max N N N 0
M-p(e, B)  max N N N 0
Table 7

Change analysis of Measure Mode 6 and Measure Mode 7 when threshold
(o, B) changes from (1.0,0.0).

(1.0,0.0) (al, B) (o, 1) (al. 1) (v, 7)

Mpr(er, ) Mgr(a, B)  \ / ? x
Mpr(e, B)  Mgr(a, B) 7 N ? x

Table 8
The thresholds table of getting extreme values in different modes when 0.0 < <« <1.0.

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7

Max  (0.0,0.0) (1.0,1.0) (1.0%) (*,0.0) (1.0,00) (1.0,1.0) (0.0,0.0)
Min  (1.0,") (*,0.0) (0.000) (1.0,1.0) (¥, y) (0.0,00) (1.0,1.0)

y). Corresponding measure changes are denoted with symbol “\,” if decreases, “ " if increases, “ = ” if unchanged, “?” if
uncertain, “ x " if value is meaningless, min if minimum and max if maximum.

Definition 4. For classification uncertainty measures deduced from three-way confusion matrix, Acceptance Region Error
Rate (Mpp(t, B)), Negative Class Error Rate (Mgp(cx, B)), Positive Class Recall Rate (Mrp(cx, 8)) and Acceptance Region Decision
Rate (M«p(ct, B)) are defined as Measure Mode 1.

We examine the influences of measures for Measure Mode 1 caused by changes of thresholds (o, 8).

e Case 1: («,B) =(1.0,0.0). The acceptance region only contains objects belonging to C, and the negative re-
gion only contains objects belonging to C°. For this reason, we have POS, g)(C) = POS, gy(C) NC. According to
Definitions 2 and 3, both Positive Class Recall Rate (Mzp(c, B)) and Acceptance Region Decision Rate(M:p(c, B))
are thus to be the minimal value in the domain w..t. @ and B. Since CNC¢=¢, we have Mpp(c, ) =0 and
Mep(a, B) = 0.

e Case 2: (|, B). The values for Positive Class Recall Rate (Mp(cr, 8)) and Acceptance Region Decision Rate(M:p(c, B))
are increased as more objects with concept C, as compared to objects with concept C¢, are transferred from boundary
region of C to positive region of C. The values for Acceptance Region Error Rate (Mpg(cr, 8)) and Negative Class Error
Rate(Mpp(cr, B)) are increased as some objects with concept C°¢ are transferred from boundary region of C to positive
region of C.

e Case 3: («, B1). All included measures keep unchanged as the number of objects with/without concept C in positive
region of C is unchanged.

e Case 4: (x|, B7). It can be regarded as a compound operation of Case 2 and Case 3, and trends of measures are
increased since both of them are non-decreasing.

e Case 5: (o, B) = (¥, y). It can be regarded as a compound operation of Case 2 and Case 3, and the final measures
are larger since measure trend of both cases expand the positive region.

Fig. 2.1 shows the relationship between the thresholds and the measure values in Measure Mode 1.

It can be seen from Fig. 2.1 that, given 0.0 < 8 <« <1.0,the measure value of Mode 1 is minimum if (¢, 8) = (1.0, %),
and maximum if («, 8) = (0.0,0.0), where * is a wildcard to match any numerical value in the function value range, and
the semantic of (o, 8) = (1.0, %) is « = 1.0 and S €[0, 1]. The wildcard * in all optimal solutions of thresholds has the same
semantics through this paper.

As the assumption (0.0 < 8 <0.5)A(0.5 <« < 1.0) is frequently considered in actual classification application, we also dis-
cuss the law of variations. From Fig. 2.1, given (0.0 < 8 <0.5)A(0.5 <« < 1.0), the measure value of Mode 1 is minimum if
(o, B) = (1.0, %), and maximum if (¢, 8) = (0.5, ).

Definition 5. For classification uncertainty measures deduced from three-way confusion matrix, Rejection Region Error Rate
(Mn1(@, B)), Positive Class Error Rate (Mry(cr, B)), Negative Class Recall Rate (Mp(cr, 8)) and Rejection Region Decision Rate
(M:n(a, B)) are defined as Measure Mode 2.

We examine the influences of measures for Measure Mode 2 caused by changes of threshold. (¢, 8).
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2.1 Measures of Mode 1 2.2 Measures of Mode 2

Fig. 2. Comparison of measures of Modes 1 and 2.

e Case 1: (@, B) =(1.0,0.0). The acceptance region only contains objects belonging to C, and the negative region
only contains objects belonging to C°. For this reason, we have NEG, g)(C%) = NEG(, gy(C°) NCC. According to
Definitions 2 and 3, both Negative Class Recall Rate (Mgy(cr, B)) and Rejection Region Decision Rate (M«y(c, B))
are thus to be the minimal value in the domain w.r.t. « and B. Since CNC¢=¢, we have Myr(«,8) =0 and
Mrn(a, B) = 0.

Case 2: (x|, B). All included measures keep unchanged as the number of objects with/without concept C in negative
region of C is unchanged.

Case 3: (o, B1). The values of Negative Class Recall Rate (Mgy(v, B)) and Rejection Region Decision Rate (M«y(c, B))
are increased as more objects with concept C¢, as compared to objects with concept C are transferred from boundary
region to negative region. The values of Rejection Region Error Rate (Myr(cw, 8)) and Positive Class Error Rate (Mpy(c,
B)), are increased as some objects with concept C are transferred from boundary region of C to negative region of C.
Case 4: (o, B1). It can be regarded as a compound operation of Case 2 and Case 3, and trends of measures are
increased since variations of measures in both cases are increased.

Case 5: (o, B) = (y,y). It can be regarded as a special case of Case 4, and trends of measures are increased since
variations of measures in both cases are increased.

Fig. 2.2 shows the relationship between thresholds and the measure value of Measure Mode 2. It can be seen from
Fig. 2.2 that, given 0.0 < 8 <« < 1.0, the measure value of Mode 2 is minimum if (&, 8) = (x,0.0), and maximum if (¢, 8) =
(1.0, 1.0). Given (0.0 < 8 <0.5)A(0.5 <@ < 1.0), the measure value of Mode 2 is minimum if (o, 8) = (*, 0.0), and maximum
if (o, B) = (+,0.5).

Definition 6. For classification uncertainty measures deduced from three-way confusion matrix, Acceptance Region Accuracy
Rate (Mpr(c, B)) is defined as Measure Mode 3.

We examine the influences of measures for Measure Mode 3 caused by changes of thresholds («, ).

e Case 1: (o, B) = (1.0,0.0). The acceptance region only contains objects belonging to C, and the negative region only
contains objects belonging to C°. For this reason, we have POS, g)(C) = POS4 g)(C) N C. According to Definition 1,
Acceptance Region Accuracy Rate (Mpr(c, B)) is thus to be 1.

o Case 2: (x|, B). Acceptance Region Accuracy Rate (Mpr(e, B)) decreases as some objects with concept C¢ are trans-
ferred from boundary region of C to positive region of C.

e Case 3: (o, B1). Acceptance Region Accuracy Rate (Mpr(ct, B)) keeps unchanged as the number of objects with/without
concept C is unchanged.

e Case 4: (x|, B7). It can be regarded as a compound operation of Case 2 and Case 3, and trends of measures are
decreased since variations of measures in both cases are non-increasing.
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3.1 Measures of Mode 3 3.2 Measures of Mode 4

Fig. 3. Comparison of the measures of Modes 3 and 4.

e Case 5: («, B) = (y,y). It can be regarded as a special case of Case 4. and the trends of measures are decreased since
variations of measures in both cases are non-increasing.

Fig. 3.1 shows the relationship between the thresholds and the measure value of Measure Mode 3. It can be seen that,
when 0.0< 8 <a <10, if («, B) = (1.0, %), the measure value of Mode 3 is maximum, and if (¢, 8) = (0.0, 0.0), it is min-
imum. Given (0.0 < 8 <0.5)A(0.5 <@ < 1.0), the measure value of Mode 3 is maximum if (&, 8) = (0.5, ), and minimum if
(o, B) = (0.0,0.0).

Definition 7. For classification uncertainty measures deduced from three-way confusion matrix, Rejection Region Accuracy
Rate (Myg(c, B)) is defined as Measure Mode 4.

We examine the influences of measures for Measure Mode 4 caused by changes of thresholds («, B).

e Case 1: (o, 8) = (1.0,0.0). The acceptance region only contains objects belonging to C, and the negative region only
contains objects belonging to C. For this reason, we have NEG g)(C) = NEG 4 g)(C) N C. According to Definition 1,
Rejection Region Accuracy Rate (Myp(r, B)) is thus to be 1.

Case 2: (), B). Rejection Region Accuracy Rate (Myg(c, B)) remains unchanged since the number of objects
with/without concept C is unchanged.

Case 3: (o, B1). Rejection Region Accuracy Rate (Myp(cr, B)) is decreased as some objects with concept C are trans-
ferred from boundary region of C to negative region of C.

Case 4: (o, B7). It can be regarded as a compound operation of Case 2 and Case 3, and trends of measures are
decreased since variations of measures in both cases are non-increasing.

Case 5: (a0, B) = (¥, y). It can be regarded as a special case of Case 4. and the trends of measures are decreased since
variations of measures in both cases are non-increasing.

Fig. 3.2 shows the relationship between the thresholds and the measure value of Measure Mode 4. It can be seen
that, given 0.0 < 8 <« <1.0,measure value of Mode 4 is maximum if (&, 8) = (*,0.0), and minimum if («, ) = (1.0, 1.0).
Given (0.0 < 8 <0.5)A(0.5 < o < 1.0), the measure value of Mode 4 is maximum if (¢, ) = (%, 0.0), and minimum if (¢, 8) =
(*,0.5).

Definition 8. For classification uncertainty measures deduced from three-way confusion matrix, Positive Class Deferment
Rate (Mpg(cx, B)), Negative Class Deferment Rate (Myg(r, 8)) and Deferment Region Decision Rate (M:g(ct, 8)) are defined
as Measure Mode 5.

We examine the influences of measures for Measure Mode 5 caused by changes of thresholds (¢, B).

e Case 1: (o, B) = (1.0,0.0). The acceptance region only contains objects belonging to C, and the negative region only
contains objects belonging to C°. For this reason, we have cardinality of BND(, g)(C) reaches the maximal value. Ac-
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Fig. 4. The value of measures of Mode 5.

cording to Definitions 2 and 3, Positive Class Deferment Rate (Mrp(c, B)), Negative Class Deferment Rate (Myg(c, 8)),
and Deferment Region Decision Rate (M:p(c, 8)) are thus to be maximum.

e Case 2: (a}, B). The values of Positive Class Deferment Rate (Mrg(c, B)), Negative Class Deferment Rate (Mpp(c,
B)), and Deferment Region Decision Rate (M:p(c, B)) are decreased as more objects with concept C, as compared to
objects with concept C¢ are removed from boundary region to positive region.

e Case 3: (o, B1). The values of Positive Class Deferment Rate (Mp(c, B)), Negative Class Deferment Rate (Mpp(c,
B)), and Deferment Region Decision Rate (M«g(«, 8)) are decreased as more objects with concept C¢, as compared to
objects with concept C, are transferred from boundary region C to negative region C.

e Case 4: (x|, B7). It can be regarded as a compound operation of Case 2 and Case 3, and trends of measures are
decreased since variations of measures in both cases are decreasing.

e Case 5: (a, B) = (v, y). It can be regarded as a special case of Case 4. and the final measures reaches zero since it is
not possible for a conditional probability to be larger and smaller than a particular y meanwhile.

Fig. 4 shows the relationship between the thresholds and the measure value of Measure Mode 5. It can be seen that,
given 0.0 <f <o < 1.0, the measure value of Mode 5 is maximum if («, ) = (1.0,0.0), and minimum if (&, 8) = (v, ¥).
Given (0.0 < <0.5)A(0.5 <« <1.0),the measure value of Mode 5 is maximum if (&, )= (1.0,0.0), and minimum if
(e, B) =(0.5,0.5).

Definition 9. For classification uncertainty measures deduced from three-way confusion matrix, Deferment Positive Class
Rate (Mpr(c, B)) is defined as Measure Mode 6.

Definition 10. For classification uncertainty measures deduced from three-way confusion matrix, Deferment Negative Class
Rate (Mpr(c, B)) is defined as Measure Mode 7.

We examine the influences of measures for Measure Mode 6 and Mode 7 caused by changes of thresholds («, B).

e Case 1: (o, B) = (1.0,0.0). The acceptance region only contains objects belonging to C, and the negative region only
contains objects belonging to C°. For this reason, we have cardinality of BND(, g)(C) reaches the maximal value. Ac-
cording to Definition 1, Deferment Positive Class Rate (Mpr(r, 8)) and Deferment Negative Class Rate (Mpr(ct, 8)) may
not be either the maximum or minimum. The underlying reason is that the distribution for the conditional probability
of equivalence classes is data-dependent.
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5.1 Measures of Mode 6 5.2 Measures of Mode 7

Fig. 5. The value of measures of Modes 6 and 7.

e Case 2: (al, B). Equivalence classes are gradually removed from boundary region to positive region if correspond-
ing conditional probabilities w.r.t. concept C are bigger than the decreasing threshold «. This implies that the term
IBND(¢,8)(C)NC| is decreased more heavily as compared to |[BND(, g)(C)NC?|, and thus the Deferment Positive Class
Rate (Mpr(c, B)) is decreased. Similarly, Deferment Negative Class Rate (Mpr(cx, B)) is increased.

e Case 3: (o, B1). Equivalence classes are gradually removed from boundary region to negative region if correspond-

ing conditional probabilities w.r.t. concept C are smaller than the increasing threshold 8. This implies that the term

IBND(¢,8)(C)N C°| is decreased more heavily as compared to |[BND(, gy(C)NC|, and thus the Deferment Negative Class

Rate (Mpr(c, B)) is decreased. Similarly, Deferment Positive Class Rate (Mpp(t, B)) is increased.

Case 4: (o, B1). Equivalence classes included in boundary region previously may be removed. It is uncertain for the

relation between positive removal and negative removal. Thus, both Deferment Negative Class Rate (Mgr(c, B)) and

Deferment Positive Class Rate (Mpg(c, B)) are uncertain.

Case 5: (o, B) = (y, y). In this case, boundary region becomes empty, and it is illegal to perform division operation.

Fig. 5 shows the relationship between thresholds and the value of measures in measure Mode 6 and 7.

It can be seen from Fig. 5.1 that, given 0.0 <f8 <& <10, the measure value of Mode 6 is maximum if threshold
(o, B) = (1.0,1.0), and minimum if (&, 8) = (0.0, 0.0). Given (0.0 <8 <0.5)A(0.5 <« <1.0), the measure value of Mode 6
is maximum if threshold (o, ) = (1.0,0.5), and minimum if (¢, 8) = (0.5, 0.0).

It can be seen from Fig. 5.2 that, when 0.0 <8 <& < 1.0, if threshold (&, 8) = (1.0, 1.0), the measure value of Mode
7 is minimum, and if (¢, ) = (0.0, 0.0), its value is maximum. When (0.0 < 8 <0.5)A(0.5 <« < 1.0), if threshold («, 8) =
(1.0, 0.5), the measure value of Mode 7 is minimum, and if («, 8) = (0.5, 0.0), its value is maximum.

4. Determining three-way decisions with three-way confusion matrix based measures

An optimal three-way decision is supposed to maximize the expected profits and minimize the expected loss mean-
while for included decision goals. This section intends to explore the formulation of tri-partition by using combinations of
measures. The formulation works as heuristic information for searching optimal thresholds (denoted as («*, $*)), which
corresponds to an optimal distribution of three-way regions. In this paper, the overall expected objective of Three-way De-
cisions is expressed by function T(c, ), the three-way region expected objectives are expressed by Ty(cr, B).Tp(cr, B) and
Tn(o, B), and they are composed of measures proposed by Definitions 1-3, respectively.

Obviously, with a changes of threshold («, B), the distribution of objects in the three-way regions will change syn-
chronously, and each measure will also change. However, the dynamic trends of some measures are contradictory, while
others may share common dynamic trends. In this paper, two types of Confusion Matrix objective functions are formulated:
1) the expectation objective function of weighting summation method, and 2) the expectation objective function of con-
sidering relevant measures simultaneously. This study thus aims to obtain optimal three-way classification by computing
objective functions.
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4.1. Weighting summation method

The expectation objective function of weighting summation method has many modalities. This paper focuses on max-
imizing or minimizing the overall objective function. The weight coefficients of measures in the objective function are
{1, 0, 1},representing positive attention, non-attention and negative attention, respectively.

The expectation objective function of weighting summation method can be formulated as:

(o, B*) = {(a, B)|max/minT (e, B)};

where

T(a, B) = €Tp(a, B) + ¢Tn(e, B) + Y Tp(c, B)

Tp(a, B) = wiMrp(a, B) +waMpr (o, B) +wsMpr (o, B) + WaMpp(a, B) + wsM.p(at, B);

Tn(a, B) = wsMen(at, B) + wiMne (a, B) +wgMrn (e, B) + WoMnr (e, B) +wioMn (e, B);

Tg(a, B) = wiMpr(a, B) + wiaMgr (@, B) + wisMrg(a, B) + wiaMgg(a, B) + wisM.g(ct, B);

ste, ¢,y e{0,1}, 00<B<a<10 or 00<B<05A05<a<1.0. (21)

To perform tri-partition, we need a pair of thresholds («*, f*) satisfying («*, B*) = argmax, g /argmin, g T (e, B) indicates
thresholds (&, B8) which either maximizing or minimizing the expectation objective function T(c, 8). w; is weight coefficient
for all included measure.

The above objective function T(«, 8) can be composed of linear combinations of different measures, and the choices of
each measure and its weights in T(«, 8) depend on different application requirements. For those complementary measures
(e.g. Mpr(cw, B) and Mpg(cx, B), it is forbidden that the corresponding weights are selected as 1 or —1 simultaneously. Al-
though no explicit restrictions on the weight selection for other meta measures exist, it can be empirically nominated by
weighting relative misclassification risk. Suppose we intend to develop an identification system for terrorists, the fine-tuning
of weight can be referred to the security level. If the system is employed by government, the high-level security signifies
the risk of misclassify a terrorist to a citizen is much larger than misclassify a citizen to a terrorist. In this case, decision
maker only concerns relative high Positive Class Recall Rate Mpp(«, 8), low Positive Class Error Rate Myy(c, B8) and a high
deferment positive class rate Mpr(cr, ). Consequently, optimum three-way regions are determined by («*, 8*) and can be
computed as:

(a*, B*) = {(a, B)|max (Mrp(a, B) — Mrn(a, B) + Mpr (e, B))}

Consider the same task on railway station. Although the risk of misclassify a terrorist to a citizen is much larger than
misclassify a citizen to a terrorist holds, officers should take into account the burden of interrogating large number of
passengers. A revision on objective function is necessary, and one feasible solution is to consider low negative class recall
rate Mgp(c, ). Consequently, optimum three-way regions are determined by («*, 8*) and can be computed as:

(a*, B*) = {(a, B)|max (Mrp(a, B) — Mrn(ct, B) + Mpr (e, B) — Mpp(ct, B))}

If the system is served for a restaurant, rejecting customers in outlandish clothes may spread an awful reputation nearby.
Basic security with minimum deferment is more desired. Thus, optimum three-way regions are determined by («*, 8*) and
can be computed as:

(a*, B*) = {(a, B)|max (Mrp(at, B) + Mgy (ct, B) — Mpp(a, B) — Mp(x, B))}

According to Definitions 4-10, different Measure Modes have different dynamic trends, and these changes and their
extreme trends must be analyzed. It is beneficial to solve the objective function T(c, 8) in analyzing measures dynamic
change and extreme values.

Theorem 1. For an expectation objective function max/min T(c, 8) with w; € {0, 1}, if weighting summation method is considered
for formulation principle and the measures in the objective function T(ct, B) are all from the j Measure Mode (see Definitions
4-10, j=1,2,---,7), then we have the following conclusions:

o (a*, B*) = argmaxq g) T (e, B), if for any measures Ms+(ct, B) included in Measure Mode j, Mx+(at, B) reaches its maxi-
mum.

o (a*, B*) = argming, gy T(a, B), if for any measures M««(e, B) included in Measure Mode j, M« (c«, B) reaches its mini-
mum.

Proof. When these measures in T(«, 8) belong to the same Measure Mode defined in Definitions 4-9, the dynamic trends
of these measures are same. It is also worth mentioning that all measures obtain the minimum or maximum at the same
thresholds if all of them are from the same measure mode. Thus, the optimum threshold for the objective function T(c, B)
is the extreme threshold of the Measure Mode. O

The following Table 8 shows the threshold values for each Measure Mode to take the extreme value when
0.0<B <a <1.0. Table 9 shows the threshold values for each Measure Mode in order to take the extreme value when
(0.0 < B <0.5)A(0.5 < < 1.0), where the maximum threshold represents the threshold when the measure is at maximum,
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Table 9
The thresholds table of getting extreme values in different modes when
(0.0<B<0.5)A(0.5<a <1.0).

Mode 1 Mode 2 Mode 3 Mode 4  Mode 5 Mode 6 Mode 7

Max  (0.5°)  (*05)  (1.0)  (*0.0)  (1.0,00) (1.00.5) (0.50.0)
Min  (1.04)  (00)  (05%)  (*05)  (0.505) (0.50.0) (1.0,0.5)

1 0 1 0
0o O 5 0 > o
[C] Modeland?7
Mode 2 and 6 = Moo
Mode 3 Mode 2
S
I [0 Modes l
[0 Modes
B
6.1 Maximum threshold distribution chart 6.2 Minimum threshold distribution chart

Fig. 6. Threshold distribution chart of extreme values for different Measure Modes when 0.0 <8 <« < 1.0.

and the minimum threshold represents the threshold when the measure is at minimum. The objective function satisfying
Theorem 1 can quickly yield the expected threshold by searching Tables 8 or 9.

As an example, consider a T(c, B) composed of any measures in Measures Mode 1. According to Theorem 1 and
Tables 8 and 9, when the threshold range is 0.0<f <o <10, the threshold of maximal expectation T(«, f)
is (a*, B*) =(0.0,0.0), and the minimum expected threshold is (a*, 8*) = (1.0,%). When the threshold range is
(0.0 < B <0.5)A(0.5 < < 1.0), the threshold of maximal expectation T(c, B) is (a*, B*) = (0.5, %), and the minimum ex-
pected threshold is (a*, 8*) = (1.0, *).

Theorem 2. For an expectation objective function max/minT(c, B) with w; € {0, 1}, if the weighting summation method is con-
sidered for formulation principle, and the measures in the objective function T(c, B) belong to different Measure Modes (see
Definitions 4 to 10), then we have the following conclusions:

o (a*, B*) = argmax, g T(«, B), if the maximum thresholds of any measure M«(e, B) included in T(«, B) have non-empty
intersection(s) (a*, B*);

* (a*, B*) = argming g T (e, B), if the minimum thresholds of any measure M:«(c, B) included in T(et, B) have non-empty
intersection(s) (a*, p*).

Proof. The proof for first conclusion is given as follows. Let (a*, 8*) = (argmax, g(M..(a, B)), where M::(ct, B) is a mea-
sure in Definitions 4-10, the sum for the maximum of every measure yields to the maximum of overall target value, which
signifies (a*, B*) = arg max, g T(c, B). The proof for the second conclusion is similar. O

Fig. 6 is the two-dimensional extreme threshold distribution chart for different Measure Modes, where the o axis scales
from 1 to 0, and the 8 axis scales from 0 to 1, with 0.0 <8 <« <1.0.

Fig. 6.1 is the schematic diagram of the maximum threshold distribution for each Measure Mode. Fig. 6.2 is the schematic
diagram of the minimum threshold distribution. As shown in Fig. 6.1, Measure Modes 1, 4 and 6 have threshold intersec-
tions, Measure Modes 3, 4 and 5 have threshold intersections, and Measure Modes 3, 2 and 6 have threshold intersections.
Fig. 6.2 shows that Measure Modes 2, 3, 5 and 6 have threshold intersections, Measure Modes 1 and 2 have threshold
intersections, and Measure Modes 1, 4 and 5 have threshold intersections.

As an example, consider an objective function T(«, 8) = Mrp(, B) + Myr (e, B), where 0.0<8 <o <1.0. In T(e, B),
Mrp(ce, B) belongs to Measure Mode 1, and Myg(«, B) belongs to Measure Mode 4. According to Table 8 or Fig. 6.1, the
maximum thresholds for Measure Modes 1 and 4 are (0.0,0.0) and (*, 0.0), because (0.0,0.0) N (*,0.0) = (0.0,0.0), and
according to Theorem 2, the maximum expected threshold for T(«, B8) is (0.0,0.0). Similarly, the minimum thresholds for
Measure Modes 1 and 4 are (1.0, *) and (1.0,1.0).

Fig. 7 is the extreme threshold distribution chart for different Measure Modes when (0.0 < 8 <0.5)A(0.5 <« < 1.0).Fig. 7.1
is the schematic diagram of the maximum threshold distribution for each Measure Mode. Fig. 7.2 is the schematic diagram
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Fig. 7. Threshold distribution chart of extreme values for different Measure Modes when (0.0 < 8 <0.5)A(0.5 <« < 1.0).
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Fig. 8. Experimental comparison between two three-way decision confusion matrix based functions with information entropy and gini coefficient in dataset
1(Breast Cancer), where T,S,G stand for three-way confusion matrix based value, shannon entropy and gini coefficient respectively. All values of T, S, G are
determined by (o, B) and are projected for readability. Corresponding values of objective functions are scattered with different colors and displayed in the
right-hand side.
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of the minimum threshold distribution. In Fig. 7.1, Measure Modes 1 and 4 have threshold intersections, Measure Modes 3,
4 and 5 have threshold intersections, Measure Modes 3, 2 and 6 have threshold intersections and Measure Modes 1 and 2
have threshold intersections.

In Fig. 7.2, Measure Modes 2, 3 and 6 have threshold intersections, Measure Modes 1 and 2 have threshold intersections,
Measure Modes 1 and 4 have threshold intersections and Measure Modes 3, 4 and 5 have threshold intersections.

Theorem 3. For an expectation objective function max/minT(c«, B) with w; € {—1,0, 1}, if the weighting summation method is
considered for formulation principle, and the measures in the objective function T(«, B) belong to different Measure Modes (see
Definitions 4 to 10), then we have the following conclusions:

» (a*, B*) = argmax, g T(«, B), if all maximal thresholds of measures included in T(c, B) with weight =1 and all mini-
mum thresholds of measures included in T(c, B) with weight = —1 have non-empty intersection(s) (o*, B*);

o (a*, B*) = arg min, g T(a, B), if all maximal thresholds of measures included in T(c«, B) with weight = —1 and all mini-
mum thresholds of measures included in T(c, B) with weight = 1 have non-empty intersection(s) (a*, B*).

Proof. We first prove that the theorem holds for maximizing objective function T(«, B). Let the included measures be
partitioned into two sets M*1(a, 8) and M~!(a, 8), with the weight of all measures in M*!(a, 8) be 1 and the weight of
all measures in M~1(«, 8) be —1. Suppose there are two threshold pairs denoted as (o™, 8*) and (a~, 87), and satisfies
that (a*, 87) and (a~, B~) are the intersections that maximizes all measures in M*!(«, 8) and minimizes all measures in
M~1(a, B) respectively. Then the sum for the value of measures in M*1(a, ) are the maximum and the sum for the values
of measures in M~1(«, B) are the minimum. If (a*, 8*) = (a*, B) N (a~, ), then the sum of values in M*! («, 8) minus
the sum of values in M~ (a, B) reaches maximum. Dually, we can conclude that it holds for minimizing case. O

Many measure modes share extremal thresholds. For example, The maximum thresholds, i.e. (a*, 8*) = (1.0,1.0) of
Measure Modes 2, 3 and 6, and minimum thresholds, i.e., (a*, 8*) = (1.0,0.5) of Measure Modes 1, 4, and 7 have non-
empty intersections.

The above investigations reveal that optimal threshold can be calculated quickly if an expectation objective function
based on weighting summation method satisfies Theorems 1, 2 or 3. Otherwise, the optimal threshold must be obtained by
computation.

4.2. Considering relevant measures simultaneously

Confusion Matrix measures can be studied simultaneously. The semantics of the expectation objective function of con-
sidering relevant measures simultaneously are that these measures of expectation objectives in objective functions should
be set separately. This paper mainly consider two objective function patterns.

Pattern 1: The extreme values of each measure are considered respectively

This pattern can be defined as follows:

(a*, p*) = {(ax, B)Imin/max T (cx, B)}

where

T(a,B) =Tr(a, B) A Tn(a, B) A Tg(e, B)

To(er, B) = (wy x (min/max Mre(at, B))) A (Wp x (min/max Mpr(at, B))) A (W3 x (min/max Mpr (22, B)))
A(wy x (min/max Mep(at, B))) A (W5 x (min/maxM.p(e, B)));

Tn(a, B) = (wg x (min/maxMrn(er, B))) A (W7 x (min/max Mnr(at, B))) A (wg x (min/max My (a, B)))
A(wq x (min/max Mt (at, B))) A (Wig x (min/maxM.y(c, B)));

Ty (o, B) = (w11 x (min/maxMgr(at, B))) A (Wi x (min/max Mgr (e, B))) A (Wr3 x (min/max Mrg (e, B)))
A(wig x (min/max Mrg(er, B))) A (W15 x (min/max M, (e, B)));

st.00<B <a<10 or 00<B8<05A05<a0<10, w;e{0,1} i=1,2,.--,15 (22)

The description of the above objective function Pattern 1 shows that different measures can be chosen according to their

decision demand. It is worth mentioning that the solution may be empty if for all (o, 8), there are always some measures
that cannot reach maximum/minimum.

Theorem 4. For an expectation objective function max/minT(«, B8) with w; €{0, 1}, if each measure considered respectively is
considered for formulation principle and the measures in the objective function T(c, B) are all from the j™" Measure Mode (see
Definitions 4-10, j =1,2,---,7), then we have the following conclusions:

e (a*, B*) is the optimal threshold of T(c, B), if for any measures M«+(ce, B) included in T(c, B), the maximal values are
obtained.

o (a*, B*) is the optimal threshold of T(«x, B), if for any measures M«(ce, B) included in T(c, ), the minimal values are
obtained.
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Proof. The proof of Theorem 4 is similar to that of Theorem 1. O

For example, an objective function

(a*, B*) = argmax, g (Mrp(a, B)) (N argmax, g (Mpr (e, B)) (N argmax, g (Mep(ct, B)),

s.t. (0.0<B <05)A(0.5<x <1.0).

Obviously, Mp(e, B),Mpr(e, B) and Mpp(cr, B) belong to Measure Mode 1. As shown in Table 9, the maximum threshold
for Measure Mode 1 is (0.5, *). By referring to Theorem 4, the expected threshold for T(e, B) is («, B) = (0.5, ).

Theorem 5. For an expectation objective function max/minT(c«, B) with w; €{0, 1}, if each measure considered respectively is
considered for formulation principle, and the measures in the objective function T(c, B8) belong to different Measure Modes (see
Definitions 4 to 10), then we have the following conclusions:

e (a*, B*) is the optimal thresholds of T(«, B) if for all measures with w; =1, the values of these measures obtains the
desired extreme values (either maximum or minimum)

« no solution is available if all measures with w; = 1, the intersections of these measures that obtains the desired extreme
values (either maximum or minimum) is empty.

Proof. For the first conclusion, it is similar to that of Theorem 2. For the second conclusion, we cannot find a pair of
thresholds («, B) that satisfies all constraints, thus no solution is found. O

For example, an objective function T (&, 8) = max(Mpg (e, B)) A min(Mpr (&, B)) A min(Myg (o, B) A max(Mgy (e, B))),

st.0.0<B<a<10.

According to Definitions 4-7, Mpr(c, B),Mpp(er, B) and Mpnp(e, B), Mpy(e, B) belong to Measure Modes 3, 1, 4 and 2,
respectively. In Table 8, the maximum threshold for Mpr(c, B) is (1.0, *), the minimum threshold for Mpr(ex, B) is (1.0, *),
the minimum threshold for Myg(o, B) is (1.0,1.0), and the maximum threshold for Mgy(e, B) is (1.0,1.0). Since (1.0, %) N
(1.0,1.0) = (1.0, 1.0), according to Theorem 5, the expected threshold for T(c, 8) is (&, 8) = (1.0, 1.0).

Pattern 2: Setting the feasible domain for each measure

This pattern can be formulated as:

(a*, B*) = {(a, B)IT (o, B)}
where
T(a, B) =Tpo(cx, B) A Tn(ex, B) A To(ex, B)
Tp(a, B) =wq x (Mrp(a, B) ~ t1) Awz x (Mpr(a, B) ~ t2) Aws x (Mpe(at, B) ~ t3)
AWy x (Mep(at, B) ~ tg) Aws x (M,p(a, B) ~ ts);
Tn(a, B) =ws x (Men(a, B) ~ ts) AWy x (Myp(a, B) ~ t7) Awg x (Mry(a, B) ~ tg)
AWg x (Myr (e, B) ~ tg) Awig x (Myn (e, B) ~ t10);
Tg(a, B) = wi x (Mpr(at, B) ~ t1) Awpy x (Mpe(et, B) ~ t12) Awiz x (Mrg(a, B) ~ ty3)
Awig x (Mpg(or, B) ~ tia) Awis x (Myg(et, B) ~ tis);
st.00<B<a<1.00000<B8<05A05<a0<10,w;e{0,1},t;€][0,1],i=1,2,---,15 (23)

”

Where symbol “~” represents the relational operators < or >, and t« represents the target value range, with * € {P,
B, N} if the region is restricted to positive, boundary or negative and can be arbitrary region if not specified. ¢; is the
lower/upper bound for every considered measure.

The feasible domain of each measure in Pattern 2 is usually specified by the user. The optimal threshold of the objective
function Pattern 2 must be obtained by the competitions of various measures. The solution may be solvable or unsolvable,
depending on the choice of measures and the setting of the range under different application backgrounds, since the choice
of measures and the setting of the range have specific semantics. How to determine the feasible domain is beyond the scope
of this paper.

5. Experiment and analysis

This section will illustrate the solution of the expectation function by a simple example first, and evaluate the quality
of deduced three-way regions, whose quality are critically compared against alternative tri-partition based on Gini and
Shannon Entropy.

5.1. Case study

The optimal expectation thresholds for the Three-way Decisions objective function can be obtained directly when
Theorems 1-5 are satisfied. However, a more general objective function cannot satisfy the conditions of Theorems 1-5.
For this case, we can search the optimal thresholds by finding all possible pairs of thresholds and store them in a matrix
form. Table 10 shows the statistical information to the datasets of with a partition consisting 15 equivalence classes, with X,
represents the kth equivalence class. Cc U denotes a subset of objects with the same label. The conditional probabilities for
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Table 10
Data sets information [6] .
Xq X5 X3 Xy Xs Xs X7 X
Pr(X;) 0.0177 0.1285 0.0137  0.1352  0.0580 0.0069  0.0498 0.1070
Pr(ClX;) 1.0 1.0 1.0 1.0 0.9 0.8 0.8 0.6
X9 X10 X1 X12 Xi3 X1a Xis
Pr(X;) 0.1155 0.0792 0.0998 0.1299  0.0080  0.0441 0.0067
Pr(ClX;) 0.5 0.4 0.4 0.2 0.1 0.0 0.0
Table 11

The objective function values table of Case 1. Objective func-
tion with biggest value is highlighted in boldface.

Ba 1 0.9 0.8 0.6 0.5

0 1.9675 2.0124  2.0492 21065  2.1499
0.1 1.9587  2.0035 2.0402 2.0979 2.1419
0.2 1.9034  1.9461 1.9808  2.0427  2.0975
0.4 1.8648 1.8983 1.9213 1.9781 1.5719

Table 12

The objective function values of Case 2 under different
thresholds. Objective function with smallest value is high-
lighted in boldface.

Ba 1 0.9 0.8 0.6 0.5

0 0.6128  0.6830  0.7275 0.7216  0.6667
0.1 0.6301 0.7003  0.7448 0.7389  0.6840
0.2 08561 09263 09708 0.9649 0.9100
04 1.0169 1.0871 1.1316  1.1257  1.0708

|)‘(,)((:|C| where ke({1, 2, - - -, 15}. In order to simplify the discussion, the threshold

range of the Three-way Decisions is (0.0 < 8 <0.5)A(0.5 <« < 1.0).

According to the value information provided in Table 10, and the threshold constraint condition specified in this instance,
the threshold value may be « {1, 0.9, 0.8, 0.6, 0.5}, 8 {0.0, 0.1, 0.2, 0.4}.

Case 1. (a*, B*) = {(«, B)|max(Mrp (e, B) + Mg (e, B) + Mpr (e, 8))}.

Obviously, this expectation objective function of weighting summation method does not satisfy the conditions of
Theorems 1-3. According to Definitions 1-3, the values of the included measures (Mpp(o, B), Mnr(e, B), Mpr(cw, B)) can
be calculated at different thresholds, and then weighted into the objective function T(¢, ). Table 11 shows the values of
T(, B) with different thresholds.

As shown in Table 11, the maximum value T(¢, B) is 2.1499 when («, 8) = (0.5, 0.0). Thus, we have (a*, 8*) = (0.5, 0.0).

Case 2. (@, f*) = {(a, B)|min(Mrp(at. B) — Mep(et, B) + Min (et B) — My (ct. B))).

Obviously, Case 2 does not satisfy Theorems 1-3. According to Definitions 1-3, the values of the included measures
(Mrp(e, B), Mpp(e, B), Mpn(er, B), Myn(et, B)) in T(e, B) can be calculated at different thresholds, and then weighted into
e, B).

As shown in Table 12, the minimum T(«, $) value is 0.6128 when (o, 8) = (1.0, 0.0). Thus, we have (a*, 8*) = (0.8, 0.4).

Case 3. (&, ) = {(a, B)|Mrp(@, ) = 0.9 A Mpr (e, ) = 0.6 A Myp(cr. B) = 0.5).

The T(«, B) of Case 3 must evaluate each measure simultaneously. According to Definitions 4, 6 and 8, the measures
Mrp(a, B), Mpr(e, B), M:p(cr, B) in Case 3 belong to Modes 1, 3 and 5, respectively. As shown in Table 13, the range of
the threshold for Mpp(er, B)>0.9 is o €{1, 0.9, 0.8}, €{0.0, 0.1, 0.2, 0.4}; the range of the threshold for Mpr(c, 8)>0.6 is
« €{0.5, 0.6, 0.8} B <{0.0, 0.1, 0.2, 0.4} ; and the range of the threshold for M«g(er, 8)>0.5 is @ € {1}, 8 = {0.0,0.1,0.2} or
o €{0.9},8=1{0.0,0.1} or o € {0.8}, 8 ={0.1,0.2}. Obviously, the threshold that satisfies T(c, 8) is the intersection of the
feasible domain w.r.t. three measures, since:

o €{1,0.9,0.8}n{0.5,0.6,0.8} n {1,0.9,0.8} = {0.8},

B €{0.0,0.1,0.2,0.4}n{0,0.1,0.2,0.4} n{0,0.1,0.2} = {0,0.1, 0.2}

Thus, the optimal thresholds for T(«, ) are (a*, 8*)<{(0.8, 0.1), (0.8, 0.2)}.

We will examine the distribution of deduced three-way regions via ACC(c, 8) and CMR(c, ) for all cases.

In the first case, threshold («, 8) = (0.5, 0.1) satisfies the maximum expected goal. The decision accuracy rate is 82.839%,
and the commitment rate is 69.1169%. Threshold (¢, 8) = (0.5, 0.4) satisfies the minimum expected goal, the decision ac-
curacy rate is 78.38% and the commitment rate is 100%. This is equivalent to Two-way Decision with the threshold 0.5.
Compared with the minimum expected goal function, the decision commitment rate of the maximum expected goal is de-
creased to 30.88%, while the accuracy rate is increased by 4.459%.

decision rules are denoted as Pr(C|X;) =
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Table 13

The measure values of Case 3 under different thresholds. Values that satisfy
the constraints of every measure are highlighted with underline, and the
overall optimal values of objective function are highlighted in boldface.

Bo 10 0.9 0.8 0.6 0.5

Mrp(a, B) 0.0 1.0000 0.9836 0.9580 0.8839  0.8137
0.1 1.0000 0.9836 0.9580 0.8839  0.8137
0.2 1.0000 0.9836 0.9580 0.8839  0.8137
0.4 1.0000 0.9836 0.9580 0.8839  0.8137
Mpr(e, B) 00 04815 05667 0.6406 0.7453  0.8395
0.1 0.4815 0.5667 0.6406 0.7453  0.8395
0.2 0.4815 0.5667  0.6406 0.7453  0.8395
04 04815 0.5667 0.6406 0.7453  0.8395
Mep(a, ) 0.0  0.6541 0.5961 0.4015  0.2945 0.1790
0.1 0.6461 0.5881 0.5394 04324 0.3169
02 05162 04582 0.5314 0.4244 0.3089
04 03372 02792 0.2225 0.1155  0.0000

Table 14
Comparison of the measures of three-way decisions.
Shannon entropy  GINI Confusion matrix
Quantity of measures 1 3 15
Change law of measures Uncertain Certain Certain
The objective function
with weighting summation No Yes Yes
The objective function
with evaluate each measures simultaneously ~ No Yes Yes

In the second case, threshold («, 8) = (0.8,0.4) satisfies the maximum expected goal. The decision accuracy rate is
85.1318%, and the commitment rate is 77.7578%. Threshold («, 8) = (1,0) satisfies the minimum expected goal, the de-
cision accuracy rate is 100% and the commitment rate is 34.5935%. This is equivalent to a classic Pawlak Three-way Deci-
sions. Compared with Pawlak Three-way Decisions, however, the decision accuracy rate of the maximum expected goal is
decreased by 14.86%, while the commitment rate is increased by 43.16%.

In the third case, thresholds («, 8) = (0.8, 0.1) satisfies the expected goal function. The decision accuracy rate is 94.81%,
and the commitment rate is 46.86%. Compared with Pawlak Three-way Decisions, however, the decision accuracy rate of
the maximum expected goal is decreased by 5.19%, while the commitment rate is increased by to 12.27%. («, 8) = (0.8,0.1)
satisfies the expected goal function. The decision accuracy rate is 92.66%, and the commitment rate is 59.85%. Compared
with Pawlak Three-way Decisions, however, the decision accuracy rate of the maximum expected goal is decreased by 7.34%,
while the commitment rate is increased by to 25.26%.

5.2. Comparison of three-way regions from confusion matrix, shannon entropy and GINI

Confusion Matrix, Shannon entropy and GINI coefficient are all used to assess the uncertainty of classification problems.
They have often been applied to various fields; in particular, the Confusion Matrix is widely used in machine learning algo-
rithms, the Shannon entropy is used to measure the confusion degree of decisions, while the GINI coefficient is mainly used
to measure the impurity of decisions. Shannon entropy and GINI are also important measurement systems in Three-way de-
cision theory. In [6], the overall uncertainty of three regions can be computed as the expected uncertainty, which is referred
to as the conditional entropy of 7 p, given 74 g)(C), specifically, H(rw c|POS4,.)(C)), H(7w c|NEG(y,.y(C)) and H(7 c|POS(y,.y(C)). In
[42], the relative GINI coefficients of the received regions, the rejection regions and the non-commitment rate are expressed
as Gp(a, B), Gy(o, B) and Gp(ex, B) in three-way decisions.

Table 14 is a comparison of the information of the above three 3DW measurements. As shown in Table 14, Confusion
Matrix has the largest number of measures. The measures of Confusion Matrix and GINI coefficient have definite dynamic
variation regularity. In terms of objective function form, the Shannon entropy objective function has just one max or min
measure expectation for 3WD, and Shannon entropy has only one measure.

The objective function type of the Confusion Matrix is similar to that of the GINI coefficient. However, the measure
number of the 3WD Confusion Matrix is more than that of the 3WD GINI coefficient. Therefore, the flexibility and semantic
expressive ability of the 3WD Confusion Matrix measures are stronger than those of the 3WD GINI measures.

Table 15 is the dynamic changes comparison table for GINI and partial Confusion Matrix measures. From Table 15, the
GINI measure Gp(o, 8) and Confusion Matrix measure Mgp(c, B) that belong to Measure Mode 1 have the consistent dy-
namic regulation, while the GINI measure Gy(c, 8) and Confusion Matrix measure Myp(o, 8) Mpy(e, B) Mep(a, B) that
belong to Measure Mode 2 have the accordant dynamic regulation. In addition, GINI measure Gp(c, 8) and Confusion Ma-
trix measure Mrg(c, B),Mgg(ct, B)M-p(cx, B) that belong to Measure Mode 5 have the identical dynamic regulation.
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Fig. 9. Experimental comparison between two three-way decision confusion matrix based functions with information entropy and gini coefficient in dataset
2(Balance scale), where T,S,G stands for three-way confusion matrix based value, shannon entropy and gini coefficient respectively. All values of T, S, G are
determined by (o, B) and are projected for readability. Corresponding values of objective functions are scattered with different colors and displayed in the

right-hand side.

Table 15

The comparison table of GINI and Confusion Matrix measures.

Gp Mpr, Mpp Gy My, My Gp Mg, Mg, M-p
(o, ) =(1.0,00) O 0 0 0 max  max
(al, B) ST 0 0 N N
(e, B1) 0 0 /! / N N
(e, B1) S/ / / N N
(a.f)=(.y) S s/ 0 0

The above analysis indicates that the dynamic change regulation of GINI measures Gp(c, 8),Gn(et, 8) and Gg(e, 8) accord
with matrix Measure Modes 1, 2 and 5, respectively. Therefore, it can be concluded that Theorems 1-5 are also suitable
for solving GINI objective functions. Whether the Confusion Matrix measures can be equivalent to the GINI measures, or
whether the Confusion Matrix measure can replace the GINI measures remains to be examined.

To examine the prediction performance of three-way confusion matrix based classification, we conduct a group of exper-
iments on four UCI datasets>. Detailed characteristics of dataset information are shown in Table 16, where symbol # denotes

cardinality.

3 http://archive.ics.uci.edu/ml/datasets.html
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Fig. 10. Experimental comparison between two three-way decision confusion matrix based functions with information entropy and gini coefficient in
dataset 3(Hayes-Roth), where T,S,G stands for three-way confusion matrix based value, shannon entropy and gini coefficient respectively. All values of T, S,
G are determined by (o, ) and are projected for readability. Corresponding values of objective functions are scattered with different colors and displayed
in the right-hand side.

Table 16
Characteristics of four real dataset used in experiment.
Name # entity  # dimensionality ~ Selected concept (C) Proportion of positive
Breast cancer 286 9 No-recurrence-events 70.33%
Balance scale 625 4 Left weight 46.08%
Hayes-Roth 160 5 Class 2 42.85%
Car Evaluation 1210 6 Unacceptable 70.02%

For each dataset, we randomly select a subset of objects and investigate the corresponding three-way classification The
controlled group include two different objective functions (abbreviated as case 1 and case 2 respectively). The first objective
function is formulated as:

(o, B*) = {(a, B)[(Mrp(ex, B) + Mnr (e, B) + Mpr (o, B))} (24)
The second objective function is formulated as:
(a*, B*) = {(a, B)|(Mrp(at, B) — Mpp(e, B) + Men (e, B) — Mrn(a, B))} (25)

For entropy based and gini based function, we use the same settings as discussed in [6,42], as defined in Eqgs. (26) and
(27):

(. ) = ((@. B)|(H(c| a5 (©)))) (26)
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Fig. 11. Experimental comparison between two three-way decision confusion matrix based functions with information entropy and gini coefficient in
dataset 4(Car Evaluation), where T,S,G stand for three-way confusion matrix based value, shannon entropy and gini coefficient respectively. All values of T,
S, G are determined by (o, 8) and are projected for readability. Corresponding values of objective functions are scattered with different colors and displayed
in the right-hand side.

(", %) = {(a. B)|Gp(a. B) + Gn(ex. B) + Gp(ex. B)} (27)

Parameters of «, B are increased from 0.5 to 1 and 0 to 0.5 respectively with a step of 0.1. The values of objective
functions with the changes of parameter are shown from Fig. 8-11 respectively.

From Figs. 8-11, we can conclude that the distributions of objective function values for entropy and gini are similar,
especially for dataset Breast cancer and Balance scale. This implies that although the definitions of the two metrics are
different, yet the value of the optimal threshold may be close. As for proposed objective function (case 1 and case 2), it is
interesting to find out that the similarity of two distributions is influenced by dataset. For example, the diversity of case
1 and case 2 is significant for dataset Breast cancer and Balance scale, whereas is almost identical in terms of dataset Car
Evaluation. To further investigate the performance of proposed method, we summarize the accuracy rate ACC(7 4 gy(C)) and
commitment rate CMR(7 4 gy(C)) of aforementioned methods when the optimal thresholds are obtained in Table 17. Results
that achieve the highest ACC(7t (4, y(C)) or CMR(7 (4, y(C)) w.r.t. each dataset are displayed in bold.

It can be inferred from Table 17 that proposed method is likely to achieve an overwhelming commitment rate and a
comparable accuracy rate. A possible reason is that for either entropy or gini based solution, balance of three regions is
more desired. Therefore, the boundary region is relatively inflated, which in turn increases the possibility of being deferred.
Since some ambiguous instances are discarded for decision, the overall accuracy rate is improved. As for proposed method,
it is obvious that commitment rate of case 2 is much preferable than case 1, as in case 1 the term Mpr(e, B) serves as a
penalty for true positive being determined. Nevertheless, proposed method is more flexible, as the compared two cases can
be replaced by other meta measures. Hence, we claim that presented method embraces the real application more smoothly.
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Table 17
Comparison of Accuracy Rate (ACC(7 (4,)(C))) and Commitment Rate (CMR(7 4,4)(C))) in different objective functions given optimal threshold (o, ).

Objective function of case 1 Objective function of case 2

optimal threshold ACC(7T (¢,8)(C)) CMR(7T (¢,)(C)) optimal threshold ACC(7 (4,8)(C)) CMR((77 (¢,8)(C)))

Breast cancer (a, B)=(0.6,0.0) 0.8865 0.8007 (a, B)=(0.5,0.4) 0.9014 0.9630
(a, B)=(0.6,0.1) 0.8865 0.8007
(e, B)=(0.6,0.2) 0.8865 0.8007 (a, B)=(0.6,0.4) 0.9014 0.9630
Balance scale (a, B)=(0.5,0.4) 0.7709 0.8800 (a, B)=(0.5,0.4) 0.7709 0.8800
Hayes-Roth (a, B)=(0.5,0.0) 0.8657 0.5076 (a, B)=(0.5,0.4) 0.8250 0.6061
(a, B)=(0.5,0.1) 0.8657 0.5076
(a, B)=(0.5,02) 0.8657 0.5076
Car evaluation (a, B)=(0.8,0.4) 0.9160 0.8889 (a, B)=(0.8,0.4) 0.9160 0.8889
(a, B)=(0.9,0.4) 0.9160 0.8889 (a, B)=(0.9,0.4) 0.9160 0.8889
(a, B)=(1.0,0.4) 0.9160 0.8889 (a, B)=(1.0,0.4) 0.9160 0.8889
Objective function of Entropy Objective function of GINI

optimal threshold  ACC(7(4,4)(C))  CMR(7(4,5)(C))  optimal threshold ACC((7 (4,4)(C))) CMR((7r (4,5)(C)))

Breast cancer (a, B)=(0.9,0.4) 0.9344 0.4266 (a, B)=(0.8,0.4) 0.9053 0.6643
Balance scale (a, B)=(0.6,0.4) 0.8267 0.7200 (a, B)=(0.6,0.4) 0.8267 0.7200
Hayes-Roth (a, B)=(0.5,0.4) 0.8250 0.6061 (a, B)=(0.5,0.4) 0.8250 0.6061
Car evaluation (a, B)=(0.8,0.2) 0.9403 0.8148 (a, B)=(0.8,0.2) 0.9403 0.8148
(a, B)=(0.9,0.2) 0.9403 0.8148 (a, B)=(0.9,0.2) 0.9403 0.8148
(a, B)=(1.0,0.2) 0.9403 0.8148 (a, B)=(1.0,0.2) 0.9403 0.8148

6. Conclusion

In this paper, we have addressed the optimization of Three-way regions systematically from measure view. Firstly, we
make an adaptations on confusion matrix with the semantics of three-way decisions. The contained measures are catego-
rized into seven measure modes, and the variations of these measures as thresholds changes are critically analyzed. Sec-
ondly, we examine two representative objective functions for determining three-way regions. Compared with the Shannon
entropy and GINI measure systems, the Confusion Matrix based measure system and Three-way Confusion Matrix based
target function in Three-way Decision provide a more abundant semantic descriptions. These features of the Three-way
Decisions Confusion Matrix and the application background of Confusion Matrix itself show that it is more conducive to
integration in machine learning. The study of Confusion Matrix measure systems in context of Three-way Decisions reflects
the merit of Three-way Decisions in machine learning, and lays the foundation of complicated three-way problem solu-
tions in machine learning. Future work will focus on the concrete application of the Confusion Matrix measure system in
Three-way Decisions.
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