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A B S T R A C T

Many efforts have focused on studying techniques for selecting most informative features from data sets.
Especially, the related family-based approaches have been provided for attribute reduction of covering in-
formation systems. However, the existing related family-based methods have to recompute reducts for dynamic
covering decision information systems. In this paper, firstly, we investigate the mechanisms of updating the
related families and attribute reducts by the utilization of previously learned results in dynamic covering de-
cision information systems with variations of attributes. Then, we design incremental algorithms for attribute
reduction of dynamic covering decision information systems in terms of attribute arriving and leaving using the
related families and employ examples to demonstrate that how to update attribute reducts with the proposed
algorithms. Finally, experimental comparisons with the non-incremental algorithms on UCI data sets illustrate
that the proposed incremental algorithms are feasible and efficient to conduct attribute reduction of dynamic
covering decision information systems with immigration and emigration of attributes.

1. Introduction

Covering rough set theory, pioneered by Zakowski[62] in 1983, has
become a useful mathematical tool for dealing with uncertain and im-
precise information in practical situations. As a substantial constituent
of granular computing, covering-based rough set theory has been ap-
plied to many fields such as feature selection and data mining without
any prior knowledge. Especially, covering rough set theory is being
attracting more and more attention in the era of artificial intelligence,
which provides powerful supports for the development of data pro-
cessing technique.

Many researchers[1,5,8–11,15,17–22,25,27,28,31,34,41,42,48–50,
52–56,58–61,64–69] have studied covering-based rough set theory. For
example, Hu et al.[8] proposed a matrix representation of multi-
granulation approximations in optimistic and pessimistic multi-
granulation rough sets and matrix-based dynamic approaches for up-
dating approximations in multigranulation rough sets when a single
granular structure evolves over time. Lang et al.[15] presented incre-
mental approaches to computing the second and sixth lower and upper
approximations of sets in dynamic covering approximation spaces. Luo
et al.[29] investigated the updating properties for dynamic

maintenance of approximations when the criteria values in the set-va-
lued decision system evolve with time and proposed two incremental
algorithms for computing rough approximations with the addition and
removal of criteria values. Wang et al.[49] transformed the set ap-
proximation computation into products of the type-1 and type-2 char-
acteristic matrices and the characteristic function of the set in covering
approximation spaces. Yang et al.[54] provided a new type of fuzzy
covering-based rough set model by introducing the notion of fuzzy β-
minimal description and generalized the model to L-fuzzy covering-
based rough set which is defined over fuzzy lattices. Yang et al.[56]
provided related family-based methods for computing attribute reducts
and relative attribute reducts for covering rough sets, which remove
superfluous attributes while keeping the approximation space of cov-
ering information system unchanged. Yao et al.[61] classified all ap-
proximation operators into element-based approximation operators,
granule-based approximation operators, and subsystem-based approx-
imation operators.

Knowledge reduction of dynamic information systems[2–4,6,7,
12–14,16,19,23,24,26,29,30,32,33,35,36,38–40,43–47,51,57,63,66]
has attracted more attention. For example, Chen et al.[3] employed an
incremental manner to update minimal elements in the discernibility
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matrices at the arrival of an incremental sample. Huang et al.[12]
presented the extended variable precision rough set model based on the
λ-tolerance relation in terms of Bhattacharyya distance and incremental
mechanisms by the utilization of previously learned approximation
results and region relation matrices for updating rough approximations
in set-valued information systems. Lang et al.[14] focused on knowl-
edge reduction of dynamic covering information systems with varia-
tions of objects using the type-1 and type-2 characteristic matrices. Li
et al.[19] discussed the principles of updating P-dominating sets and P-
dominated sets when some attributes are added into or deleted from the
attribute set P. Luo et. al[30] analyzed the dynamic characteristics of
conditional partition and decision classification on the universe when
the insertion or deletion of objects occurs and presented incremental
algorithms for updating probabilistic approximations, which are profi-
cient to efficiently classify the incremental objects into decision regions
by avoiding re-computation efforts. Qian et al.[35] defined a new at-
tribute reduct for sequential three-way decisions and designed attribute
reduction algorithms satisfying the monotonicity of the probabilistic
positive region, which provide a new insight into the attribute reduc-
tion problem of sequential three-way decisions. Xu et al.[51] in-
troduced the stream computing learning method on the basis of existing
incremental learning studies and solved the challenges resulted from
simultaneous addition and deletion of objects. Yang et al.[57] provided
an insight into the incremental process of attribute reduction with fuzzy
rough sets which reveals how to add new attributes into the current
reduct and delete existing attributes from the current reduct and two
incremental algorithms of attribute reduction with fuzzy rough sets for
one incoming sample and multiple incoming samples, respectively.
Zhang et al.[63] proposed incremental approaches for computing the
lower and upper approximations with dynamic attribute variation in
set-valued information systems.

In real-world decision making, there are many covering decision
information systems such as incomplete information systems and set-
valued information systems, and researchers have proposed many
methods for attribute reduction of covering decision information sys-
tems on the basis of discernibility matrices. Especially, we observe that
the third lower and upper approximation operators are regarded as the
most reasonable in covering-based rough sets, and discernibility ma-
trices-based attribute reduction methods can not work for constructing
attribute reducts of covering decision information systems with respect
to the third type approximation operators. Meanwhile, we see that the
related families-based methods proposed by Yang[56] are very effective
for knowledge reduction of covering decision information systems,
which bridge the gap where the discernibility matrix is not applicable.
In practical situations, covering decision information systems are
varying with time. Especially, there are many dynamic covering deci-
sion information systems with variations of object sets, attribute sets
and attribute values, and knowledge reduction of dynamic covering
decision information systems is a significant challenge of covering-
based rough sets. Furthermore, we find that there are few researches on
knowledge reduction of dynamic covering decision information systems
using the related families, and non-incremental approaches are time-
consuming for knowledge reduction of dynamic covering decision in-
formation systems with respect to the third lower and upper approx-
imation operators. Therefore, the incremental learning technique is
desired to improve computational efficiency of attribute reduction of
dynamic covering decision information systems by employing the pre-
vious reduct results.

The purpose of this paper is to investigate attribute reduction of
dynamic covering decision information systems. First, we study attri-
bute reduction of dynamic covering decision information systems with
immigrations of attributes. Concretely, we analyze the mechanisms of
updating the related sets of objects in dynamic covering decision in-
formation systems with attribute arriving, and construct the related

families of dynamic covering decision information systems based on
those of original covering decision information systems. Meanwhile, we
investigate the relationship between attribute reducts of dynamic cov-
ering decision information systems and those of original covering de-
cision information systems, and provide incremental algorithms for
updating attribute reducts of dynamic covering decision information
systems with attribute arriving. Second, we investigate attribute re-
duction of dynamic covering decision information systems with emi-
grations of attributes. Concretely, we illustrate the mechanisms of
constructing the related families of dynamic covering decision in-
formation systems based on those of original covering decision in-
formation systems. After that, we investigate the relationship between
attribute reducts of dynamic covering decision information systems and
those of original covering decision information systems and propose
incremental algorithms for updating attribute reducts of dynamic cov-
ering decision information systems with attribute leaving. Finally, we
provide heuristic incremental algorithms for updating attribute reducts
of dynamic covering decision information systems with immigration
and emigration of attributes and employ the experimental results on
UCI data sets to indicate that the proposed algorithms outperform the
static algorithms while inserting into or removing from attribute sets in
dynamic covering decision information systems.

The rest of this paper is organized as follows: In Section 2, we briefly
review the basic concepts of covering-based rough set theory. In
Section 3, we study updated mechanisms for constructing attribute
reducts of dynamic covering decision information systems with varia-
tions of attribute sets. In Section 4, we provide heuristic algorithms for
computing reducts of dynamic covering decision information systems.
In Section 5, we employ the experimental results to illustrate that the
related families-based incremental approaches are effective to perform
attribute reduction of dynamic covering decision information systems.
Concluding remarks and further research are given in Section 6.

2. Preliminaries

In this section, we briefly review some concepts of covering-based
rough sets.

Suppose =S U A V f( , , , ) is an information system, where
= ⋯U x x x{ , , , }n1 2 is a finite set of objects, A is a finite set of attributes,
= ∈V V a A{ },a where Va is the set of values of attribute a,

and card(Va)> 1, f is a function from U×A into V, and the indis-
cernibility relation IND(B)⊆U×U is defined as follows:

= ∈ × ∀ ∈ =IND B x y U U b B b x b y( ) {( , ) , ( ) ( )}, where b(x) and
b(y) denote the values of objects x and y on b∈ B⊆A, respectively.
Especially, we have the equivalence class = ∈ ∈x y U x y IND B[ ] { ( , ) ( )}B

for x∈U.

Definition 2.1. [37] Let =S U A V f( , , , ) be an information system, and
B⊆C. Then the Pawlak upper and lower approximations of X⊆U with
respect to IND(B) are defined as follows:

= ∈ ∩ ≠ ∅ = ∈ ⊆R X x U x X R X x U x X( ) { [ ] }, ( ) { [ ] }.B B

According to Definition 2.1, we see that Pawlak rough set model is
constructed on an indiscernibility relation or a family of equivalence
classes, and each object is classified into a certain concept in the Pawlak
rough set model. But different concepts of the universe usually overlap,
and the condition of the equivalence relation is so strict that limit its
application in practical situations.

Subsequently, Zakowski[62] employed the covering of the universe
to establish a covering based generalized rough sets as follows.

Definition 2.2. [62] Let U be a finite universe of discourse, and C a
family of subsets of U. Then C is called a covering of U if none of
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elements of C is empty and ⋃ ∈ =C C U{ }C . Furthermore, U( , )C is
referred to as a covering approximation space.

If U is a finite universe of discourse, and = …Δ { , , , },m1 2C C C where
iC (1≤ i≤m) is a covering of U, then (U, Δ) is called a covering in-

formation system; U( , Δ, )D is called a covering decision information
system, where Δ and D denote coverings and partition based on con-
ditional attributes and decision attributes, respectively.

Example 2.3. Let =U x x x x x x x x{ , , , , , , , }1 2 3 4 5 6 7 8 be eight houses,
=C quality{ } the attribute set, the domain of quality is {high, middle,

low}. We employ the specialists A and B to evaluate these houses and
show their evaluation reports as follows:

= = =
= = =

high x x x x middle x x low x x
high x x x x middle x low x x x

{ , , , }, { , }, { , };
{ , , , }, { }, { , , },

A A A

B B B

1 4 5 7 2 8 3 6

1 2 4 7 5 3 6 8

where highA denotes the houses belonging to high quality by the
specialist A, and the meanings of other symbols are similar. Since
their evaluations are of equal importance, we consider all their advice
and derive the covering approximation space U( , ),priceC where

= ∨ ∨ ∨high middle low{ , , },price A B A B A BC and

= ∪ =
= ∪ =
= ∪ =

∨

∨

∨

high high high x x x x x
middle middle middle x x x

low low low x x x

{ , , , , };
{ , , };

{ , , }.

A B A B

A B A B

A B A B

1 2 4 5 7

2 5 8

3 6 8

Definition 2.4. [69] Let U( , )C be a covering approximation space, and
= ∈ ∈ ∧ ∀ ∈ ∧ ∈ ∧ ⊆ ⇒ =Md x K x K S x S S K K S( ) { ( )}C CC for

x∈U. Then Md x( )C is called the minimal description of x.

By Definition 2.4, we observe that the minimal description of x is a
set of the minimal elements containing x inC . For a coveringC of U, K
is a union reducible element of ,C − K{ }C andC have the same Md(x)
for x∈U. If K is a union reducible element ofC if and only if K∉Md(x)
for any x∈U, and denote = ∈∪ ∪Md x x U{ ( ) }Δ ΔM with respect to a
family of coverings Δ.

Definition 2.5. [69] Let U( , )C be a covering approximation space, and
Md x( )C the minimal description of x∈U. Then the third lower and
upper approximations of X⊆U with respect toC are defined as follows:

= ∪ ∈ ⊆
= ∪ ∈ ∈

CL X K K X
CH X K Md x x X

( ) { };
( ) { ( ) }.

CC

C C

According to Definition 2.5, we see that the third lower and upper
approximation operators are typical representatives of non-dual ap-
proximation operators for covering approximation spaces. Further-
more, we have = ⋃ ∈ ∃ ∈CL X K x U( ) { ,CC s.t.

∈ ∧ ⊆K Md x K X( ( )) ( )}C with the minimal descriptions. Especially,
we have = ∪ ∈ ⊆

= ∪ ∈ ∈
∪ ∪ ∪

∪

CL X K Md x K X CH X

K Md x x X

( ) { ( ) } and ( )

{ ( ) }.
Δ Δ Δ

Δ

For simpli-

city, we denote = = ∖∪ ∪ ∪ ∪POS X CL X NEG X U CH X( ) ( ), ( ) ( )Δ Δ Δ Δ and
= ∖∪ ∪ ∪BND X CH X CL X( ) ( ) ( ).Δ Δ Δ

Definition 2.6. [56] Let U( , Δ, )D be a covering decision information
system, where = …U x x x{ , , , },n1 2 = …Δ { , , ,1 2C C },mC and

= …D D D{ , , , }k1 2D . Then
(1) if there exists K∈Md ∪ Δ(y) and ∈Dj D such that x∈ K⊆Dj for

any x∈U, where y∈U, then U( , Δ, )D is called a consistent covering
decision information system.

(2) if there exists x∈U but ∃ ∈ ∪ ∈K DΔ and j D such that
x∈ K⊆Dj, then U( , Δ, )D is called an inconsistent covering decision
information system.

By Definition 2.6, we see that all covering information systems are
classified into consistent covering decision information systems and
inconsistent covering decision information systems. For simplicity, the
symbols ⪯∪ΔM D and ⋠∪ΔM D denote U( , Δ, )D is a consistent cov-
ering decision information system and an inconsistent covering decision

information system, respectively.

Definition 2.7. [56] Let U( , Δ, )D be a covering decision information
system, where = …U x x x{ , , , },n1 2 = …Δ { , , ,1 2C C },mC

= …D D D{ , , , },k1 2D and = ⋃∪ ∪POS POS D( ) { ( )iΔ ΔD ∈D }i D . Then
(1) if =∪ ∪ −POS POS( ) ( )Δ Δ { }iD DC for ∈ Δ,iC then iC is called su-

perfluous relative toD ; Otherwise, iC is called indispensable relative to
D ;

(2) if every element of P⊆Δ satisfying =∪ ∪POS POS( ) ( )P ΔD D is
indispensable relative to ,D then P is called a reduct of Δ relative toD .

By Definition 2.7, we observe that a reduct P satisfies two conditions
as follows: (1) =∪ ∪POS POS( ) ( )P ΔD D ; (2) ≠∪ ∪ −POS POS( ) ( )PΔ { }iD DC

for any ∈ ΔiC . Furthermore, the first condition indicates the joint suf-
ficiency of the covering set P, and the second condition means that each
covering in P is individually necessary. Therefore, P is the minimum
covering set keeping the positive regions of decision classes.

Definition 2.8. [56] Let U( , Δ, )D be a covering decision information
system, where = …U x x x{ , , , },n1 2 = …Δ { , , ,1 2C C },mC

= ∈ ∪ ∃ ∈C D{ Δ ,k jΔA D s.t. Ck⊆Dj}, and = ∈ ∃ ∈r x C( ) { Δ ,k ΔC A
s.t. ∈ ∈x C },k C and = ∈ ∪R U r x x POS( , Δ, ) { ( ) ( )}ΔD D the related
family of U( , Δ, )D . Then

(1) = ⋀ ⋁ ∈f U r x r x R U( , Δ, ) { ( ) ( ) ( , Δ, )}D D is the related func-
tion, where ⋁r x( ) is the disjunction of all elements in r(x);

(2) = ⋁ ⋀ ⊆=g U( , Δ, ) { Δ Δ Δ}i
l

i i1D is the reduced disjunctive form
of f U( , Δ, )D with the multiplication and absorption laws.

By Definition 2.8, we get the related function
= ⋀ ⋁ ∈f U r x r x R U( , Δ, ) { ( ) ( ) ( , Δ, )}D D and its reduced disjunctive

form = ⋁ ⋀ ⊆=g U( , Δ, ) { Δ Δ Δ}i
l

i i1D . Especially, we obtain attribute
reducts = …U( , Δ, ) {Δ , Δ , ,Δ }l1 1R D for the covering decision informa-
tion system U( , Δ, )D with the reduced disjunctive form g U( , Δ, )D .

Algorithm 2.9. (Non-Incremental Algorithm of Computing U( , Δ, )R D

of U( , Δ, )D )
Step 1: Input U( , Δ, )D ;
Step 2: Construct = ⋃∪ ∪POS POS D( ) { ( )iΔ ΔD ∈D }i D ;
Step 3: Compute = ∈ ∪R U r x x POS( , Δ, ) { ( ) ( )}ΔD D ;
Step 4: Construct = ⋀ ⋁ ∈ =f U r x r x R U( , Δ, ) { ( ) ( ) ( , Δ, )}D D

⋁ ⋀ ⊆= { Δ Δ Δ}i
l

i i1 ;
Step 5: Output U( , Δ, )R D .

We employ two examples to illustrate how to construct attribute
reducts of consistent and inconsistent covering decision information
systems as follows.

Example 2.10. (1) Let U( , Δ, )D be a consistent covering decision
information system, where =U x x{ , ,1 2 … x, },8 =Δ { , , , , },1 2 3 4 5C C C C C and

= x x x x x x x x{{ , , }, { , , }, { , }},1 2 3 4 5 6 7 8D where

=
=
=
=
=

x x x x x x x x x x x x
x x x x x x x x x x x x
x x x x x x x x x x x x x
x x x x x x x x x x x
x x x x x x x x x x x x

{{ , }, { , , }, { }, { }, { , }, { , , }};
{{ , , }, { , }, { , }, { , }, { }, { , }};
{{ }, { , , }, { , }, { , , , }, { , , }};
{{ , , }, { , }, { , , }, { }, { , }};
{{ , , }, { }, { , }, { , , }, { , , }}.

1 1 2 2 3 4 3 4 5 6 6 7 8

2 1 3 4 2 3 4 5 5 6 6 7 8

3 1 1 2 3 2 3 3 4 5 6 5 7 8

4 1 2 4 2 3 4 5 6 6 7 8

5 1 2 3 4 5 6 5 6 8 4 7 8

C

C

C

C

C

By Definition 2.8, firstly, we have =r x r x( ) { , , }, ( )1 1 3 5 2C C C

= =r x{ , , , , }, ( ) { , , , ,1 2 3 4 5 3 1 2 3 4C C C C C C C C C },5C =r x( ) { , , , },4 1 2 4 5C C C C

=r x r x( ) { , , , }, ( )5 1 2 4 5 6C C C C = =r x{ , , , }, ( ) { , }1 2 4 5 7 2 4C C C C C C and
=r x( ) { , }.8 2 4C C Secondly, we get =R U( , Δ, ) {{ , , },1 3 5D C C C { ,1C ,2C

, , }, { , , , }, { , }}3 4 5 1 2 4 5 2 4C C C C C C C C C and

= ⋀ ⋁ ∈

= ∨ ∨ ∧ ∨ ∨ ∨ ∨

∧ ∨ ∨ ∨ ∧ ∨
= ∨ ∨ ∧ ∨

= ∧ ∨ ∧ ∨ ∧ ∨ ∧

∨ ∧ ∨ ∧

f U r x r x R U( , Δ, ) { ( ) ( ) ( , Δ, )}

( ) ( )

( ) ( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( ).

1 3 5 1 2 3 4 5

1 2 4 5 2 4

1 3 5 2 4

1 2 1 4 2 3 3 4

2 5 4 5

D D

C C C C C C C C

C C C C C C

C C C C C

C C C C C C C C

C C C C

G. Lang et al. Knowledge-Based Systems 162 (2018) 161–173

163



Therefore, we have =U( , Δ, ) {{ , }, { , },1 2 1 4R D C C C C

{ , }, { , }, { , }, { , }}.2 3 3 4 2 5 4 5C C C C C C C C

(2) Let U( , Δ, )D be an inconsistent covering decision information
system, where =U x x{ , ,1 2 … x, },8 =Δ { , , , },1 2 3 4C C C C and

= x x x x x x x x{{ , , }, { , , }, { , }},1 2 3 4 5 6 7 8D where

=
=
=
=

x x x x x x x x x x x x
x x x x x x x x x x x x
x x x x x x x x x x x x x
x x x x x x x x x x x x

{{ , , , }, { , , }, { , }, { }, { , }};
{{ }, { , , }, { , }, { , , }, { , , }};
{{ }, { , , }, { , , , }, { , , , , }};
{{ , , }, { , , , }, { , , , , }}.

1 1 2 3 4 3 6 7 4 5 6 7 8

2 1 2 3 4 4 5 4 5 6 6 7 8

3 1 1 3 4 2 3 4 8 3 4 5 6 7

4 1 4 5 2 3 4 5 4 5 6 7 8

C

C

C

C

By Definition 2.8, firstly, we get r
= = ∅ = ∅ =

=

x r x r x r x r x

r x

( ) { , }, ( ) , ( ) , ( ) { , }, ( )

{ , }, ( )
1 2 3 2 3 4 1 2 5

1 2 6

C C C C

C C
= =r x{ , }, ( ) { }1 2 7 1C C C and =r x( ) { }.8 1C After that, we obtain

=R U( , Δ, ) {{ , }, { , },2 3 1 2D C C C C { }}1C and

= ⋀ ⋁ ∈
= ∨ ∧ ∨ ∧
= ∨ ∧
= ∧ ∨ ∧

f U r x r x R U( , Δ, ) { ( ) ( ) ( , Δ, )}
( ) ( )
( )
( ) ( ).

2 3 1 2 1

2 3 1

1 2 1 3

D D

C C C C C

C C C

C C C C

Therefore, we get =U( , Δ, ) {{ , }, { , }}.1 2 1 3R D C C C C

3. Related family-based attribute reduction of dynamic covering
decision information systems

In this section, we study the related family-based attribute reduction
of dynamic covering decision information systems with variations of
attribute sets.

Definition 3.1. Let U( , Δ, )D and +U( , Δ , )D be covering decision
information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C and

= …+
+Δ { , , , , }m m1 2 1C C C C . Then +U( , Δ , )D is called a dynamic covering

decision information system of U( , Δ, )D .

According to Definition 3.1, if U( , Δ, )D is a consistent covering
decision information system, then we see that +U( , Δ , )D is consistent
when adding +m 1C into U( , Δ, )D . Furthermore, if U( , Δ, )D is an in-
consistent covering decision information system, we notice that

+U( , Δ , )D is consistent or inconsistent when adding +m 1C into
U( , Δ, )D . In practical situations, there are many dynamic covering
information systems, and we only discuss dynamic covering decision
information systems with variations of attribute sets in this section.

Example 3.2. (Continuation from Example 2.10) (1) Let U( , Δ, )D and
+U( , Δ , )D be covering decision information systems, where =U x x{ , ,1 2

… x, },8 =Δ { , , , , },1 2 3 4 5C C C C C =+Δ { , , , , , },1 2 3 4 5 6C C C C C C and
= x x x x x x x x{{ , , }, { , , }, { , }},1 2 3 4 5 6 7 8D where =6C x x x x x x x{{ , , }, { }, { , , },1 4 5 2 3 4 6

x x x x x{ , , }, { , }}.3 5 7 7 8 According to Definitions 2.6 and 3.1, we see that
+U( , Δ , )D is a dynamic covering decision information system of

U( , Δ, )D . Especially, we observe that U( , Δ, )D and +U( , Δ , )D are
consistent covering decision information systems.

(2) Let U( , Δ, )D and +U( , Δ , )D be covering decision information
systems, where =U x x{ , ,1 2 … x, },8 =Δ { , , , },1 2 3 4C C C C

=+Δ { , , , , },1 2 3 4 5C C C C C and = x x x x x x x x{{ , , }, { , , }, { , }},1 2 3 4 5 6 7 8D where
= x x x x x x x x x x x x{{ , , }, { , }, { , , }, { , , , }}.5 1 5 6 4 5 2 3 4 5 6 7 8C By Definitions 2.6

and 3.1, we observe that +U( , Δ , )D is a dynamic covering decision
information system of U( , Δ, )D . Specially, we see that U( , Δ, )D and

+U( , Δ , )D are inconsistent covering decision information systems.

Suppose +U( , Δ , )D and U( , Δ, )D are covering decision information
systems, where = …U x x x{ , , , },n1 2 = …Δ { , , , },m1 2C C C and

= …+
+Δ { , , , , },m m1 2 1C C C C = ∈ ∪ ∃ ∈ ⊆C D C D{ Δ , s.t. },j jΔA D

= ∈ ∪ ∃ ∈ ⊆+ +C D C D{ Δ , s.t. },j jΔA D = ∈ ∃ ∈ ⊆+ +C D C D{ , s.t. },m m j j1 1A C DC

= ∈ ∃ ∈ ∈ ∈r x C x C( ) { Δ , s.t. },ΔC A C and =+r x( ) ∈ ∃ ∈+ +C{ Δ ,ΔC A

∈ ∈x Cs.t. }.C

Theorem 3.3. Let U( , Δ, )D and +U( , Δ , )D be covering decision

information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C and
= …+

+Δ { , , , , }m m1 2 1C C C C . Then we have

= ⎧
⎨
⎩

∪ ∈ ∪
+

+ +
r x

r x x

r x otherwise
( )

( ) { }, if ;

( ), .

m 1 m 1C AC

Proof. By Definition 2.8, we have r = ∈ ∃ ∈x C( ) { Δ ,ΔC A

∈ ∈x Cs.t. },C and =+r x( ) ∈ ∃ ∈ ∈ ∈+ +C x C{ Δ , s.t. }.ΔC A C

Since =+Δ … +{ , , , , },m m1 2 1C C C C it follows that +r
= ∈ ∃ ∈ ∈ ∈ ∪ ∃ ∈+ +x C x C C( ) { Δ , s.t. } { ,m mΔ 1 1C A C C C

∈ ∈ +x Cs.t. }m 1C for x∈U. For simplicity, we denote ∪ = ∪+m 1AC

∈ ∃ ∈ ⊆+C C D C D{ , , s.t. }m i i1C D . So we get = ∪+
+r x r x( ) ( ) { }m 1C

and =+r y r y( ) ( ) for ∈ ∪ +x m 1AC and ∉ ∪ +y ,m 1AC respectively.
Therefore, we obtain

= ⎧
⎨
⎩

∪ ∈ ∪
+

+ +
r x

r x x

r x otherwise
( )

( ) { }, if ;

( ), .

m 1 m 1C AC

□

Theorem 3.3 illustrates the relationship between r(x) of U( , Δ, )D

and +r x( ) of +U( , Δ , )D . Concretely, we construct the related set +r x( )
on the basis of the related set r(x), which reduces time complexity of
computing the related family +R U( , Δ , )D . Especially, we only need to
compute +m 1AC for attribute reduction of dynamic covering decision
information system +U( , Δ , ),D and we get =+r x r x( ) ( ) and

= ∪+
+r x r x( ) ( ) { }m 1C when ∪ = ∅+m 1AC and ∪ =+ U ,m 1AC respec-

tively, for x∈U.

Theorem 3.4. Let U( , Δ, )D and +U( , Δ , )D be covering decision
information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C

= …+
+Δ { , , , , },m m1 2 1C C C C

▴ = ⋀ ⋁ ⋀∈ ∧ ∉∪∪ +f U r x( , Δ, ) ( ( ))x POS x( ) mΔ 1D D AC = ⋁ ⋀+ = {m i
l

1 1C ′Δi
′⊆Δ Δ},i and ▴ = ′ ∃ ∈ ⊂U U( , Δ, ) {Δ Δ ( , Δ, ), s.t. Δj i iR D R D

′ ≤ ≤j lΔ , 1 }j . If ∪ +POS Δ = ∪POS( ) ( ),ΔD D then = ∪+U U( , Δ , ) ( , Δ, )R D R D

▴ U( ( , Δ, ))R D .

Proof. Taking ∈ UΔ ( , Δ, ),i R D by Definition 2.5, we have
=∪ ∪POS POS( ) ( )Δ ΔiD D and ≠∪ ∪ −POS POS( ) ( )Δ Δ { }i i iD DC for ∈ Δi iC .

We also get =∪ ∪+POS POS( ) ( )Δ ΔiD D and ≠∪ ∪ −POS POS( ) ( )Δ Δ { }i i iD DC

for ∈ Δi iC . So ∈ +UΔ ( , Δ , )i R D . Thus, we obtain
⊆ +U U( , Δ, ) ( , Δ , )R D R D . Furthermore, taking ′ ∈ ▴ UΔ ( , Δ, ),j R D

it implies that =∪ ∪ ′POS POS( ) ( )Δ ΔjD D and ≠∪ ′ ∪ ′ −POS POS( ) ( )Δ Δ { }j j iD DC

for ∈ ′Δi jC . It follows that ′ ∈ +UΔ ( , Δ , )j R D . So we get
∪ ▴ ⊆ +U U U( , Δ, ) ( ( , Δ, )) ( , Δ , )R D R D R D . Furthermore, we

have = ∪+ + +U U U( , Δ , ) ( , Δ , ) ( , Δ , ),1 2R D R D R D where
=+U( , Δ , )1R D ∉ ∈+

+U{Δ Δ , Δ ( , Δ , )}i m i i1C R D and =+U( , Δ , )2R D

∈ ∈+
+U{Δ Δ , Δ ( , Δ , )}i m i i1C R D . Obviously, we obtain

▴ ⊆ +U U( , Δ, ) ( , Δ , ).2R D R D To prove +U( , Δ , )2R D ⊆▴ U( , Δ, ),R D

we only need to prove 2R ∖ ▴ = ∅+U U( , Δ , ) ( ( , Δ, ))D R D . Suppose we
have ′ = … ∈ ∖▴′ ′ ′ +

+U UΔ { , , , , } ( , Δ , ) ( , Δ, ),l m1 2 1 2C C C C R D R D there
exists ∈ +x U( , Δ , )R D such that ∈ ′ ≤ ′ ≤ ′′ +r x i l( )(1 ).iC If

∈+
+r x( ),m 1C then ′iC is superfluous relative to D . It implies that

∉+
+r x( )m 1C . It follows that ′ ∈ ▴ UΔ ( , Δ, ),R D which is contradicted.

So ∖ ▴ = ∅+U U( , Δ , ) ( ( , Δ, ))2R D R D . Thus ▴ =U( , Δ, )R D
+U( , Δ , ).2R D Since 1R ⊆+U U( , Δ , ) ( , Δ, ),D R D so we have

+U( , Δ , )R D ⊆ ∪ ▴U U( , Δ, ) ( ( , Δ, ))R D R D . Therefore, =+U( , Δ , )R D

U( , Δ, )R D ∪ ▴ U( ( , Δ, ))R D . □

Theorem 3.4 illustrates the relationship between +U( , Δ , )R D of
+U( , Δ , )D and U( , Δ, )R D of (U, Δ, )D . Concretely, we construct the

attribute reducts +U( , Δ , )R D on the basis of U( , Δ, ),R D which re-
duces time complexities of computing attribute reducts of +U( , Δ , )D .
Especially, we only need to construct ▴ U( , Δ, )R D for attribute re-
duction of +U( , Δ , )D . Furthermore, each reduct of U( , Δ, )R D belongs
to +U( , Δ , ),R D so there is no need of computation if we want to get
only a reduct of +U( , Δ , ),D and we get reducts containing +m 1C for

+U( , Δ , )D by Theorem 3.4.
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Theorem 3.5. Let U( , Δ, )D and +U( , Δ , )D be covering decision
information systems, where = …U x x{ , , ,1 2 xn}, = …Δ { , , , },m1 2C C C and

= …+
+Δ { , , , , }m m1 2 1C C C C . If ≠∪ ∪+POS POS( ) ( ),Δ ΔD D then we have

=+
+r x( ) { }m 1C for ∈ ∖∪ ∪+x POS POS( ) ( )Δ ΔD D .

Theorem 3.5 illustrates some properties of the related family
+R U( , Δ , )D when ≠∪ ∪+POS POS( ) ( )Δ ΔD D . Concretely, we get the re-

lated set =+
+r x( ) { }m 1C for ∈ ∖∪ ∪+x POS POS( ) ( )Δ ΔD D . In other words,

+m 1C belongs to each reduct of +U( , Δ , )R D when
≠∪ ∪+POS POS( ) ( )Δ ΔD D .

Theorem 3.6. Let +U( , Δ , )D and U( , Δ, )D be covering decision
information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C

= …+
+Δ { , , , , },m m1 2 1C C C C ▴ = ⋀ ⋀+ ∈ ∧ ∉∪∪ +f U( , Δ, ) (m x POS x1 ( ) mΔ 1D C D AC

⋁ =⋁ ⋀ ′ ′ ⊆=r x( )) { Δ Δ Δ},i
l

i i1 and ▴ = ′ ≤ ≤U j l( , Δ, ) {Δ 1 }jR D . If
≠∪ ∪+POS POS( ) ( ),Δ ΔD D then = ▴+U U( , Δ , ) ( , Δ, )R D R D .

Proof. It is similar to the proof of Theorem 3.4. □

Theorem 3.6 illustrates the relationship between +U( , Δ , )R D and
U( , Δ, )R D when ≠∪ ∪+POS POS( ) ( )Δ ΔD D . Especially, there is no di-

rect relationship between U( , Δ, )R D and +U( , Δ , ),R D and we should
compute +U( , Δ ,R )D with the related family +R U( , Δ , )D .

We provide an incremental algorithm for computing attribute re-
ducts of dynamic covering decision information systems as follows.

Algorithm 3.7. (Incremental Algorithm of Computing +U( , Δ , )R D of
+U( , Δ , )D )

Step 1: Input +U( , Δ , )D ;
Step 2: Construct ∪ +POS ( )Δ D ;
Step 3: Compute = ∈+ +

∪ +R U r x x POS( , Δ , ) { ( ) ( )},ΔD D where

= ⎧
⎨
⎩

∪ ∈ ∪
+

+ +
r x

r x x

r x otherwise
( )

( ) { }, ;

( ), .

m 1 m 1C AC

Step 4: Construct ▴ = ⋀ ⋀ ⋁ = ⋁+ ∈ ∪ ∧ ∉∪ + =( )f U r x( , Δ, ) ( )m x POS x m i
l1 Δ ( ) 1 1D C D AC

⋀ ′ ′ ⊆{ Δ Δ Δ}i i ;
Step 5: Compute ▴ = ′ ∃ ∈U U( , Δ, ) {Δ Δ ( , Δ, ),j iR D R D

⊂ ′ ≤ ≤ ′j ks.t. Δ Δ , 1 }i j ;
Step 6: Output +U( , Δ , )R D .

We employ an example to illustrate how to construct attribute re-
ducts of dynamic covering decision information systems by
Algorithm 3.7 as follows.

Example 3.8. (Continuation from Examples 2.10) (1) By Definition 2.8,
firstly, we have = = ∪+ +r x r x r x r x( ) ( ), ( ) ( ) { },1 1 2 2 6C

= = = =

= ∪

+ + + + +r x r x r x r x r x r x r x r x r x

r x

( ) ( ), ( ) ( ), ( ) ( ), ( ) ( ), ( )

( ) { }
3 3 4 4 5 5 6 6 7

7 6C

and

= ∪+r x r x( ) ( ) { }.8 8 6C Consequently, we get R
=+U( , Δ , ) {{ , , }, { ,1 3 5 1D C C C C , , , }, { , , ,2 3 4 5 1 2 3C C C C C C C ,4C

, }, { , , , }, { , , }},5 6 1 2 4 5 2 4 6C C C C C C C C C and

= ⋀ ⋁ ∈

= ∨ ∨ ∧ ∨ ∨ ∨ ∨ ∨

∧ ∨ ∨ ∨ ∨ ∧
∨ ∨ ∨ ∧ ∨ ∨

= ∨ ∨ ∧ ∨ ∨ ∨ ∧ ∨ ∨

= ∧ ∨ ∧ ∨ ∧ ∨ ∧

∨ ∧ ∨ ∧ ∨ ∧ ∨ ∧

+ + + +f U r x r x R U( , Δ , ) { ( ) ( ) ( , Δ , )}

( ) ( )

( ) (
) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ).

1 3 5 1 2 3 4 5 6

1 2 3 4 5 1

2 4 5 2 4 6

1 3 5 1 2 4 5 2 4 6

1 2 1 4 1 6 2 3

2 5 3 4 4 5 5 6

D D

C C C C C C C C C

C C C C C C

C C C C C C

C C C C C C C C C C

C C C C C C C C

C C C C C C C C

So we have =+U( , Δ , ) {{ , }, { , },{ , }, { , },1 2 1 4 1 6 2 3R D C C C C C C C C

{ , }, { , }, { , }, { , }}.2 5 3 4 4 5 5 6C C C C C C C C

Secondly, by Theorem 3.4, we get

▴ = ∧ ∨ ∨ ∧ ∨ ∨ ∨ ∨

∧ ∨ ∨ ∨
= ∧ ∨ ∨ ∧ ∨ ∨ ∨

= ∧ ∨ ∧ ∨ ∧ ∧

∨ ∧ ∧

+f U( , Δ , ) ( ) ( )

( )
( ) ( )

( ) ( ) ( )

( ).

6 1 3 5 1 2 3 4 5

1 2 4 5

6 1 3 5 1 2 4 5

1 6 5 6 2 3 6

3 4 6

D C C C C C C C C C

C C C C

C C C C C C C C

C C C C C C C

C C C

It follows that ▴ =U( , Δ, ) {{ , )}, { , }}.1 6 5 6R D C C C C Therefore, we have
=+U( , Δ , ) {{ , }, { , }, { , }, { , }, { , }, { , }, { , },1 2 1 4 2 3 2 5 3 4 4 5 1 6R D C C C C C C C C C C C C C C { , }}.5 6C C

(2) By Definition 2.8, we have that =+ +r x r x( ) { , }, ( )1 2 3 2C C

= ∅ = ∅ =+ +r x r x, ( ) , ( ) { , , },3 4 1 2 5C C C

= = =+ + +r x r x r x( ) { , , }, ( ) { , }, ( ) { }5 1 2 5 6 1 2 7 1C C C C C C and =+r x( ) { }.8 1C

Subsequently, we have

= ⋀ ⋁ ∈
= ∨ ∧ ∨ ∧ ∨ ∨ ∧
= ∨ ∧
= ∧ ∨ ∧

+ + + +f U r x r x R U( , Δ , ) { ( ) ( ) ( , Δ , )}
( ) ( ) ( )
( )
( ) ( ).

1 2 2 3 1 2 5 1

2 3 1

1 2 1 3

D D

C C C C C C C C

C C C

C C C C

So we obtain =+U( , Δ , ) {{ , }, { , }}.1 2 1 3R D C C C C

Secondly, by Theorem 3.6, we have

▴ = ∧ ⋁ ∧ ⋁ ∧ ⋁

∧ ⋁
= ∧ ∨ ∧ ∨ ∧
= ∧ ∧ ∨ ∧ ∧

+ + +

+

f U r x r x r x

r x

( , Δ, ) ( ( )) ( ( )) ( ( ))

( ( ))
( ) ( )

( ) ( ).

5 1 6 7

8

5 2 3 1 2 1

1 2 5 1 3 5

D C

C C C C C C

C C C C C C

It follows that ▴ = ∅U( , Δ, ) .R D Therefore, we get
=+U( , Δ , ) {{ , }, { , }}1 2 1 3R D C C C C .

Example 3.8 illustrates how to compute attribute reducts of dy-
namic covering decision information systems by Algorithms 2.9 and
3.7. We see that the incremental algorithm is more effective than the
non-incremental algorithm for attribute reduction of consistent and
inconsistent dynamic covering decision information systems.

In practical situations, there are a lot of dynamic covering decision
information systems caused by deleting attributes, and we study attri-
bute reduction of covering decision information systems when deleting
attributes as follows.

Definition 3.9. Let U( , Δ, )D and −U( , Δ , )D be covering decision
information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C and

= …−
−Δ { , , , }m1 2 1C C C . Then −U( , Δ , )D is called a dynamic covering

decision information system of U( , Δ, )D .

By Definition 3.9, we see that −U( , Δ , )D is consistent or incon-
sistent when deleting mC from U( , Δ, )D since U( , Δ, )D is a consistent
covering decision information system. Furthermore, we notice that

−U( , Δ , )D is inconsistent when deleting mC from U( , Δ, )D since
U( , Δ, )D is an inconsistent covering decision information system. In
the following, we study two types of dynamic covering decision in-
formation systems when deleting attributes as follows: (1) −U( , Δ , )D is
a consistent covering decision information system; (2) −U( , Δ , )D is an
inconsistent covering decision information system.

Example 3.10. (Continuation from Examples 2.10) (1) Let U( , Δ, )D

and −U( , Δ , )D be covering decision information systems, where
=U x x{ , ,1 2 … x, },8 =Δ { , , , , },1 2 3 4 5C C C C C =−Δ { , , , },1 2 3 4C C C C and
= x x x x x x x x{{ , , }, { , , }, { , }},1 2 3 4 5 6 7 8D where

=
=
=
=
=

x x x x x x x x x x x x
x x x x x x x x x x x x
x x x x x x x x x x x x x
x x x x x x x x x x x
x x x x x x x x x x x x

{{ , }, { , , }, { }, { }, { , }, { , , }};
{{ , , }, { , }, { , }, { , }, { }, { , }};
{{ }, { , , }, { , }, { , , , }, { , , }};
{{ , , }, { , }, { , , }, { }, { , }};
{{ , , }, { }, { , }, { , , }, { , , }}.

1 1 2 2 3 4 3 4 5 6 6 7 8

2 1 3 4 2 3 4 5 5 6 6 7 8

3 1 1 2 3 2 3 3 4 5 6 5 7 8

4 1 2 4 2 3 4 5 6 6 7 8

5 1 2 3 4 5 6 5 6 8 4 7 8

C

C

C

C

C

By Definition 3.9, we see that −U( , Δ , )D is a dynamic covering decision
information system of U( , Δ, )D . Especially, we observe that U( , Δ, )D

and −U( , Δ , )D are consistent covering decision information systems.
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(2) Let U( , Δ, )D and −U( , Δ , )D be covering decision information
systems, where =U x x{ , ,1 2 … x, },8 =Δ { , , , },1 2 3 4C C C C =−Δ { , , },1 2 3C C C

and = x x x x x x x x{{ , , }, { , , }, { , }}1 2 3 4 5 6 7 8D . By Definition 3.9, we see that
−U( , Δ , )D is a dynamic covering decision information system of

U( , Δ, )D . Specially, we observe that U( , Δ, )D and −U( , Δ , )D are in-
consistent covering decision information systems.

Suppose U( , Δ, )D and −U( , Δ , )D are covering decision information
systems, where = …U x x x{ , , , },n1 2 = …Δ { , , , },m1 2C C C and = …− −Δ { , , , },m1 2 1C C C

= ∈ ∪ ∃ ∈ ⊆C D C D{ Δ , s.t. },j jΔA D = ∈ ∃ ∈ ∈ ∈r x C x C( ) { Δ , s.t. },ΔC A C

and = ∈ ∃ ∈ ∈ ∈− − −r x C x C( ) { Δ , s.t. }.ΔC A C

Theorem 3.11. Let U( , Δ, )D and −U( , Δ , )D be covering decision
information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C and

= …−
−Δ { , , , }m1 2 1C C C . Then we have

= ⎧
⎨
⎩

∖ ∈ ∪
−r x

r x x

r x otherwise
( )

( ) { }, if ;

( ), .

m mC AC

Proof. By Definitions 2.8, for any x∈U, we
have = ∈ ∃ ∈ ∈ ∈r x C x C( ) { Δ , s.t. },ΔC A C and =−r x( )

∈ ∃ ∈ ∈ ∈− −C x C{ Δ , s.t. }ΔC A C . If ∈ r x( ),mC then we have
= ∖−r x r x( ) ( ) { }mC . After that, if ∉ r x( ),mC then we have =−r x r x( ) ( ).

Therefore, we have = ∖−r x r x( ) ( ) { }.mC □

Theorem 3.12 illustrates the relationship between r(x) of U( , Δ, )D

and −r x( ) of −U( , Δ , )D . Concretely, we construct the related set −r x( )
on the basis of the related set r(x), which reduces time complexity of
computing the related families for attribute reduction of dynamic
covering decision information systems.

Theorem 3.12. Let U( , Δ, )D and −U( , Δ , )D be covering decision
information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C and

= …−
−Δ { , , , }m1 2 1C C C . If =∪ ∪−POS POS( ) ( ),Δ ΔD D then we have

= ∉ ∈−U U( , Δ , ) {Δ Δ ( , Δ, )}.i m iR D C R D

Proof. The proof is straightforward by Definition 2.6. □

Theorem 3.12 illustrates the relationship between −U( , Δ , )R D of
U( , Δ, )D and U( , Δ, )R D of −U( , Δ , ),D and we have

= ∉ ∈−U U( , Δ , ) {Δ Δ ( , Δ, )}i m iR D C R D when =∪ −POS ( )Δ D

∪POS ( )Δ D . Furthermore, each element of U( , Δ, )R D which does not
contain mC belongs to −U( , Δ , ),R D so there is no need of computation
if we want to get only a reduct of −U( , Δ , ),D which reduces time
complexities of computing attribute reducts of dynamic covering deci-
sion information systems.

Theorem 3.13. Let U( , Δ, )D and −U( , Δ , )D be covering decision
information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C and

= …−
−Δ { , , , }m1 2 1C C C . If ≠∪ ∪−POS POS( ) ( ),Δ ΔD D then we have

=r x( ) { }mC for ∈ ∖∪ ∪ −x POS POS( ) ( )Δ ΔD D . Especially, we get ∈ ▵m iC

for any ▵ ∈ U( , Δ, ).i R D

Proof. The proof is straightforward by Definition 2.8. □

Theorem 3.13 illustrates some properties of the related family
R U( , Δ, )D when ≠∪ ∪−POS POS( ) ( )Δ ΔD D . Especially, there is no direct
relationship between U( , Δ, )R D and −U( , Δ , ),R D and we should
compute −U( , Δ ,R )D by Definition 2.8 after constructing the related
family −R U( , Δ , ),D which reduces time complexities of computing
attribute reducts of dynamic covering decision information systems.

Theorem 3.14. Let U( , Δ, )D and −U( , Δ , )D be covering decision
information systems, where =U x x{ , ,1 2 … x, },n = …Δ { , , , },m1 2C C C and

= …−
−Δ { , , , },m1 2 1C C C and = ⋀ ⋁ ∈ = ⋁− − − −

=f U r x r x R U( , Δ , ) { ( ) ( ) ( , Δ , )} i
l

1D D

⋀ ⊆ −{ Δ Δ Δ }i i . If PO ≠∪ ∪−S POS( ) ( ),Δ ΔD D then we have
=−U( , Δ , )R D …{Δ , Δ , ,Δ }l1 1 for −U( , Δ , )D .

Proof. The proof is straightforward by Definition 2.8. □

We provide an incremental algorithm for computing attribute re-
ducts of dynamic covering decision information systems as follows.

Algorithm 3.15. Incremental Algorithm of Computing −U( , Δ , )R D of
−U( , Δ , )D )

Step 1: Input −U( , Δ , )D ;
Step 2: Construct ∪ −POS ( )Δ D ;
Step 3: Compute = ∈− −

∪ −R U r x x POS( , Δ , ) { ( ) ( )},ΔD D where

= ⎧
⎨⎩

∖ ∈ ∪−r x
r x x
r x otherwise

( )
( ) { }, if ;
( ), .

m mC AC

Step 4: Compute −U( , Δ , )R D by Theorems 3.12 and 3.14;
Step 5: Output −U( , Δ , )R D .

We employ an example to illustrate how to construct attribute re-
ducts of dynamic covering decision information systems by
Algorithm 3.15 as follows.

Example 3.16. (Continuation from Example 3.8) (1) By Definition 2.8,
firstly, we have =− −r x r x( ) { , }, ( )1 1 3 2C C = { , , , },1 2 3 4C C C C

= =

= =

− − −

−

r x r x r x

r x

( ) { , , , }, ( ) { , , }, ( )

{ , , }, ( ) { ,
3 1 2 3 4 4 1 2 4 5

1 2 4 6 1

C C C C C C C

C C C C

, },2 4C C −r

=x( ) { , }7 2 4C C and =−r x( ) { , }.8 2 4C C Secondly, we derive

= ⋀ ⋁ ∈
= ∨ ∧ ∨
= ∧ ∨ ∧ ∨ ∧ ∨ ∧

− − −f U r x r x R U( , Δ , ) { ( ) ( ) ( , Δ, )}
( ) ( )
( ) ( ) ( ) ( ),

1 3 2 4

1 2 1 4 2 3 3 4

D D

C C C C

C C C C C C C C

and =−U( , Δ , ) {{ , },1 2R D C C { , }, { , }, { , }}.1 4 2 3 3 4C C C C C C Thirdly, by
Theorem 3.12, we get =−U( , Δ , ) {{ , },1 2R D C C

{ , }, { , }, { , }}.1 4 2 3 3 4C C C C C C

(2) By Definition 2.8, firstly, we have =− −r x r x( ) { , }, ( )1 2 3 2C C

= ∅ = ∅ = =

= =

− − − −

−

r x r x r x r x

r x

, ( ) , ( ) { , }, ( ) { , }, ( )

{ , }, ( ) { }
3 4 1 2 5 1 2 6

1 2 7 1

C C C C

C C C

and −r

=x( ) { }.8 1C Secondly, we obtain

= ⋀ ⋁ ∈
= ∨ ∧ ∨ ∧
= ∨ ∧
= ∧ ∨ ∧

− − −f U r x r x R U( , Δ , ) { ( ) ( ) ( , Δ, )}
( ) ( )
( )
( ) ( ),

2 3 1 2 1

2 3 1

1 2 1 3

D D

C C C C C

C C C

C C C C

and =−U( , Δ , ) {{ , }, { , }}.1 2 1 3R D C C C C Thirdly, by Theorem 3.14, we
have =−U( , Δ , ) {{ , },1 2R D C C { , }}1 3C C .

Example 3.16 illustrates how to compute attribute reducts of dy-
namic covering decision information systems when deleting attributes
by Algorithms 2.9 and 3.14. We see that the incremental algorithm is
more effective than the non-incremental algorithm for attribute re-
duction of consistent and inconsistent dynamic covering decision in-
formation systems.

4. Heuristic algorithms for attribute reduction of dynamic
covering decision information systems

In this section, we present heuristic algorithms for computing at-
tribute reducts of dynamic covering decision information systems with
variations of attribute sets.

Suppose U( , Δ, )D is a covering decision information system, where
= …U x x x{ , , , },n1 2 = …Δ { , , ,1 2C C },mC = …D D D{ , , , },k1 2D

= ∈ ∪R U r x x POS( , Δ, ) { ( ) ( )},ΔD D

= ∈

∈ ∧ ∀ ∈ ⊈ ∧

∈
∪ ∪

SR U r x R U x

POS y POS r y r x r y

R U

( , Δ, ) { ( ) ( , Δ, )

( ) ( ( ), ( ) ( ) ( )

( , Δ, ))},
Δ Δ

D D

D D

D
and C denotes the number of times for a covering C appeared in
SR U( , Δ, )D .

Algorithm 4.1. (Heuristic Algorithm of Computing a Reduct of
U( , Δ, )D )(NIHA).

Step 1: Input U( , Δ, )D ;
Step 2: Construct = ⋃∪ ∪POS POS D( ) { ( )iΔ ΔD ∈D }i D ;
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Step 3: Compute = ∈ ∪R U r x x POS( , Δ, ) { ( ) ( )}ΔD D ;
Step 4: Construct a reduct △ = …* { , , , },i i ij1 2C C C where

=SR U SR U( , Δ, ) ( , Δ, ),1 D D

= ∈ ∈max r x SR U{ ( ) ( , Δ, )}i i i 11C C C D ;
= ∈ ∉SR U r x SR U r x( , Δ, ) { ( ) ( , Δ, ) ( )},i2 1D D C

= ∈ ∈max r x SR U{ ( ) ( , Δ, )}i i i 22C C C D ;
= ∈ ∉ ∨ ∉SR U r x SR U r x r x( , Δ, ) { ( ) ( , Δ, ) ( ) ( )},i i3 1 2D D C C

= ∈ ∈max r x SR U{ ( ) ( , Δ, )}i i i 33C C C D ; ... ; S
= ∈ ∉ ∨ ∉ ∨ …

∨ ∉−

R U r x SR U r x r x

r x

( , Δ, ) { ( ) ( , Δ, ) ( ) ( )

( )},

j i i

ij

1 2

1

D D C C

C

= ∈ ∈max r x SR U{ ( ) ( , Δ, )},i i i jjC C C D and =SR U( , Δ, )D

∈ ∨ ∈ ∨ … ∨ ∈r x r x r x r x{ ( ) ( ) ( ) ( )}i i ij1 2C C C ;
Step 5: Output the reduct △*.

By Algorithm 4.1, we observe that constructing all attribute reducts
of covering decision information systems by Algorithm 2.9 is NP hard
problem, and it is enough to compute a reduct for covering decision
information systems by Algorithm 4.1. Furthermore, if there exist two
coverings iC and jC such that

= = ∈ ∈max r x SR U{ ( ) ( , Δ, )},i j i i kC C C C D then we select
= ∈ ∈max r x SR U{ ( ) ( , Δ, )}i i i kC C C D or = max {jC

∈ ∈r x SR U( ) ( , Δ, )}i i kC C D .

Example 4.2. (Continuation from Example 2.10) (1) In Example 2.10(1),
we derive =SR U( , Δ, ) {{ , ,1 3D C C },5C { , }}.2 4C C By Algorithm 4.1,
firstly, we obtain =SR U( , Δ, ) {{ , , }, { , }}1 1 3 5 2 4D C C C C C and

= ∈ ∈max r x SR U{ ( ) ( , Δ, )}i i1 1C C C D . Secondly, we get
=SR U( , Δ, ) {{ , }},2 2 4D C C and = max { i2C C ∈ ∈r x SR U( ) ( , Δ, )}i 2C D .

Finally, we have a reduct △ =* { , }1 2C C of U( , Δ, )D .
(2) In Example 2.10(2), we derive =SR U( , Δ, ) {{ , }, { }}.2 3 1D C C C By

Algorithm 4.1, firstly, we obtain =SR U( , Δ, ) {{ , }, { }}1 2 3 1D C C C and
= ∈ ∈max r x SR U{ ( ) ( , Δ, )}i i1 1C C C D . Secondly, we get

=SR U( , Δ, ) {{ , }},2 2 3D C C and = max { i2C C ∈ ∈r x SR U( ) ( , Δ, )}i 2C D .
Finally, we have a reduct △ =* { , }1 2C C of U( , Δ, )D .

Suppose +U( , Δ , )D and U( , Δ, )D are covering decision information
systems, where = …U x x x{ , , , },n1 2 = …Δ { , , , },m1 2C C C and

= …+
+Δ { , , , , },m m1 2 1C C C C = …D D D{ , , , },k1 2D +R U( , Δ , )D

= ∈+
∪ +r x x POS{ ( ) ( )},Δ D

= ∈

∈ ∧ ∀

∈ ⊈ ∧ ∈

+ + +

∪

∪
+ + + +

+

+

SR U r x R U x

POS y

POS r y r x r y R U

( , Δ , ) { ( ) ( , Δ , )

( ) (
( ), ( ) ( ) ( ) ( , Δ , ))},

Δ

Δ

D D

D

D D
and C denotes the number of times for a covering C appeared in

+SR U( , Δ , )D .

Algorithm 4.3. (Heuristic Algorithm of Computing a Reduct of
+U( , Δ , )D )(IHAA)

Step 1: Input +U( , Δ , )D ;
Step 2: Construct ∪ +POS ( )Δ D ;
Step 3: Compute = ∈+ +

∪ +R U r x x POS( , Δ , ) { ( ) ( )},ΔD D where

= ⎧
⎨⎩

∪ ∈ ∪+ + +r x
r x x
r x otherwise

( )
( ) { }, if ;
( ), .

m 1 m 1C AC

Step 4: Construct a reduct △ = …+* { , , , },i i ij1 2C C C where
=+ +SR U SR U( , Δ , ) ( , Δ , ),1 D D

= ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )}i i i 11C C C D ;
= ∈ ∉+ + + +SR U r x SR U r x( , Δ , ) { ( ) ( , Δ , ) ( )},i2 1D D C

= ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )}i i i 22C C C D ;
= ∈ ∉ ∨ ∉+ + + + +SR U r x SR U r x r x( , Δ , ) { ( ) ( , Δ , ) ( ) ( )},i i3 1 2D D C C

= ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )}i i i 33C C C D ; ... ; S
= ∈ ∉ ∨ ∉ ∨ …

∨ ∉

+ + + + +

+
−

R U r x SR U r x r x

r x

( , Δ , ) { ( ) ( , Δ , ) ( ) ( )

( )},

j i i

ij

1 2

1

D D C C

C

= ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )},i i i jjC C C D and =+SR U( , Δ , )D

∈ ∨ ∈ ∨ … ∨ ∈+ + + +r x r x r x r x{ ( ) ( ) ( ) ( )}i i ij1 2C C C ;
Step 5: Output the reduct △ +* .

In Algorithm 4.3, there are two situations for constructing reducts of
dynamic covering decision information systems with immigration of
attributes as follows: (1) if we have =∪ ∪+POS POS( ) ( ),Δ ΔD D then a
reduct of U( , Δ, )D belongs to +U( , Δ , )R D ; (2) if we have

≠∪ ∪+POS POS( ) ( ),Δ ΔD D then we compute a reduct by Algorithm 4.3.
Furthermore, if there are two coverings iC and jC such that

= = ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )},i j i i kC C C C D then we select
= ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )}i i i kC C C D or = max {jC

∈ ∈+ +r x SR U( ) ( , Δ , )}i i kC C D .

Example 4.4. (Continuation from Example 3.8) (1) In Example 3.8 (1),
we have =+SR U( , Δ , ) {{ , ,1 3D C C }, { , , , }, { , , }}.5 1 2 4 5 2 4 6C C C C C C C C By
Algorithm 4.3, firstly, we obtain =+SR U( , Δ , ) {{ , ,1 1 3D C C },5C

{ , , , }, { , , }}1 2 4 5 2 4 6C C C C C C C and = ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )}i i1 1C C C D .
Secondly, we obtain SR2 =+U( , Δ , ) {{ , , }},2 4 6D C C C

= ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )}i i2 2C C C D . Finally, we get a
reduct △ =+* { , }1 2C C of +U( , Δ , )D .

(2) In Example 3.8 (2), we get =+SR U( , Δ , ) {{ }, { , }}.1 2 3D C C C By
Algorithm 4.3, firstly, we obtain =+SR U( , Δ , ) {{ }, { , }}1 1 2 3D C C C and

= ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )}i i1 1C C C D . Secondly, we get
=+SR U( , Δ , ) {{ , }},2 2 3D C C

= ∈ ∈+ +max r x SR U{ ( ) ( , Δ , )}i i2 2C C C D . Finally, we have a re-
duct △ =+* { , }1 2C C of +U( , Δ , )D .

Suppose −U( , Δ , )D and U( , Δ, )D are covering decision informa-
tion systems, where = …U x x x{ , , , },n1 2 = …Δ { , , , },m1 2C C C and

= …− −Δ { , , , },m1 2 1C C C = …D D D{ , , , },k1 2D =−R U( , Δ , )D ∈−
∪ −r x x POS{ ( ) ( )},Δ D

= ∈

∈ ∧ ∀

∈ ⊈ ∧ ∈

− − −

∪

∪
− − − −

−

+

SR U r x R U x

POS y

POS r y r x r y R U

( , Δ , ) { ( ) ( , Δ , )

( ) (
( ), ( ) ( ) ( ) ( , Δ , ))},

Δ

Δ

D D

D

D D
and C denotes the number of times for a covering C appeared in

−SR U( , Δ , )D .

Algorithm 4.5. (Heuristic Algorithm of Computing a Reduct of
−U( , Δ , )D )(IHAD)

Step 1: Input −U( , Δ , )D ;
Step 2: Construct ∪ −POS ( )Δ D ;
Step 3: Compute = ∈− −

∪ −R U r x x POS( , Δ , ) { ( ) ( )},ΔD D where

= ⎧
⎨⎩

∖ ∈ ∪−r x
r x x
r x otherwise

( )
( ) { }, if ;
( ), .

m mC AC

Step 4: Construct a reduct △ = …−* { , , , },i i ij1 2C C C where
=− −SR U SR U( , Δ , ) ( , Δ , ),1 D D

= ∈ ∈− −max r x R U{ ( ) ( , Δ , )}i i i 11C C C D ;
= ∈ ∉− − − −SR U r x SR U r x( , Δ , ) { ( ) ( , Δ , ) ( )},i2 1D D C

= ∈ ∈− −max r x SR U{ ( ) ( , Δ , )}i i i 22C C C D ;
= ∈ ∉ ∨ ∉− − − − −SR U r x SR U r x r x( , Δ , ) { ( ) ( , Δ , ) ( ) ( )},i i3 1 2D D C C

= ∈ ∈− −max r x SR U{ ( ) ( , Δ , )}i i i 33C C C D ; ... ; S
= ∈ ∉ ∨ ∉ ∨ …

∨ ∉

− − − − −

−
−

R U r x SR U r x r x

r x

( , Δ , ) { ( ) ( , Δ , ) ( ) ( )

( )},

j i i

ij

1 2

1

D D C C

C

= ∈ ∈− −max r x SR U{ ( ) ( , Δ , )},i i i jjC C C D and =−SR U( , Δ , )D

∈ ∨ ∈ ∨ … ∨ ∈− − − −r x r x r x r x{ ( ) ( ) ( ) ( )}i i ij1 2C C C ;
Step 5: Output the reduct △ −* .

In Algorithm 4.5, we see that there are two situations for con-
structing reducts of dynamic covering decision information systems
with emigration of attributes as follows: (1) if we have

=∪ ∪−POS POS( ) ( ),Δ ΔD D then a reduct of U( , Δ, )D belongs to
−U( , Δ , )R D ; (2) if we have ≠∪ ∪−POS POS( ) ( ),Δ ΔD D then we compute

a reduct by Algorithm 4.5. Furthermore, if there exist two coverings iC

and jC such that = = ∈ ∈− −max r x SR U{ ( ) ( , Δ , )},i j i i kC C C C D

then we select = ∈ ∈− −max r x SR U{ ( ) ( , Δ , )}i i i kC C C D or
= ∈ ∈− −max r x SR U{ ( ) ( , Δ , )}j i i kC C C D .

Example 4.6. (Continuation from Example 3.16) (1) In
Example 3.16(1), we derive =−SR U( , Δ , ) {{ , },1 3D C C { , }}.2 4C C By
Algorithm 4.5, firstly, we obtain =−SR U( , Δ , ) {{ , }, { , }}1 1 3 2 4D C C C C
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and = ∈ ∈− −max r x SR U{ ( ) ( , Δ , )}i i1 1C C C D . Secondly, we have
=−SR U( , Δ , ) {{ , }},2 2 4D C C

= ∈ ∈− −max r x SR U{ ( ) ( , Δ , )}i i2 2C C C D . Finally, we get a reduct
△ =−* { , }1 2C C of −U( , Δ , )D .

(2) In Example 3.16(2), we have =−SR U( , Δ , ) {{ }, { , }}.1 2 3D C C C By
Algorithm 4.5, we firstly obtain =−SR U( , Δ , ) {{ }, { , }}1 1 2 3D C C C and

= ∈ ∈− −max r x SR U{ ( ) ( , Δ , )}i i1 1C C C D . Secondly, we get
=−SR U( , Δ , ) {{ , }},2 2 3D C C

= ∈ ∈− −max r x SR U{ ( ) ( , Δ , )}i i2 2C C C D . Finally, we obtain a re-
duct △ =−* { , }1 2C C of −U( , Δ , )D .

5. Experimental analysis

In this section, we perform experiments to illustrate the effective-
ness of Algorithms 4.1, 4.3 and 4.5 for computing attribute reducts of
dynamic covering decision information systems with immigration and
emigration of attributes.

To test Algorithms 4.1, 4.3 and 4.5, we converted eight data sets
downloaded from UCI and depicted by Table 1 into covering decision
information systems. Concretely, we derive a covering and a partition
by a conditional attribute and a decision attribute, respectively. For the
category attribute, we classify objects with the same attribute value into
a block. For the numerical attribute, we classify two objects into a block
if the Euclid Distance between them is less than 0.05 after normal-
ization processing. Because the purpose of the experiment is to test the
efficiency of Algorithms 4.1, 4.3 and 4.5 for attribute reduction in dy-
namic covering decision information systems, we do not discuss which
is the best way to transform data sets into covering decision information
systems. Especially, we see that ≤ ≤U i{( , Δ , ) 1 4}i i iD are consistent

covering decision information systems, and ≤ ≤U i{( , Δ , ) 5 8}i i iD are
inconsistent covering decision information systems. Moreover, we
conducted all computations on a PC with a Intel(R) Dual-Core(TM) i7-
7700K CPU @ 4.20 GHZ 4.20 GHZ and 32 GB memory, running 64-bit
Windows 10; the software was 64-bit Matlab R2016a.

5.1. Compare effectiveness of computing attribute reducts using
Algorithms 4.1 and 4.3

In this section, we construct attribute reducts of dynamic covering
decision information systems when adding attributes with
Algorithms 4.1 and 4.3, and compare their effectiveness of computing
attribute reducts in dynamic covering decision information systems.

Firstly, we compare the times of computing a reduct using
Algorithm 4.1 with those using Algorithm 4.3 in dynamic covering
decision information systems when adding an attribute. Concretely, we
perform each experiment ten times, and show all times of computing
attribute reducts of dynamic covering decision information systems in
Table 2. For instance, we have the computation times {0.5456, 0.5511,
0.5527, 0.5398, 0.5486, 0.5442, 0.5394, 0.5478, 0.5411, 0.5561} and
{0.1510, 0.1491, 0.1476, 0.1486, 0.1480, 0.1520, 0.1477, 0.1476,
0.1494, 0.1828} for constructing reducts by Algorithms 4.1 and 4.3,
respectively, in +U( , Δ , )1 1 1D . We see that the times of computing a re-
duct using Algorithm 4.1 are larger than those using Algorithm 4.3 in

+U( , Δ , )i i iD . For example, we have the computation times
0.5456≥ 0.1510, 0.5511≥ 0.1491, 0.5527≥ 0.1476, 0.5398≥
0.1486, 0.5486≥ 0.1480, 0.5442≥ 0.1520, 0.5394≥ 0.1477,
0.5478≥ 0.1476, 0.5411≥ 0.1494 and 0.5561≥ 0.1828 when com-
puting a reduct in +U( , Δ , )1 1 1D .

Secondly, we employ Fig. 1 to illustrate the effectiveness of
Algorithms 4.1 and 4.3. For example, Fig. 1(i) illustrates the times of
computing a reduct with Algorithms 4.1 and 4.3 in +U( , Δ , )i i iD . In each
figure, NIHA and IHAA mean Algorithms 4.1 and 4.3, respectively; j
stands for the jth experiment on the dynamic covering decision in-
formation system +U( , Δ , )i i iD in X Axis, where = …j 1, 2, ,10, while the
y-coordinate stands for the time to construct a reduct. Therefore,
Algorithm 4.3 performs better than Algorithm 4.1 in dynamic covering
decision information systems when adding attributes.

Thirdly, we show the average time t of ten experimental results in
the 13th column of Table 2 and Fig. 2, which illustrates that
Algorithm 4.3 executes faster than Algorithm 4.1 in dynamic covering
decision information systems with immigrations of attributes. In Fig. 2,
NIHA and IHAA mean Algorithms 4.1 and 4.3, respectively; i stands the
experiment on the dynamic covering decision information system

+U( , Δ , )i i iD in X Axis, where = …i 1, 2, ,8, while the y-coordinate stands

Table 1
Data sets for experiments.

No. Name Samples Conditional
attributes

Decision
attribute

1 Wine 178 13 1
2 Breast Cancer Wisconsin

(wdbc)
569 30 1

3 Seismic-Bumps 2584 18 1
4 Abalone 4177 8 1
5 Car Evaluation 1728 6 1
6 Chess (King-Rook vs. King-

Pawn)
3196 36 1

7 Optical Recognition of
Handwritten Digits

5620 64 1

8 Letter Recognition 20,000 16 1

Table 2
Computational times using NIHA and IHAA in ≤ ≤+U i{( , Δ , ) 1 8}i i iD .

No ∖ t(s) Algo. 1 2 3 4 5 6 7 8 9 10 t SD

+U( , Δ , )1 1 1D NIHA 0.5456 0.5511 0.5527 0.5398 0.5486 0.5442 0.5394 0.5478 0.5411 0.5561 0.5466 0.0057

IHAA 0.1510 0.1491 0.1476 0.1486 0.1480 0.1520 0.1477 0.1476 0.1494 0.1828 0.1524 0.0108
+U( , Δ , )2 2 2D NIHA 12.2361 12.1000 12.2665 12.1443 12.0938 12.0783 12.1472 12.1665 12.1751 12.1190 12.1527 0.0611

IHAA 2.3138 2.3140 2.3219 2.3546 2.3145 2.3045 2.3005 2.2972 2.3155 2.3198 2.3156 0.0159
+U( , Δ , )3 3 3D NIHA 15.7149 15.7251 15.7259 15.8077 15.6864 15.7181 15.7144 15.6278 15.7817 15.6703 15.7172 0.0513

IHAA 0.4880 0.5055 0.4843 0.4937 0.5091 0.5254 0.4962 0.5098 0.5082 0.4931 0.5013 0.0125
+U( , Δ , )4 4 4D NIHA 71.1000 71.1486 71.0970 71.1462 71.0236 71.5354 71.0191 70.6481 70.7136 71.0167 71.0448 0.2442

IHAA 12.1369 12.1072 12.1357 12.1055 12.0998 12.0906 12.1626 12.1099 12.1588 12.0843 12.1191 0.0276
+U( , Δ , )5 5 5D NIHA 0.5205 0.5167 0.5064 0.5094 0.5061 0.5006 0.5177 0.5030 0.5107 0.5005 0.5092 0.0072

IHAA 0.1010 0.1051 0.1055 0.1004 0.1013 0.1017 0.1010 0.1004 0.1004 0.1004 0.1017 0.0019
+U( , Δ , )6 6 6D NIHA 7.1708 7.1779 7.1221 7.1867 7.1616 7.2006 7.1731 7.1350 7.3827 7.1822 7.1893 0.0719

IHAA 0.2026 0.2000 0.2028 0.2133 0.1942 0.2007 0.1973 0.1975 0.1999 0.1986 0.2007 0.0051
+U( , Δ , )7 7 7D NIHA 42.1162 42.0302 42.1370 42.2014 42.1242 42.1460 42.2470 42.1718 42.1203 42.0872 42.1381 0.0599

IHAA 1.1013 1.0864 1.0815 1.1246 1.1178 1.0869 1.0932 1.1178 1.1056 1.0937 1.1009 0.0151
+U( , Δ , )8 8 8D NIHA 54.0630 54.1615 54.0686 54.1015 54.0985 54.0088 54.1642 53.9911 53.9212 54.1004 54.0679 0.0761

IHAA 3.8415 3.8329 3.8280 3.8307 3.8462 3.8390 3.8444 3.8290 3.8315 3.8338 3.8357 0.0066
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Fig. 1. Computational times using Algorithms 4.1 and 4.3 in ≤ ≤+U i{( , Δ , ) 1 8}i i iD .
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for the time to construct a reduct. From the last column of Table 2, we
get the standard deviations(SD) of ten computational times using
Algorithms 4.1 and 4.3 in the dynamic covering decision information
system ≤ ≤+U i( , Δ , )(1 8),i i iD which illustrate that Algorithms 4.1 and
4.3 are stable for computing attribute reducts of dynamic covering
decision information systems with emigrations of attributes.

Remark. In this experiment, we take eight covering decision
information systems induced by data sets of UCI as dynamic covering
decision information systems, and get the original covering decision
information system by deleting the last covering from a dynamic
covering decision information system. For example, we transformed
Wine data set into a dynamic covering decision information system

+U( , Δ , ),1 1 1D and get the original covering decision information system
U( , Δ , )1 1 1D by deleting 13C from +U( , Δ , ),1 1 1D where =U 178,1

=+Δ 13,1 =Δ 121 and = 11D .

5.2. Compare effectiveness of computing attribute reducts using
Algorithms 4.1 and 4.5

In this section, we construct attribute reducts of dynamic covering
decision information systems when deleting attributes with
Algorithms 4.1 and 4.5, and compare their effectiveness of computing
attribute reducts in dynamic covering decision information systems.

Firstly, we compare the times of computing a reduct using

Algorithm 4.1 with those using Algorithm 4.5 in dynamic covering
decision information systems when deleting an attribute. Concretely,
we perform each experiment ten times and show all times of con-
structing attribute reducts of dynamic covering decision information
systems in Table 3. For instance, we have the computation times
{0.7177, 0.5120, 0.5026, 0.4946, 0.4931, 0.4897, 0.5035, 0.4916,
0.4909, 0.4861} and {0.1050, 0.0977, 0.1069, 0.1133, 0.0993, 0.0967,
0.0972, 0.0970, 0.0978, 0.0969} for computing reducts by
Algorithms 4.1 and 4.5, respectively, in −U( , Δ , )1 1 1D . We observe that
the times of computing a reduct using Algorithm 4.1 are larger than
those using Algorithm 4.5 in −U( , Δ , )i i iD . For example, we
see the computation times 0.1050≤ 0.7177, 0.0977≤ 0.5120,
0.1069≤ 0.5026, 0.1133≤ 0.4946, 0.0993≤ 0.4931, 0.0967≤
0.4897, 0.0972≤ 0.5035, 0.0970≤ 0.4916, 0.0978≤ 0.4909, and
0.0969≤ 0.4861 when computing a reduct in −U( , Δ , )1 1 1D .

Secondly, we employ Fig. 3 to illustrate the effectiveness of
Algorithms 4.1 and 4.5. For example, Fig. 3(i) illustrates the times of
computing a reduct using Algorithms 4.1 and 4.5 in dynamic covering
decision information systems −U( , Δ , )i i iD . In each figure, NIHA and
IHAD mean Algorithms 4.1 and 4.5, respectively; j stands for the jth
experiment in the dynamic covering decision information system

−U( , Δ , )i i iD in X Axis, where = …j 1, 2, ,10, while the y-coordinate
stands for the time to construct a reduct. Therefore, Algorithm 4.5
performs better than Algorithm 4.1 for computing reducts of dynamic
covering decision information systems when deleting attributes.

Thirdly, we depict the average time t of ten experimental results for
covering decision information systems in the 13th column of Table 3
and Fig. 4, which illustrates that Algorithm 4.5 executes faster than
Algorithm 4.1 in dynamic covering decision information systems with
emigrations of attributes. In Fig. 4, NIHA and IHAA mean
Algorithms 4.1 and 4.3, respectively; i stands the experiment on the
dynamic covering decision information system −U( , Δ , )i i iD in X Axis,
where = …i 1, 2, ,8, while the y-coordinate stands for the time to con-
struct a reduct. From the last column of Table 3, we get the standard
deviations(SD) of ten computational times using Algorithms 4.1 and 4.5
in the dynamic covering decision information system −U( , Δ , ),i i iD

which illustrate that Algorithms 4.1 and 4.5 are stable for computing
attribute reducts of dynamic covering decision information systems
with emigrations of attributes.

Remark. In this experiment, we take eight covering decision
information systems induced by data sets of UCI as the original
covering decision information systems and get a dynamic covering
decision information system by deleting the last covering from the
original covering decision information system. For example, we
transformed Wine data set into a covering decision information

Fig. 2. Average computational times using Algorithms 4.1 and 4.3 in
≤ ≤+U i{( , Δ , ) 1 8}i i iD .

Table 3
Computational times using NIHA and IHAD in ≤ ≤−U i{( , Δ , ) 1 8}i i iD .

No ∖ t(s) Algo. 1 2 3 4 5 6 7 8 9 10 t SD

−U( , Δ , )1 1 1D NIHA 0.7177 0.5120 0.5026 0.4946 0.4931 0.4897 0.5035 0.4916 0.4909 0.4861 0.5182 0.0705
IHAD 0.1050 0.0977 0.1069 0.1133 0.0993 0.0967 0.0972 0.0970 0.0978 0.0969 0.1008 0.0057

−U( , Δ , )2 2 2D NIHA 11.7085 11.7356 11.6772 11.7660 11.6128 11.6953 11.7016 11.7953 11.6521 11.7422 11.7086 0.0540
IHAD 1.8740 1.8793 1.8742 1.8628 1.8543 1.8580 1.9130 1.9525 1.8774 1.8667 1.8812 0.0299

−U( , Δ , )3 3 3D NIHA 15.4702 15.3512 15.3561 15.4176 15.5611 15.6066 15.4625 15.3614 15.4634 15.3918 15.4442 0.0870
IHAD 0.2330 0.2302 0.2298 0.2300 0.2323 0.2324 0.2350 0.2355 0.2366 0.2299 0.2325 0.0025

−U( , Δ , )4 4 4D NIHA 59.2708 59.4960 59.6643 59.4157 59.0895 59.4361 59.3471 59.7387 59.4707 59.6875 59.4616 0.2003
IHAD 0.7984 0.7838 0.7756 0.7955 0.7887 0.7749 0.7742 0.7895 0.8173 0.7774 0.7875 0.0136

−U( , Δ , )5 5 5D NIHA 0.4130 0.4127 0.4153 0.4121 0.4109 0.4156 0.4092 0.4161 0.4122 0.4168 0.4134 0.0025
IHAD 0.0127 0.0119 0.0121 0.0118 0.0122 0.0119 0.0123 0.0123 0.0125 0.0121 0.0122 0.0003

−U( , Δ , )6 6 6D NIHA 7.0067 7.0072 6.9822 6.9787 6.9936 7.0719 7.0488 6.9692 6.9778 6.9946 7.0031 0.0331
IHAD 0.0334 0.0335 0.0343 0.0440 0.0340 0.0334 0.0336 0.0331 0.0334 0.0339 0.0347 0.0033

−U( , Δ , )7 7 7D NIHA 41.2621 41.2001 41.4330 41.2749 41.2382 41.3336 41.5394 41.5857 41.4748 41.4061 41.3748 0.1331
IHAD 0.2605 0.2605 0.2662 0.2579 0.2581 0.2743 0.2704 0.2602 0.2596 0.2643 0.2632 0.0055

−U( , Δ , )8 8 8D NIHA 50.4549 50.7105 50.5666 50.8127 50.6475 50.4567 50.4641 50.6006 50.6763 50.4885 50.5878 0.1237
IHAD 0.4483 0.4325 0.4369 0.4220 0.4297 0.4242 0.4263 0.4312 0.4254 0.4304 0.4307 0.0076
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Fig. 3. Computational times using Algorithms 4.1 and 4.5 in ≤ ≤−U i{( , Δ , ) 1 8}i i iD .
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system U( , Δ , ),1 1 1D and get a dynamic covering decision information
system −U( , Δ , )1 1 1D by deleting 13C from U( , Δ , ),1 1 1D where =U 178,1

= =−Δ 13, Δ 121 1 and = 11D .

6. Conclusions

Knowledge reduction of dynamic covering information systems is a
significant challenge of covering-based rough sets. In this paper, firstly,
we have analyzed the related families-based mechanisms of con-
structing attribute reducts of dynamic covering decision information
systems with variations of attributes and employed examples to illus-
trate how to compute attribute reducts of dynamic covering decision
information systems when varying attribute sets. Secondly, we have
presented the related families-based heuristic algorithms for computing
attribute reducts of dynamic covering decision information systems
with attribute arriving and leaving and employed examples to de-
monstrate how to update attribute reducts with the heuristic algo-
rithms. Finally, we have employed the experimental results to illustrate
that the related families-based incremental approaches are effective and
feasible for attribute reduction of dynamic covering decision informa-
tion systems.

In the future, we will study knowledge reduction of dynamic cov-
ering decision information systems with variations of object sets.
Especially, we will provide effective algorithms for knowledge reduc-
tion of dynamic covering decision information systems when object sets
are varying with time.

Acknowledgments

We would like to thank the anonymous reviewers very much for
their professional comments and valuable suggestions. This work is
supported by the National Natural Science Foundation of China (No.
61603063, 61673301, 11771059, 61573255), Hunan Provincial
Natural Science Foundation of China (No. 2018JJ2027, 2018JJ3518),
the Scientific Research Fund of Hunan Provincial Education
Department (No. 15B004), the Fundamental Research Funds for the
Central University.

References

[1] Z. Bonikowski, E. Bryniarski, U. Wybraniec-Skardowska, Extensions and intentions
in the rough set theory, Inf. Sci. 107 (1998) 149–167.

[2] M.J. Cai, Q.G. Li, J.M. Ma, Knowledge reduction of dynamic covering decision in-
formation systems caused by variations of attribute values, Int. J. Mach. Learn.
Cybern. 8 (4) (2017) 1131–1144.

[3] H.M. Chen, T.R. Li, D. Ruan, J.H. Lin, C.X. Hu, A rough-set based incremental ap-
proach for updating approximations under dynamic maintenance environments,
IEEE Trans. Knowl. Data Eng. 25 (2) (2013) 174–184.

[4] D.G. Chen, Y.Y. Yang, Z. Dong, An incremental algorithm for attribute reduction
with variable precision rough sets, Appl. Soft Comput. 45 (2016) 129–149.

[5] D.G. Chen, X.X. Zhang, W.L. Li, On measurements of covering rough sets based on
granules and evidence theory, Inf. Sci. 317 (2015) 329–348.

[6] H. Fujita, A. Gaeta, V. Loia, F. Orciuoli, Resilience analysis of critical infra-
structures: A cognitive approach based on granular computing, IEEE Trans. Cybern
(2018), http://dx.doi.org/10.1109/TCYB.2018.2815178.

[7] J. Hu, T.R. Li, C. Luo, H. Fujita, S.Y. Li, Incremental fuzzy probabilistic rough sets
over two universes, Int. J. Approximate Reasoning 81 (2017) 28–48.

[8] C.X. Hu, S.X. Liu, G.X. Liu, Matrix-based approaches for dynamic updating ap-
proximations in multigranulation rough sets, Knowl. Based Syst. 122 (2017) 51–63.

[9] Q.H. Hu, D.R. Yu, Z.X. Xie, Neighborhood classifiers, Expert Syst. Appl. 34 (2008)
866–876.

[10] B. Huang, C.X. Guo, H.X. Li, G.F. Feng, X.Z. Zhou, An intuitionistic fuzzy graded
covering rough set, Knowl. Based Syst. 107 (2016) 155–178.

[11] Y.Y. Huang, T.R. Li, C. Luo, H. Fujita, S.J. Horng, Matrix-based dynamic updating
rough fuzzy approximations for data mining, Knowl. Based Syst. 119 (2017)
273–283.

[12] Y.Y. Huang, T.R. Li, C. Luo, H. Fujita, S.J. Horng, Dynamic variable precision rough
set approach for probabilistic set-valued information systems, Knowl. Based Syst.
122 (2017) 131–147.

[13] C.X. Huang, C.L. Peng, X.H. Chen, F.H. Wen, Dynamics analysis of a class of delayed
economic model, Abstr. Appl. Anal. (2013) 1–12. 2013

[14] G.M. Lang, Q.G. Li, M.J. Cai, T. Yang, Characteristic matrices-based knowledge
reduction in dynamic covering decision information systems, Knowl. Based Syst. 85
(2015) 1–26.

[15] G.M. Lang, Q.G. Li, M.J. Cai, T. Yang, Q.M. Xiao, Incremental approaches to con-
structing approximations of sets based on characteristic matrices, Int. J. Mach.
Learn. Cybern. 8 (2017) 203–222.

[16] G.M. Lang, D.Q. Miao, T. Yang, M.J. Cai, Knowledge reduction of dynamic covering
decision information systems when varying covering cardinalities, Inf. Sci. (2016)
236–260. 346–347

[17] Y. Leung, W.Z. Wu, W.X. Zhang, Knowledge acquisition in incomplete information
systems: a rough set approach, Eur. J. Oper. Res. 168 (2006) 164–180.

[18] S.Y. Li, T.R. Li, D. Liu, Incremental updating approximations in dominance-based
rough sets approach under the variation of the attribute set, Knowl. Based Syst. 40
(2013) 17–26.

[19] S.Y. Li, T.R. Li, D. Liu, Dynamic maintenance of approximations in dominance-
based rough set approach under the variation of the object set, Int. J. Intell. Syst. 28
(8) (2013) 729–751.

[20] T.R. Li, D. Ruan, W. Geert, J. Song, Y. Xu, A rough sets based characteristic relation
approach for dynamic attribute generalization in data mining, Knowl. Based Syst.
20 (5) (2007) 485–494.

[21] T.R. Li, D. Ruan, J. Song, Dynamic maintenance of decision rules with rough set
under characteristic relation, Wireless Commun. Netw. Mobile Comput. (2007)
3713–3716.

[22] J.H. Li, C.L. Mei, Y.J. Lv, Incomplete decision contexts: approximate concept con-
struction, rule acquisition and knowledge reduction, Int. J. Approximate Reasoning
54 (1) (2013) 149–165.

[23] Y. Li, Z.H. Zhang, W.B. Chen, F. Min, TDUP: an approach to incremental mining of
frequent itemsets with three-way-decision pattern updating, Int. J. Mach. Learn.
Cybern. 8 (2) (2017) 441–453.

[24] J.Y. Liang, F. Wang, C.Y. Dang, Y.H. Qian, A group incremental approach to feature
selection applying rough set technique, IEEE Trans. Knowl. Data Eng. 26 (2) (2014)
294–308.

[25] G.L. Liu, Special types of coverings and axiomatization of rough sets based on
partial orders, Knowl. Based Syst. 85 (2015) 316–321.

[26] D. Liu, T.R. Li, J.B. Zhang, Incremental updating approximations in probabilistic
rough sets under the variation of attributes, Knowl. Based Syst. 73 (2015) 81–96.

[27] D. Liu, D.C. Liang, C.C. Wang, A novel three-way decision model based on in-
complete information system, Knowl. Based Syst. 91 (2016) 32–45.

[28] C.H. Liu, D.Q. Miao, J. Qian, On multi-granulation covering rough sets, Int. J.
Approximate Reasoning 55 (6) (2014) 1404–1418.

[29] C. Luo, T.R. Li, H.M. Chen, L.X. Lu, Fast algorithms for computing rough approx-
imations in set-valued decision systems while updating criteria values, Inf. Sci. 299
(2015) 221–242.

[30] C. Luo, T.R. Li, H.M. Chen, H. Fujita, Y. Zhang, Efficient updating of probabilistic
approximations with incremental objects, Knowl. Based Syst. 109 (2016) 71–83.

[31] L.W. Ma, Two fuzzy covering rough set models and their generalizations over fuzzy
lattices, Fuzzy Sets Syst. 294 (2016) 1–17.

[32] C.D. Maio, G. Fenza, V. Loia, F. Orciuoli, E. Herrera-Viedma, A framework for
context-aware heterogeneous group decision making in business processes, Knowl.
Based Syst. 102 (2016) 39–50.

[33] C.D. Maio, A. Tommasetti, O. Troisi, M. Vesci, G. Fenza, V. Loia, Contextual fuzzy-
based decision support system through opinion analysis: a case study at university
of the salerno, Int. J. Inf. Technol.Decis. Making 15 (05) (2016) 923–948.

[34] J.A. Pomykala, Approximation operations in approximation space, Bull. Pol. Acad.
Sci. 35 (9–10) (1987) 653–662.

[35] J. Qian, C.Y. Dang, X.D. Yue, N. Zhang, Attribute reduction for sequential three-way
decisions under dynamic granulation, Int. J. Approximate Reasoning 85 (2017)
196–216.

[36] Y.H. Qian, J.Y. Liang, D.Y. Li, F. Wang, N.N. Ma, Approximation reduction in in-
consistent incomplete decision tables, Knowl. Based Syst. 23 (5) (2010) 427–433.

Fig. 4. Average computational times using Algorithms 4.1 and 4.5 in
≤ ≤−U i{( , Δ , ) 1 8}i i iD .

G. Lang et al. Knowledge-Based Systems 162 (2018) 161–173

172

http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0001
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0001
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0002
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0002
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0002
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0003
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0003
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0003
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0004
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0004
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0005
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0005
http://dx.doi.org/10.1109/TCYB.2018.2815178
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0006
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0006
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0007
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0007
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0008
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0008
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0009
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0009
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0010
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0010
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0010
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0011
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0011
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0011
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0012
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0012
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0013
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0013
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0013
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0014
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0014
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0014
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0015
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0015
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0015
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0016
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0016
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0017
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0017
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0017
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0018
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0018
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0018
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0019
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0019
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0019
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0020
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0020
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0020
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0021
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0021
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0021
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0022
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0022
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0022
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0023
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0023
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0023
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0024
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0024
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0025
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0025
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0026
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0026
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0027
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0027
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0028
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0028
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0028
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0029
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0029
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0030
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0030
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0031
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0031
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0031
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0032
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0032
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0032
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0033
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0033
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0034
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0034
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0034
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0035
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0035


[37] Z. Pawlak, Rough sets, Int. J. Comput. Inf.Sci. 11 (5) (1982) 341–355.
[38] Y.L. Sang, J.Y. Liang, Y.H. Qian, Decision-theoretic rough sets under dynamic

granulation, Knowl. Based Syst. 91 (2016) 84–92.
[39] W.H. Shu, H. Shen, Incremental feature selection based on rough set in dynamic

incomplete data, Pattern Recognit. 47 (12) (2014) 3890–3906.
[40] W.H. Shu, W.B. Qian, An incremental approach to attribute reduction from dynamic

incomplete decision systems in rough set theory, Data Knowl. Eng. 100 (2015)
116–132.

[41] E.C.C. Tsang, D. Chen, D.S. Yeung, Approximations and reducts with covering
generalized rough sets, Comput. Math. Appl. 56 (2008) 279–289.

[42] A.H. Tan, J.J. Li, Y.J. Lin, G.P. Lin, Matrix-based set approximations and reductions
in covering decision information systems, Int. J. Approximate Reasoning 59 (2015)
68–80.

[43] A.H. Tan, J.J. Li, G.P. Lin, Y.J. Lin, Fast approach to knowledge acquisition in
covering information systems using matrix operations, Knowl. Based Syst. 79
(2015) 90–98.

[44] S. Wang, T.R. Li, C. Luo, H. Fujita, Efficient updating rough approximations with
multi-dimensional variation of ordered data, Inf. Sci. 372 (2016) 690–708.

[45] F. Wang, J.Y. Liang, C.Y. Dang, Attribute reduction for dynamic data sets, Appl. Soft
Comput. 13 (2013) 676–689.

[46] F. Wang, J.Y. Liang, Y.H. Qian, Attribute reduction: a dimension incremental
strategy, Knowl. Based Syst. 39 (2013) 95–108.

[47] C.Z. Wang, M.W. Shao, B.Q. Sun, Q.H. Hu, An improved attribute reduction scheme
with covering based rough sets, Appl. Soft Comput. 26 (2015) 235–243.

[48] C.Z. Wang, Q. He, M.W. Shao, Y.Y. Xu, Q.H. Hu, A unified information measure for
general binary relations, Knowl. Based Syst. 135 (1) (2017) 18–28.

[49] S.P. Wang, W. Zhu, Q.H. Zhu, F. Min, Characteristic matrix of covering and its
application to boolean matrix decomposition and axiomatization, Inf. Sci. 263 (1)
(2014) 186–197.

[50] W.Z. Wu, Attribute reduction based on evidence theory in incomplete decision
systems, Inf. Sci. 178 (2008) 1355–1371.

[51] J.F. Xu, D.Q. Miao, Y.J. Zhang, Z.F. Zhang, A three-way decisions model with
probabilistic rough sets for stream computing, Int. J. Approximate Reasoning 88
(2017) 1–22.

[52] W.H. Xu, X.Y. Zhang, J.M. Zhong, Attribute reduction in ordered information sys-
tems based on evidence theory, Knowl. Inf. Syst. 25 (2010) 169–184.

[53] B. Yang, B.Q. Hu, On some types of fuzzy covering-based rough sets, Fuzzy Sets

Syst. 312 (2017) 36–65.
[54] B. Yang, B.Q. Hu, A fuzzy covering-based rough set model and its generalization

over fuzzy lattice, Inf. Sci. 367 (2016) 463–486.
[55] T. Yang, Q.G. Li, Reduction about approximation spaces of covering generalized

rough sets, Int. J. Approximate Reasoning 51 (3) (2010) 335–345.
[56] T. Yang, Q.G. Li, B.L. Zhou, Related family: a new method for attribute reduction of

covering information systems, Inf. Sci. 228 (2013) 175–191.
[57] Y.Y. Yang, D.G. Chen, H. Wang, E.C.C. Tsang, D.L. Zhang, Fuzzy rough set based

incremental attribute reduction from dynamic data with sample arriving, Fuzzy Sets
Syst. 312 (2017) 66–86.

[58] X.B. Yang, Y. Qi, H.L. Yu, X.N. Song, J.Y. Yang, Updating multigranulation rough
approximations with increasing of granular structures, Knowl. Based Syst. 64
(2014) 59–69.

[59] Y.Y. Yao, Relational interpretations of neighborhood operators and rough set ap-
proximation operators, Inf. Sci. 111 (1) (1998) 239–259.

[60] Y.Y. Yao, Y.H. She, Rough set models in multigranulation spaces, Inf. Sci. 327
(2016) 40–56.

[61] Y.Y. Yao, B.X. Yao, Covering based rough set approximations, Inf. Sci. 200 (2012)
91–107.

[62] W. Zakowski, Approximations in the space (u, π), Demonstratio Math. 16 (1983)
761–769.

[63] J.B. Zhang, T.R. Li, H.M. Chen, Composite rough sets for dynamic data mining, Inf.
Sci. 257 (2014) 81–100.

[64] Y.Y. Zhang, T.R. Li, C. Luo, J.B. Zhang, H.M. Chen, Incremental updating of rough
approximations in interval-valued information systems under attribute general-
ization, Inf. Sci. 373 (2016) 461–475.

[65] B.W. Zhang, F. Min, D. Ciucci, Representative-based classification through cov-
ering-based neighborhood rough sets, Appl. Intell. 43 (4) (2015) 840–854.

[66] J.B. Zhang, J.S. Wong, Y. Pan, T.R. Li, A parallel matrix-based method for com-
puting approximations in incomplete information systems, IEEE Trans. Knowl. Data
Eng. 27 (2) (2015) 326–339.

[67] P. Zhu, Covering rough sets based on neighborhoods: an approach without using
neighborhoods, Int. J. Approximate Reasoning 52 (3) (2011) 461–472.

[68] W. Zhu, Relationship among basic concepts in covering-based rough sets, Inf. Sci.
179 (14) (2009) 2478–2486.

[69] W. Zhu, Relationship between generalized rough sets based on binary relation and
coverings, Inf. Sci. 179 (3) (2009) 210–255.

G. Lang et al. Knowledge-Based Systems 162 (2018) 161–173

173

http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0036
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0037
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0037
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0038
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0038
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0039
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0039
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0039
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0040
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0040
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0041
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0041
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0041
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0042
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0042
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0042
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0043
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0043
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0044
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0044
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0045
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0045
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0046
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0046
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0047
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0047
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0048
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0048
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0048
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0049
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0049
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0050
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0050
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0050
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0051
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0051
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0052
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0052
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0053
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0053
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0054
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0054
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0055
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0055
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0056
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0056
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0056
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0057
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0057
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0057
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0058
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0058
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0059
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0059
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0060
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0060
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0061
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0061
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0062
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0062
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0063
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0063
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0063
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0064
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0064
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0065
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0065
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0065
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0066
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0066
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0067
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0067
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0068
http://refhub.elsevier.com/S0950-7051(18)30248-X/sbref0068

	Related families-based attribute reduction of dynamic covering decision information systems
	Introduction
	Preliminaries
	Related family-based attribute reduction of dynamic covering decision information systems
	Heuristic algorithms for attribute reduction of dynamic covering decision information systems
	Experimental analysis
	Compare effectiveness of computing attribute reducts using Algorithms 4.1 and 4.3
	Compare effectiveness of computing attribute reducts using Algorithms 4.1 and 4.5

	Conclusions
	Acknowledgments
	References




