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Abstract

We propose a novel approach to generating fuzzy rules
which, different from most known fuzzy rules induction, is
not based on attributes reduction (AR) but granulation
order and variational universe. Most rule induction
algorithms based on fuzzy rough sets (FRS) usually
include two steps: AR and fuzzy rules induction. It’s
helpful to shorten the time of rule mining to some extent
by AR.. However, AR may make against the induction of
fine rules due to its limitation. Avoiding AR in fuzzy rules
induction permits to improve the adaptability of fuzzy
rules and reduce computational complexity. In this paper,
the dynamic FRS is presented in two different ways. Then,
an algorithm based on dynamic FRS is put forward for
decision rule mining. At last, an initial experimentation is
conducted, comparing the new method with a
conventional FRS-based rule mining.

1. Introduction

Rough sets theory was originally based on the notions
of classical sets theory. Dubois and Prade [1] were among
the first who showed that the basic idea of rough sets can
be extended in order to describe concept in fuzzy
approximation space. The idea of fuzzy rough sets (FRS)
was pursued and investigated in many papers [2-7].

Based on FRS, many rule induction algorithms are
presented, which usually include two steps: attributes
reduction (AR) based on FRS and fuzzy rules induction
based on conventional rules mining algorithms. AR
usually acts as a preprocessor of fuzzy rules induction.
However, for most AR algorithms, three facts should be
pointed out. The first is that usually only one reduction
can be obtained by the algorithm. The second is that the
algorithm may not be convergent on many real data sets
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or the selected attributes are unreliable. The last is that the
computational complexity of the algorithm often increases
exponentially with the number of input variables and the
size of data patterns. Therefore, avoiding the process of
AR permits to improve the adaptability of fuzzy rules and
reduce computational complexity.

This paper, based on the most recent work as reported
in Refs.[8], puts forward a new approach to generating
fuzzy rules which, different from most known fuzzy rules
induction, is not based on AR but granulation order and
variational universe. From granular computing point of
view, a concept is characterized by upper and lower
approximations under static granulation in FRS theory
defined by Dubois and Prade. Provided that the
granulation is unchangeable, whether the granulation is
too small or not may be unacceptable. The former will
increase the time and cost, the latter may not satisfy the
requirements. Therefore, a method of describing a concept
in fuzzy approximation space by variational upper and
lower approximations under dynamic granulation is
proposed which nominated as dynamic fuzzy rough sets
(DFRS). This means that a proper granulation family can
be selected for a target concept approximation according
to the practical requirements.

The rest of this paper is organized as follows. In
section 2, a review of rough sets approximation based on
dynamic granulation is given. In section 3, FRS under
dynamic granulation is proposed by two means: one is
based on cut sets, another is a direct generalization of
dynamic rough sets. Some important properties are
obtained consequently. Then a fuzzy rules induction
algorithm based on DFRS is designed. An initial
experimental investigation is conducted. Section 4 shows the
algorithm is effective, supported by comparisons to the
application of fuzzy rules induction based on attributes
reduction in Refs.[4]. Section 5 concludes the paper.
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2. Rough sets approximation based on
dynamic granulation

In rough sets theory, a concept is always characterized
via the upper and lower approximations under static
granulation.

Let S =(U,A) be an information system, where
U is a set called universe and A is a non-empty finite
set of attributes. X is a subset of U and PcC A
is an attribute set. X is characterized by F(X ) and
P(X), where
PX)=U{YeU/P|YNX #¢},
P(X)=u{YeU/P|Y Cc X}.
However, the fixed granulation usually limits the
application of rough sets theory. In Refs.[10], rough sets

based on dynamic granulation was proposed. Some basic
concepts are given below.

Let S=(U,A) be an information system, P,Q¢ 2"
are two attribute subsets. Define a partial relation <

2" as follows: P=<Q if and only if, for every PeU/P,
there exists O, €U/Q such that P, € O, where

U/P:{Ea])za"'a]?n} and U/Q: {QlaQZa"'aQn}
are partitions induced by P and Q.

on

In an information system, a partiton U / R induced
by the equivalence relation RR€2! , provides a
granulation space for describing a concept X . So a
sequence of attribute sets R, € 24(i=1,2,-+,n) with
R >R, >--+~R can determine a sequence of granulation

spaces, from the biggest to the smallest one. The upper
and lower approximations of a concept under a
granulation order are defined as follows.

Definition 1[8]. Let S =(U,A) be an information
system, X be a subset of U and P={R,R,-;R}

be a family of attribute sets with R, > R, > -+ > R,
(Re2',i=12--;n), P -upper approximation grP(X)
and P -lower approximation apl;(X) of X are

defined as follows:
apr ,(X)=R X,
ﬂP(X) = URiXi ’
=1
i-1

Where X, =X and XizX—URkX , i=23-3n.

k=1
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3. Dynamic fuzzy rough sets (DFRS)

This section proposes the FRS under dynamic
granulation by two means: one is based on cut sets,
another is a direct generalization of dynamic rough sets.

3.1. Cut sets of a fuzzy set [7]

Let U be a set called universe. A fuzzy set 4 on
U is defined by a membership function &, :U —[0]].
Given a number & € [0,1], an @ —cut of a fuzzy set is
definedby: A, ={xeU|u, (x)=a}.

A fuzzy set A
O — cut sets as follows: 4 ,(x) =sup{a|xe A4,}.
Theorem 1. Let (A4,),,a€[0,1], be a family of

subset of U . The necessary and sufficient conditions for
the existence of a fuzzy set /' such thatF, =4 ,

a € [0,1], are:
e, <o, =4, 24,

can be reconstructed from its

<

- and @, >a=()4, =4
n=1
Theorem 2. Let Y :[0,]] =[0,1] be a given function,
(4,),,a<[0,1] be a family of subset of U . The
necessary and sufficient conditions for the existence of a

fuzzy set F suchthat F, ., =4,, a€[0,]],are:

(1’)1//(051) < l//(az) = Aal = Aaz >

() UeR) SA03) <+ andher) — ) =( Wiy =4,

Qo <a,

o

3.2. Dynamic fuzzy rough sets based on cut sets

Approximations of crisp sets in fuzzy approximation
spaces are called FRS[1]. Consider a fuzzy approximation

space apr, =(U,R), WhereU is the universe, R is a
fuzzy similarity relation. Each of R s ﬂ —cut sets is an
equivalence relation. One can represent R by a family
of equivalence relations: R=(Ry),, P<[0]]. Based
on R’s [-cut sets, we now research how to construct
dynamic fuzzy rough sets (DFRS).

First we extend partial relation < on 2% 1o fuzzy
case: Let S=(U,P) be a fuzzy information system,

P be a fuzzy attribute set and/,Q € P . Define a
partial relation < as follows: [ <Q(Q > 1) if and



only if, for every/, € U /I, there exists 0,eU/Q
such that Vxe U, Hy (x) < Hy (x), where U/I=

{119129"3[;71} and U/Q: {Q1>Q2>"'>Qn}

fuzzy equivalence classes induced by / and Q.

are

Consider the approximation of a crisp set A4 in fuzzy

approximation space apy, =(U, P), where P={R,R - ;K }

be a family of fuzzy similarity relation with R>R > >R,

Then for #€[0,1], we have Ry>Ry5>>R,;.

Based on dynamic granulation, a rough set approximation
is obtained. P -upper approximation:

apr, (A) =R, ,A=1{x|[x], NA%¢},

P -lower approximation:
n

apr, (=R, 4, = x| [x],, < 4.

i=1

-R A

s A i=23,-,n.

Where 4, =A and 4, = A4,

That is, (aprP (A),Epﬁ (4)); is a family of rough
—P

sets with reference to set A . Whether they are the
families of f—cut sets of two fuzzy sets, we have
following theorem:

Theorem 3.Let (apr, (4)), and (@rPﬁ(A))/,, Bel0]]

be a family of P -lower and P -upper approximations
with respect to A respectively, then exists a pair of fuzzy

sets afp:};(/D and E »(A) such that:
(apr (D)5 =apr, (4). (apry(4); =apry, (4).
Proof. Consider the family of lower approximations

(apr, (4)),.Be[0.1].

(DRecall that apr | (A4) equalsto R, 5(A) in essence
—5

and R, 5 is derived from a fuzzy similarity relation R,
then S, < B, = R,;, 2R,;. Lety(f)=1-f, we
havey(f) Sy (By) = apr, (A)2apr, (4).
1 2
(2)Since R, p are derived from a fuzzy similarity relation

R, , they satisfy property (2) in Theorem 1, that is: for

B<B <+, and B, — B, wehave ﬂRnﬂ =R, ;.

m=1

Then we obtain: Y ) SUB) <+, and YUB) U=
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ﬂaprp (A)=aprP (A4). By Theorem 2, there exists a
— 55 — 5

m=1
fuzzy set apr, (A)such that (@@(A))ﬂ 5 =(@;;(A))j_ﬁ
=apr, (4).
— B

Similarly, we can show the existence of a fuzzy set
apr ,(4) for the family of upper approximations

(apr, (A)); such that (apr,(4); =apr;, (4). apr.(4)
and E p(A) are defined as:
hyy 0(5) = Sup W (B) | v (apr (), )}
=sup{l-f|xe ﬂPE(A)}’
Hoo () =sup{f|xe (apr,(4)) )
= sup{ | x e apr, (4)} -
Definition 2:Let S =(U,P) be a fuzzy information
system, A beacrispsetof U and P={R,R,,-;R}
be a family of fuzzy attribute sets with R >R, >=---> R ,
where R, (k=1,2---,n) is a fuzzy similarity relation,
P -upper approximation E p(A) and P -lower
approximation @P(A) of A are defined by the

following membership functions:
1o @) =sup{B|xeapr, ()},

Hape o (¥) =supil =B | xe apr, (A)}.
Where apr, (4) =R, ,4 = {x|[x]y, N 4#}

n

RiﬂAi = U {x [[x]g

i=1

A4, =4, -R, ﬁAi—l

apr , ()=l c A}
i=1

and A4, =4
i=23,---,n,Be[0,1].

Theorem 4.Let S =(U,P) be a fuzzy information
system, A be a crisp set of U and P={R,R, ;R }
be a family of fuzzy attribute sets with R >R, >=---> R ,

ip

and ,for

where R, (k=1,2---,n) is a fuzzy similarity relation.

Let P={R,R,-;R}, then for VP, 6 (i=1.2,---,n),
the following properties hold:

apr (A)C A C apr,(A),
apr, DT p

apr . (A) capr  (A)c--capr, (4).

In order to describe the uncertainty of concept under a



granulation order, the approximation precision is defined
as follows.

Definition 3. Let S =(U,P) be a fuzzy information
system, A be a crisp set of U and P={R,R, ;R }
be a family of fuzzy attribute sets with R >R, >=---> R ,
where R, (k=1,2---,n) is a fuzzy similarity relation.
The approximation precision o, (A4) is defined as:
power (aplP(A)) ;'uﬂp(f“(x) ,
power (apr ,(4) 3 (D)
Where A #¢. :
Theorem 5. Let P ={R,,R,,---,R,} , then for
VP,(i=12,--
ap(A)sop,(A)s--<a,(4).

Theorem 4 and 5 state that the lower approximation

o,(4) =

-,n), we have

enlarges and the approximation precision ¢ ,(A)

increases as the granulation order become longer through
adding fuzzy similarity relations.

3.3. Dynamic fuzzy rough sets

The idea of describing a general concept by using the
variational upper and lower approximations under
dynamic granulation can also be extended to FRS directly.

Definition 4. Let S=(U,P) be a fuzzy information
system, A beacrispsetof U and P={R,R,,-;R}
be a family of fuzzy attribute sets with R =R, >=---> R ,
where R, (k=12--.n) is a fuzzy similarity relation.
P -upper approximation @@(A) and P -lower

approximation aprP(A) of A are defined as:

ey (¥) = SUD g, (7).
ye

lygg{l — M, "}, xe W,

o, =1 inf =g (9)hxe W,
yg A ARy

inf {1 - M, W,xe U,
yeA n+1

Where,u[x]m (y) = Uy, (x,»),(k=12,---,n),
[y, €U, /R (k=12--n), specially, [x], €U, /R,
and Ul :U’Ui :Ui—l _VVi—l(i:2’3’.";n+1)y

W_ =1{x]| :UERH (4) (x) = iyl;lg{l ~Hp, WMi=1.
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Generally, in order to improve adaptability, W, , canbe
modified as

W, ={x| :U%rRH (X)) = iy};lf{l —Hy, Wznt,
where 77€ (0.5,1]

is a suitable threshold chosen

according to practical requirements. (apr, (A), @@(A) )

is called a DFRS.

Dubois and Prade studied a more general framework
in which a fuzzy set was approximated in a fuzzy
approximation space [1], for conciseness, this model is
named general fuzzy rough sets (GFRS). Similarly, one
can define GFRS under dynamic granulation.

Definition 5. Let S=(U,P) be a fuzzy information
system, A be a fuzzy set of U and P={R,R, ;R }
be a family of fuzzy attribute sets with R >R, >=--->R ,
where R (k=L12---,n) is a fuzzy similarity relation.
P -upper approximation E »(4) and P -lower

approximation aprP(A) of A are defined as:

ﬂap(z‘!) (x) = SuLI[)mln{lLl[x]R" (y)’ﬂA (y)} >
ye

i}ggmax{l _zu[x]R1 (y)uuA (y)} X € VVI

Har, 0O =Y infmaxd— 1, ()., 0} xe W,
ye "

infmax{—4,, | ().4,0)}xe U,
.

Where £, (¥) = #y, (x,9),(k=12,--,
[x];, €U, /R, (k=12,--n) specially
[x]; €U, /R, and
U =U0,U,=U_-W_(i=23,---,n+1),
Wi =0 (O =infmax i, 04,0012
Where 77 € (0.5,1] is a suitable threshold.

Theorem 4 and Theorem 5 hold true for apr (A)

in Definition 4 and Definition 5.

3.4. An algorithm of mining rules in decision table
based on DFRS

In this section, an algorithm is designed to generating
fuzzy rules based on DFRS.

Let S=(U,CUD) be a decision table, where

C is a fuzzy condition attribute set and D is a crisp(or



fuzzy) decision attribute set, and C D =¢ . The

positive region of D with respect to C is defined as:
H sy (X) = sup Hapr (1) (x) .The dependency
4eU/D :

degree ¥.(D) of C withregardto D is defined as:

> Hopos.. () (X)
xeU
Ve (D) ==
U |
Based on DFRS in Definition 4 or Definition 5, we

propose an algorithm of mining rules.
Algorithm MRBDFRS (mining rules based on DFRS)

Input: decision table S = (U,C U D)
Output: decision rules.
(1)For Vce C, compute the dependency degree  ¥,(D)

of D to c,lety, (D)=maxy,(D)|ceC} and
P =c;

QU/D={4,,4,, -, 4;};

(3)Let P={R},i= 1,U" =U,Rule'= Rule = ¢

ALl = x|, ()= inf (4, ()2
Jj=L2--d}. If W, #¢,thenfor VxeW, put
des,(x) —>de§1/ ® (j=12,---,d) into Rule'.
Let Rule = Rule U Rule' and U =U" -W;

G)Nf C—P=¢ and U" # ¢, thenfor Vxe U,
put desP(x)—>desA/ (x) (j=L2,---,d) into
Rule, goto (8);

©OIf U =9, goto(8);

(7For Vce C—P,compute ¥, (., (D), let
Yroie,y (D) =max{y, ., (D)|ce C—P}. Let
F=F e}, P=PUF,,

(8)Output Rule.
It’s clear that the generation of decision rules is based

i=1i+1,g0to (4);

on granulation order P and variational U " . The time
complexity to extract rules is polynomial. At the first step,

we need to compute ¥, (D) for Vce C, the time
complexity is O( C||U|*) . At step 2, the time
complexity for computing U /D is O(|U |*). At step
7, the time complexity for computing p ., (D) is
O(C—-P||C||U*). From step 5 to step 7, |C| — 1 is
the maximum value for the circle times. Therefore, the
time complexity of this algorithm is (| C["| U[*).

137

3.5. An example

Initial experimentation is carried out by MRBDFRS.
The decision table S=(U,CUD) comes from Refs.[4]

and is given by Table 1, whereCis a fuzzy condition
attribute that B,G, F

corresponding linguistic terms, e.g. B has terms B,, B,

set includes each with

and B;. The decision attribute D is also fuzzy, separated

into three linguistic decision X ,Y and Z . According
to MRBDEFRS, we can obtain:

Rule={r,:B is By > D is X,
r,:B is B, and F is F;, =D is Z;
r,:B is B, and I is F, =D is Y ;
r,:B is By and F is F;, =D is Z;
r;:Bis By and F is F, > D is Y}.

4. Comparison with rules induction based on
attributes reduction

The existing researches of fuzzy rules induction based
on FRS are mainly found in [3-6].The process usually
includes two steps: attributes reduction based on FRS and
fuzzy rules induction based on conventional rules mining
algorithms. A representative work is found in Refs.[4],
which developed an algorithm to compute a reduction
employing the idea of relative reduction in Pawlak rough
sets to keep the dependence degree invariant. The
attributes reduction is applied as a preprocessor to an
existing fuzzy rule induction algorithm (RIA). The RIA
begins with organizing the dataset objects into subgroups
according to their highest decision value. Within each
subgroup, the fuzzy subsethood between each decision
and condition attribute term is calculated. Fuzzy
subsethood is defined as follows:

D min{ g, (u), 1y ()}
Z My (u)

uelU
These subsethood values indicate the relatedness between
condition and decisions attribute terms. A suitable

threshold & € [0,1] in order to

determine whether terms are close enough or not. At most,
one term is selected per attribute. When there are no
suitable terms for a decision, a rule is produced that
classifies cases to the rest decision value. In order to entail
the learned rules full cover the entire problem domain,
this requires another threshold value, #€[0,1], which
determines whether a classification is reasonable or not.

In order to compare MRBDFRS with method in
Refs.[4], the dataset given in Table 1 is reused. Firstly,

M(ANB) _
M(4)

S(4,B) =

must be chosen



Table 1: Decision table with fuzzy attributes

U B G F D

B | B, |B,|G |G |G| F |F|x|vy|zZ
1 0.3 0.7 0.0 0.2 0.7 0.1 0.3 0.7 0.1 0.9 0.0
2 1.0 0.0 0.0 1.0 0.0 0.0 0.7 0.3 0.8 0.2 0.0
3 0.0 0.3 0.7 0.0 0.7 0.3 0.6 0.4 0.0 0.2 0.8
4 0.8 0.2 0.0 0.0 0.7 0.3 0.2 0.8 0.6 0.3 0.1
5 0.5 0.5 0.0 1.0 0.0 0.0 0.0 1.0 0.6 0.8 0.0
6 0.0 0.2 0.8 0.0 1.0 0.0 0.0 1.0 0.0 0.7 03
7 1.0 0.0 0.0 0.7 0.3 0.0 0.2 0.8 0.7 0.4 0.0
8 0.1 0.8 0.1 0.0 0.9 0.1 0.7 0.3 0.0 0.0 1.0
9 0.3 0.7 0.0 0.9 0.1 0.0 1.0 0.0 0.0 0.0 1.0

according to attributes reduction algorithm based on the

dependency degree, the attribute G is removed. Using
this reduced dataset, the RIA generates the rules as
follows[4]:

Rule I.LIF B is B, THEN D is X ;
Rule 2:IF F is F, THEN D is V;
Rule 3:IF MF(Rule 1) </ AND MF(Rule 2) < /3

THEN D is Z,
where MF(Rule 1)=MF(condition part of Rule i) and MF
means the membership function value.

By comparing above rules with the ones in section 3.5,

one can easy see that the Rule 1 is the same as Rule 7,

(in section 3.5), the others are different. It seems as if
Rule 2 and Rule 3 were more simple than rules in section
3.5, however, a conflict may generate by using Rule 1 and

Rule 2. For case 4, which satisfies B is Bl , then due to
Rule 1,D should be X . At the same time, attribute F’
is F,, by using Rule 2, we get D is Y. Hence, an

inconsistency produces, which may ascribe to too simple
rules rooted in attribute reduction process. Again, for case
7, the same situation happens.

Most significant, however, is the fact that the
complexity of computing the dependency degree in
MRBDFRS is less than the one in attributes reduction
algorithm due to the universe dwindles gradually. For
larger dataset, the effect can be expected to be greater.

5. Conclusions

Today, the grand challenge is to generate useful rules
from a mass of data in a database for users to make
decisions. This paper has presented such an approach for
fuzzy rules induction, which different from most known
fuzzy rules induction, is not based on attributes reduction
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but DFRS. The experimentation shows the algorithm is
effective. The generality of this approach should enable it
to be applied to broad domains.
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