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1 | INTRODUCTION

The classical rough set model [1, 2], proposed by Pawlak in the
early 1980s, is a powerful mathematical tool for data analysis.
The rough set theory has been widely used in pattern recog-
nition, machine learning, decision analysis, knowledge acqui-
sition and data mining [3—10]. In the past few decades, due to
the diversity of data and different requirements of analysis
purposes, the extended rough set models have been developed,
such as the variable precision rough set model [11], probability
rough set model [12, 13], game-theoretic rough set [14, 15],
fuzzy rough set model [16, 17], local neighborhood rough set
[18] and so on.

However, there are two factors that limit the application of
the rough set: firstly, the classical rough set model and most of
its extensions are basically based on the equivalence relation
which possesses reflexive, symmetric and transitive properties.

The tolerance rough set is developed as one of the outstanding extensions of the Pawlak's
rough set model under incomplete information, and the limited tolerance relation is
developed to overcome the problem that objects leniently satisfy the tolerance relation.
However, the classification based on the limited tolerance relationship cannot reflect the
matching degree of uncertain information of objects. In this article, we explore the in-
fluence of null values in an incomplete system, and propose the constrained tolerance
relation based on the matching degree of uncertain information of objects. The proposed
rough set based on the constrained tolerance relation can provide a more detailed
structure of an object class through threshold. Proofs and example analyses further show
the rationality and superiority of the proposed model.

The equivalence relation is relatively strict condition in many
practical application, and classes clustering on this relation
cannot well reflect the natural characteristic of the overlapping
data set; secondly, the classical rough set requires the infor-
mation of processed object should be complete, however, quite
a few data objects in practical applications are incomplete or
inconsistent, and even with null values [19].

Many scholars have conducted research works for substi-
tution of the equivalence relation [20-23], some scholars also
describe the concept of target through multiple indiscernibility
relations and propose a multi-granularity rough set model
[24-27]. In these works, Skowron and Stepniuk [28] replaced
the equivalence relation with the tolerance relation and pro-
posed the tolerance approximation spaces, Skowron and
Stepniuk [28] replaced the equivalence relation with the
tolerance relation and proposed the tolerance approximation
spaces, and Kryszkiewicz [19] defined a similarity relation in
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incomplete information systems. Kryszkiewicz's similarity
relation is an extension of Skowron's tolerance relation,
therefore, both of them are referred to as tolerance relation
collectively by later researchers. The tolerance relation discards
the transitivity requirement of indiscernibility relation in the
classical rough set and relaxes the symmetry requirement for
incomplete information. Hence, the tolerance classes can well
reflect the overlapping relation between groups of objects. Dai
[29] defined the fuzzy tolerance relation in the complete nu-
merical data set and established the fuzzy tolerance rough set;
Kang and Miao [30] proposed an extended version of the
vatiable precision rough set model based on the granularity of
the tolerance relation. Xu et al. [27] extended the single-
granulation tolerance rough set model to two types of multi-
granulation tolerance rough set models from a granular
computing view. Stefanowski and Tsoukias [20] introduced
non-symmetric similarity relation which can refine the results
obtained using the tolerance relation approach, and they also
proposed valued tolerance relation in order to provide more
informative results; however, Wang [21] found that the sym-
metric similarity relation may lose some important information
and valued tolerance relation requires accurate probability
distribution of all attributes in advance, Wang then proposed
the limited tolerance relation. Deris et al. [31] used conditional
entropy to handle flexibility and precisely data classification in
limited tolerance relation. There are also some scholars who
studied alternatives to missing values. Nakata and Sakai [32]
used possible equivalence classes to approximate the set of
attributes having missing values. Yang [33] computed attribute
reduction with the related family. Hu and Yao [34] introduced a
logic formula to describe incomplete information tables.

In this article, we propose the constrained tolerance rough
set model in the term of matching degree of incomplete in-
formation. The rest of the article is organized into four patts.
In Section 2, we review some related concepts. In Section 3, we
present constrained tolerance relation as an improved version
of limited tolerance relation and analyse the properties of the
proposed rough set model. In Section 4, the method of
measuring the uncertainty of the proposed roughed set model
is given and the superiority of the model is further verified.
Finally, Section 5 concludes the paper.

2 | RELATED CONCEPTS

In this section, we review some basic concepts such as infor-
mation system, Pawlak's rough set, tolerance rough set, limited
tolerance rough set.

Definition 2.1 [19, 31]. An information system (IS)
d4-tuple S=(U,TA,V,f), where U=
{x1,%2,...,%y} is a non-empty finite set of objects,
TA={ay,a,...,a74)} is a non-empty finite set of
attributes, V' =U,e74V ,,V, is the value set of attri-
bute, f: U x TA— V is a total function such that
f(x,a) €V, for every (x,a)€U X TA, called

is a

information function. If U contains at least one object
with an unknown or missing value (so-called null
value), then S is called incomplete information system
(IIS). The unknown value is denoted as “*” in the
incomplete information system. In this article, we also
use the quadruple $= (U, TA,V,f) to denote an
incomplete information system. 74 = C U D If, where
C is the set of condition attributes, Dis the set of de-
cision attributes, then S is called Decision Information
System.

Each subset of attributes A C7TA determines a binary
indiscernibility relation IND(A) as follows:

IND(A) ={(x,y) e U x U|Va€A,a(x)=a(y)}.

The relation IND(A)is an equivalence relation since it is
reflexive, symmetric and transitive.

Definition 2.2 [1, 2]. Let S = (U, TA, V,f) be an IS,
A CTA, the lower and upper approximations of an
atbitrary subset X of U are defined as A(X)=
{xeU:[x],CX} and AX)={x€U: [x],nX#
@}, respectively, where [x],={yeU: (x,y)€
IND(A) is the A-equivalence class containing x. The
pair |A(X), A(X)| is referred to as the Pawlak's rough
setof X withrespecttothesetofattributes A.

Definition 2.3 [19]. Let S = (U,TA,V,f) be an IIS.
A C TA, the tolerance relation T is defined as 7(A) =
{(x,y) €U x U|Va€A, a(x)=a(y) Va(x)=*Va
) ="}

Obviously, T is reflexive and symmetric, but not transitive.
The tolerance class [Z(x) of an object x with reference to
an attribute subset A is defined as ]i(x) ={yyeUA (x,y)}.

Definition 2.4 [31]. Let S=(U,TA,V,f) be an
1ISSACTAT, is a tolerance relation, the lower and
uppet approximations of an arbitrary subset X of U
with treference to attribute subset A respectively can

defined similar to how A’ (X)={xe UA I}(x)
CX} and AT(X)={x€eUA I1(x)nX #B} arc
defined. The pair [zﬁ(X)7AT(X) is referred to as

the tolerance rough set of X with respect to the set of
attributes A.

Definition 2.5 [21]. Let S=(U,TA,V,f) be an
1IS,ACTA, and Py(x)={alac€AAna(x)#*}. A
binary relation L (limited tolerance trelation) defined on
U is given as

L(A) ={(x,y) € U X UVsea(a(x) = aly) = *)
V((Pa(x) N Pa(y) # §)A
Vaea((a(x) # *) A (a(y) # *) = (a(x) = a(¥))))}
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L is reflexive and symmetric, but not transitive. The limited TABLE 1 An incomplete information table

tolerance class [ﬁ(x) of an object x with reference to an

attribute  subset A is  defined as I5(x)={ylye “ @ o o d

UALy(x,y)} x 3 2 1 0 H
Definition 2.6 [31]. Let S=(U,TA,V,f) be an 2 ? ’ ? ’ "
1IS, A C TA, L is a limited tolerance relation, the lower % 2 3 2 0 J
and upper approximations of an atbitrary subset X . 5 N | u

of U with reference to attribute subset A, respectively, x“

can defined similar to how zi(X)Z{xE UA X5 * 2 * 1 J

IL(x) C X} and AX(X) = {xe UA I5(x) n X # @} . 2 3 > i ]
are defined. The pair [zﬁ (X ),E (X)] is referred to as - 3 * * 3 H
the limited tolerance rough set of X with respect to the X 0 0 X ]

set of attributes A. ®
M 3 2 1 3 j
1 * * * H

3 | ROUGH SET BASED ON o
CONSTRAINED TOLERANCE xn * 2 * * J
iy , , _ N 3 2 1 * H

From Definition 2.5, we can easily detive an equivalent form of 2
the limited tolerance relation as following: X1 3 * 1 * H
14 * 2 1 * J

Vaea(a(x) = a(y) = *) V ((Pa(x) N Pa(y) # &) AVaea ’
(((a(x) # *) A (a(y) # ¥)) = (alx) = a(y)))) s "
SVeea(alx) =ay) =)V ((Pa(x) NPa(y) # ¢) AVaea %16 ) ) ) ) !

((((alx) # ) A (aly) # %)) V (alx) = a(y))))

Let A = {a1,a2,a3,44}, we can easily obtain the following
results by analysing Table 1 with the limited tolerance relation.

SVaea(alx) =a(y) =*) v ((Palx) N Pa(y) #
)

)
= ")V (alx) =a(y)))

SVaea(a(x) =a(y) =)V (Pa(x) N Pa(y) # ¢) I (1) = {1, %11, %12, %13, %14}
A T(x,y)) 15 (x2) = {2, %3}
It means that the objects with all attributes being null [ﬁ (x3) = {x2, %3}
will be judged to be limited tolerating and then should be
grouped into the same limited tolerance class. However, in [/L‘1 (x4) = {x4, %5, %11, %12}
practical application, the risk of classifying those objects
whose attributes filled with a quit mount of null values ]f‘q(x_r,):{x4,x5,x117x12,x14}
will greatly arise. In fact, we prefer to control the scale of
null-valued attributes within a certain range. Meanwhile, [ﬁ (x6) = {x6}
the more the properties of the two objects with the same
value, the greater the probability of being divided into ]ﬁ(x7):{x7,x9,x12, x13}
the same class and the higher the classification accuracy.
However, the limited tolerance may group those objects I (xg) = {xs}
with only one attribute of the same value into the same
class. [,Lq(xc)) = {x7,x9,x11,x12, X13, x14}
We can illustrate the above phenomena considering the
following example with an IIS described as Table 1. (xu ) = {x10}
Example 3.1 Suppose Table 1 is a IIS, where x1,x, Iﬁ(x“) = {1, %4, %5, X1, X12, X14}
.,X16, ate objects, aq,dz,a3,a4 are four condition
attributes, d is a decision attribute. The domains of ],Lq(xlz) = {x1,x4,x5,x7,x9,x11,x12, X13, x14}

these four condition attributes are all {0, 1, 2, 3}. The .
domain of the decision attribute d is {H, J} L4 (x13) = {x1,%7, %0, X12, x13, %14}
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]ﬁ (X14) = {x17x5;x97x113x127 X13, x14}
[/Lq<x15) = {x15, xm}
L _
[A(xl()) = {x15, xm}
Thus
i: {xm}-

L _
H" = {xlv X2, X3, X4, X5, X7, X9, X10, X11, X12, X13,
X145 X155 X16}-

i:{xéax8}7

= {xh X2, X3, X4, X5, X6, X7, X8, X9, X11, X12,X13,

X14, xlSaxl()}

For data analysis, the elements in the lower approxi-
mation of the data set are expected to be representative of
the final classes. In Table 1, all conditional attributes of x5
and xjs ate null; intuitively, they should be classified as
outliers (special classes) in most practical applications, but
from the above results, the particularity of xjsand x4 is not
shown in the lower approximation of ‘H’ or J’, because the
classification based on the limited tolerance relation is not
able to distinguish the influence degree of the null value
attribute.

In order to improve the accuracy of object classification
based on tolerance relations and reflect the influence degree of
null value, in this article, we propose the constrained tolerance
relation.

Definition 3.1 et S= (U, TA,V,f) be an IIS,
and Qu(x)={ale€Ana(x)="},ACC,x,ye U,
the incomplete matching degree p of x and y is
defined as

|Qa(x) UQ,(y)]
palx,y) = o

where| |represents the cardinality of the set.
From Definition 3.1, it is clear that0 < p4(x,y) <1

Definition 3.2 Let S=(U,TA,V,f) be an IIS,
A C TA. The constrained tolerance Ti is defined as
follows:

r(4)

={(x,) € U x UlVaea(a(x) = a(y))
V((p(%,y) £7) AVaea((alx) = *) v (aly) = )}

where 7€ [0,1] is a threshold value.

Herein, a(x) =a(y) involves the situation that
(alx) = IA (aly) = *).

Obviously, the constrained tolerance relation is symmettic,
reflexive, but not transferable.

Since V,eq(a(x) =a(y) # *) means that py(x,y) =0 is
always true. Thus, similar to the limited tolerance relation, we
can easily derive an equivalent form of the constrained toler-

ance relation.

To(A) = {(x,y) € U x UlVY,ea(a(x) = a(y))

V((p(x,y) £ 7) AVaea((alx) = *) Vv (aly) = *))}

={(x,y) € UxUVaea(a(x) =a(y)) v ((p(x,y) <7) A
Vaea((a(x) = *) Vv (a(y) = *) v (alx) = a(y))) }

then

Ti(A) = {(x,7) € U x UlVeea(alx) = a(y))

V((p(x,y) £7) AT (x,9))}

To(A) = {(x,9) € U x U|Vaea(a(x) =a()) v ((p(x,y) <

7)
AVaea((a(x) # %) A (a(y) # *) = (a(x) = a(y)))}

Proposition 3.1. Givean [ISS = (U, TA,V,f),AC TA,
ift€(0,1), then T;(A) CL(A).
Proof.
V(x,) € T(A) then Voeq(a(x) =aly)) or UEU) <
7 holds,

(@) If Veq(a(x)=a(y)) holds, according to Defini-
tion 2.5, we then have (x,y) € L(A);

(b) If W < 7 holds, since,

[Qu(x) U Q)| = [~ Palx) U~Pa(y)l
=[A] = Pa(x) "Pa()l;

then

Qi) Y Q) _, _ [Palx) nPa(y)|

=]1-— " <7
|A] ||

FAGIORAD) holds, it implies that

Due to 7 € [0, 1), thus, 0 <
Py(x) N Pa(y) # @.

We then have (x,y) € L(A).

Therefore, T5(A) C L(A).

From above proof, we can give an equivalent representa-
tion of the incomplete matching degree as
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[Pa(x) N Pa(y)]

=1-
/)A(xay) |A‘

Definition 3.3 Let S=(U,TA,V,f) be an IIS,
and, A C TA. T, is the constrained tolerance on A,
The constrained tolerance class [ TT; (x) of an object x
with reference to an attribute subset A is defined as:

I (x)={lyeUA Toy(x)}

Proposition 3.1 reveals the relationship berween the
constrained tolerance relation and limited tolerance
relation when t € [0,1), then if T = 1, what structure
the constrained tolerance relation may haved

From Definition 3.2, we know the inequality p(x,y) <1 is
always true when 7= 1. If p(x,y) = a, where « is a constant
for a given pair(x,y), and a < 1, from Proposition 3.1, we have
(x,v) €TS(A) = (x,y) € L(A); If p(x,y) =1, it means that,
for any a € A, at least one of a(x)and a(y) is null. At this
point, x and y become outliers of each othet's class in terms of
the constrained tolerance class or the limited tolerance class.

That is, when 7 =1, the constrained tolerance relation will
retrograde into the tolerance relation and the constrained
tolerance class will retrograde into the tolerance class.

Proposition 3.2 Given an IS S=(U,TA,V,f),
A C TA, Then, the following properties hold:

(1) Vx e U, Iy (x) € I5(x),
@) if ift, < 2, thenl 4" (x) C 1.

(x),

Proof.

HVye ]AT: (x), then (x,y) € TS(A). If p(x,y) <7, from
Proposition 3.1, we have (x,y) €L(A4), thus ye ]{‘4 (%);
otherwise, Va€A,a(x)=a(y)= "holds, from Defini-
tion 2.6, then (x,y) € L(A)holds, thusy € 15 (x).

Therefore, [ ATi (x) € I5(x).
TC
(2 Vye I,"(x), If p(x,y) <7 holds, since 7; <1,
TC
then p(x,y) <7, holds, thus, Vye&€ I,”(x); otherwise,
Tf
Va€A,a(y) =a(x)holds, it means thaty € I, ”(x).
T T
Therefore, 1, (x) C 1, (x).

Definition 3.4 TLet S=(U,TA,V,f) be an IIS,
ACTA. T, is the constrained tolerance on A. The
lower and upper approximations of an arbitrary sub-
set X of U with reference to attribute subset A
respectively can defined as are defined as

AT (X)={xe UA I¥(x) C X} and A7+ (X) = {xe
UA I (x) N X # @}. The pair {A_Ti(X),ﬁ(X)} is

X €

referred to as the constrained tolerance rough set of X
with respect to the set of attributes A.

Proposition 3.3 Give an IS S=(U,TA,V.,f),
ACTA, then AT(X) = U{ I’*(x)|x € X}.

Proof.
Vxe A (X), from Definition 3.4, we know that
Un [} (x) N X # @, since the constrained tolerance

. . . T TS
relation is symmetric, thenx € I*(x), thus x € I, (x)A

X €

X. That isxe U{I% (x)’x € X}. Hence, AT(X)CU

{ ]? (x)|x € X}, and vice versa.

Therefore, A™+(X) = U{ I"* (x) |x € X}.
From the Definition 3.4, we have the following properties

of the constrained tolerance rough set.

©)
@

(3 A=

)

) AT

©)
)

Proposition 3.4 Given an IS S=(U,TA,V,f),
ACTA, X,Y CU. The following properties hold

AT(XnY)cATH(X)n AT (Y),

AT (XUY) =AT(X)uAaT(Y)

if XCV, then AT (X) CA™ (V) and AT+(X) c AT
(Y); ‘

if 7, <75, then A7 (X) CA™ (V) and AT (X) c AT=
(X)s

Proof.

(1) Vx Ezﬁ(X), From the Definition 3.4, x € [AT; (x)cX

(1b)

(22)

(2b)

holds. Hence A”* (X)cX.
V x € X, since the constrained tolerance relation is sym-
metric, we havex € IATS(x), thenxé€ IATS(x)N

X # @, that is, x € E(X) Hence X C E(X)

From (1), we know that A (@) € @, and & gﬁ(@)
(because the empty set is a subset of any set). Hence,
A" (2)=o.

Suppose AT (X) # @, then, there exists x Eﬁ(@),

TS .
hence I,*(x) N @ # @. It contradicts the statement that
the intersection of an empty set with any set is an empty
set. Thus, the assumption is not true. Therefore,

ﬁ(@) =Q.
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(3a) From Definition 3.4, A’ (~X)=~AT(X) obviously
holds. L L

(3b) From (3a), A™ (~Y) = ~AT:(Y) holds, then AT:(Y)=
~/£(~Y). Let Y =~X, then we have AT§(~X)=
~A" (X).

(a) AT (XNY)={xeUA IF(x)CXnY}
=x€UAIF(x)CXAIF(x)CY
—{xeUAI¥(x)CX}n{x€UAI(x)C Y}
=A% (X)nA(Y)

(4b) Since vxeAdl (X), we have
since XCXUY, then we have x€ [{?(x)

Y, that is x€A(XUY). Thus, A% (X)
(XuY).

Similatly, zﬁ(Y) cAl (XUY) holds.
Therefore, A7 (X) UAT (V) c AT (XU Y)

(5a) Vxeﬁ(Xﬂ Y), we havexeUA Iii(x)n(Xﬂ
Y) # @&, then x€e UA If(x)nX;éQ and x € UA
(X)) NY #@ hold, that is (xe AT (X)) Axe AT

Y)), thusx € AT+ (X) n AT=(Y).

~

—~

5b) ATH(XUY)= {x‘x cUNT(x)N(XUY)#¢}
AT(XnY) = {x)xe UNT(x)n(XnY)#p}

:{x’xe UNE(x)nX#4nY)}
:{x’xe UNIE ) nX#£pvVIF(x)nX£¢)}

=A"(X)uA" (V)
(6a) Vxe€A (X), since the constrained tolerance relation

is symmetric, we then have x €& [Z; (x) CX. Since
XCY, then x€ [zi(x) CY, hence VxeAl (V).

Therefore, A_Ti (X) c A_Ti (Y) holds.

(6b) Vx EE(X), we have x€ [{?(x) NX#@. Since
XCY, then xe€ ]{7; (x)NY#@ holds, hence
X EATi(Y).

Therefore, ﬁ(X) cA”: (Y) holds.

(72) vied™ (X), we then have Vied (X)C X, for
X

VyedTs (X) then Vis(a()=a(y) or (p(x,7)
<t3) AT4(x,y). Since 71 <12, if p(x,y) <7y, then

(p(x,y) <71) A Talx,y) holds, that is, yel, ™ (x),

T T
from Proposition 3.1, 1, " (x) € 1, (x), hence, y€

T <
I,7(x)CX, thus, x€A (X); if 7 <p(x,y) <7,
then x is a singleton in term of this constrained

'3

. Trl
tolerance class withzy, thus, [, (x)={x}. Due to

'3

I,7(x) € X, according to the reflexive property of the
know that

T, TS
xel,”(x)CX, then {x} CX, that is, 1, " (x) C X,
thus, x€ A7 (X).

constrained tolerance class, we can

Therefore, A= (X)C AT (X).

(7h) VxeAT (X), then Fye U, such that, V,e4(a(x)
=a(y)) Vv ((p(x,y) <71) AT(x,y)), and y€ X. Since
71 <15, thenp(x,y) <72 holds, thusV,eq(a(x)
=a(y) Vv ((p(x,y) <72) AT(x,y)) holds, that is,

vxe AT (X).

Theorem 3.1 Given an IS S= (U, TA,V,f), AC
TA, and X is an arbitrary subset of U, then AL (X)c
A" (X), AT (X) c AH(X).

Proof.
According to definitions, A_L(X) ={xeUA ]{‘4 (x)C
X}AT (X)={x€ U I¥(x) CX}, where I5(x) = {yly
TS )
€UALs(e))} Ly (x) = Dly € U ((y=x)Vv I54(xy))}

(1) Vxe A" (X), we have I4(x) C X.

For any y€ I5(x) CX, ifp(x,y) <7, then (x,y)€
TTC (A). From Proposition 3.2, [Zi (x) C ][Lq (x) holds, then we
have [?(x) C X, thus x € AT (X);

Otherwise, x is a singleton in the term of the constrained
tolerance relation, then [/ AT; (x) ={x}, and then x€1 ATi (x)
CX.Thus, x EA_Ti(X).

Therefore, AX (X) C AT (X).

(2 Vxe E(X), such that [ATi (x) N X # @. From Proposi-
tion 3.2, we get [ATi (x) C Iﬁ (x), then Iﬁ (x)n X # @, thus,

x€ AL (X).

Therefore, ﬁ(X) C E(X)

To clear depict the above concepts, we illustrate through an
example from Table 1.

Example 3.2 Let 7 =0.25,0.5 and 0.75, respectively.
By analysing Table 1 with the concept of the con-
strained tolerance class, we can get the following
constrained tolerance classes.

(1) When 7 =10.25,
T -
e (x1) = {x1, %12}

5% (x2) = {x2, %3}
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TS.ZS TF]S
L% (x3) = {x2, %3} I, (x7) = {x7,%9}
T . TS
1'% (xa) = {4, %12} 1, (xs) = {xs}
T(f)Zﬁ T(ﬂ‘
I, (xs) = {xs} I, (x0) = {x7,%0,X12, X13, X14}
TC
1,7 (x6) = {x6} 155 (x10) = {x10}
()25 T[C]:’
(x7) = {x7} I,* (x11) = {%1, X4, X5, %11, X12, X14}
1 () = s} 1) ={
A 8) = 1%8 4 \X12) = 1%1, X9, X11, X12, X13, Xi4}
IT'L;'Zs(x ) = {x9, %12} ]T:;'s(x ) = {x1, %0, X12, %13}
4 9 9, %12 4 (x13 1, X9, X12, X13
13 (0) = o} 13 (o1a) = {1,
10 10 A 14) = {x1, X0, X1, X12, X14}
I3 (en) = fn} I3 () = {x1s}
T;AZS —_ T(la
[A (x12) = {xl,x%xm} (Xm) {xw}
[Tozs (x13) = {x13} Thus
Tos
[Zﬁ.zs (x14) = { 14} H'os ={x, x15},
]Zﬁ.zs(xls) = {x5} HTis= {x1, %2, X3, x4, X5, X7, X9, X10, X11, X12,
X13, X14, xlS}
T
1,°%(x16) = {x16} .
]TU'5 :{X(), X8, x16}7
Thus

T¢ s
Ho» = {xy, x4, X7, X10, %13, XI5},
T
H' s ={x, x3, X3, X4, X7, Xo, X10, X12, X135 X15}
T
]i:{xS’ X6y X8, X115 X14, Xm}»

e
] 025 — {xz, X3, X5, X6, X8y X9, X11, X12, X14, Xm}

(2) When 7=0.5,

TC
IAU.S <x1) = {X1 , X125, X13, x14}

() =
I () =

<

]Au.s (X4) —

IZ(C"S (x5) =

05( )

{x2>x3}
{x2>x’>}
{x4, %5}

{x4, x5}

{xe}

T[
J7os ={x1, X2, X3, X4, X5, Xg, X7, X8, Xo, X11, X12,

X135, X14, x16}

(3) When 7 = 0757

76,
IA“"S(M) = {x17x117x12,X13,x14}
T
]AU- J(xz) = {x27x3}
T 45 _
I (x3) = {x2, %3}

Tos
1 A

(x4) = {24, %5, %11, X12}
T55
I°7 (xs) = {x4, X5, %11, X12, %14}
T,
1,7 (x6) = {x6}
T(C).75
IA (x7) = {X7,x9,x127 x13}
TS,
17 () = s}

TS,
I,07 (xo) = {7, %0, %11, %12, X13, X14}
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T
1,7 (x10) = {x10}
T,
I,°7 (x11) = {21, %4, X5, X11, %12, X14}
TS
I"7 (x12) = {x1,X4,X5,X7,X0, X1, X12, %13, X14}

TC
L7 (x12) = {x1, X4, X5, X7, Xo , %11, X12, X13, X14}

c

755

L7 (x13) = {01, %7, %, %12, %13, %14}
TG s

[Au_,; (x14) — {x17x57X(),x117x12; X13, xl4}
TS

IA 7 (x15) = {x15, %16}

7
I,7(x16) = {x15, X16}

Thus

H—Tfm = { xlU}a

Tc—r' —_
H" s ={xy, x2, X3, X4, X5 , X7, Xo, X10, X11, X12,
X13, X14, X15 , xlo}

fT‘C‘” ={ x6, x3},

To _
Jhom ={x1, X2, x3, X4, X5, X6, X7, X3, X0, X11, X12,
X13, X14, X15, xlc}

From the above results, we can find that the scale of lower
approximation of ‘H’ (or J°) decreases when the threshold 7
increases. It intuitively indicates that the classification bound-
ary area or the classification uncertainty of objects will increase
with the increment of 7. It echoes exactly to Proposition 3.3.
With a further discuss, due to the objects in Table 1 only have
four condition attributes, 7 = 0.75 means that two objects can
be of the same constrained tolerance class if there are no more
than three attribute values between them that are alternately or
simultaneously null. That is, the two objects have no less than
one attribute value being simultaneously non-null and
completely satisfy the judgement criteria of the limited tolet-
ance class. Thus, under this condition, the produced classes of
objects and the upper and lower approximations of ‘H’ or J°
are the same as what Example 3.1 shows.

4 | MEASUREMENTS IN
CONSTRAINED TOLERANCE ROUGH
SET

There may be uncertainty of an object set (category) because of
the existence of a borderline region. The greater the borderline
region of set, the lower may be the accuracy of the set. In order
to measure such uncertainty, similatly to literatures [1, 27, 35],

we develop the accuracy measure of the constrained tolerance
rough set.

Definition 4.1 Tet S=(U,TA,V,f) be an TIS,
ACTA, VX CU (X #@). The accuracy measures of

X in constrained tolerance rough set is defined as

Similatly, we can give the accuracy measures of X in limited
tolerance rough set as follows:

Theotem 4.1 Given an IS S=(U,TA,V.f),
A C TA. Then, the following properties hold:

(1) aL(AaX) < aTi(AvX);
(2)if 71 <72, then are (4,X) < ar: (4,X).

Proof.

(1) From Theotem 3.1, we have AX(X)C AT (X) and

‘ﬁ (X)

< jF(X)‘ hold. Thus,

4| _Ja%x)

o

ﬁ(X)‘.

Therefore, ar (4, X) < ar(4,X).

(2) From Proposition 3.3, we have AT (X) cAa (X)
and AT (X) € AT (X), hence [AT= (X)[ <[ AT (X>’

and| ATx X)) <

ATe (X )‘ hold. Thus,

4 ()

‘E (X)
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TABLE 2 Accuracy measures

avlg(r\,X)
d (A, X) T=0257=057=075
H 1/14 3/5 2/13 1/14
J 2/15 3/5 13/14 12/15

Therefore, ar: 4,X) < ar (A4,X).

The above theorem delivers a further understanding of the
relationship between limited tolerance sets and constrained
tolerance sets.

Example 4.1 From the results of Examples 3.1 and
3.2, we can directly calculate accuracy measures of the
limited relation rough set and the constrained rough set
as shown in Table 2.

5 | CONCLUSION

The tolerance rough set is developed as one of extensions of
Pawlak's rough set model under incomplete information. Wang
[20] proposed the limited tolerance telation to overcome the
problem that objects leniently satisfy tolerance relation.
However, the classification based on the limited tolerance
relationship cannot reflect the matching degree of uncertain
information of objects, while, in some practical applications,
the matching degree of uncertain information of objects is of
great influence on the final classification.

In this article, we propose the constrained tolerance rough
set model in the term of matching degree of incomplete in-
formation. The proposed rough set not only inherits the merit
of the limited tolerance rough set, but also provides a more
detailed structure of object class through threshold.

Further research may include the multi-granulation version
of the constrained tolerance rough set and extensions of other
rough set under constrained tolerance.
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