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Abstract

The three-way decision (3WD) creates a new perspective for decision-making by adding a third option in addition to accept-
ance and rejection. The decision cost, caused by the yes-or-no decision pattern, is avoided. The 3WD is a human-cognition-
inspired problem-solving pattern which offers new theories, models, and tools for cognitive analytics. Formal concept
analysis, as a method proposed to mine hidden patterns in data, can only deal with binary-valued data when it appeared. To
process more types of data, L-concept analysis, where L represents a truth-value structure, is presented with the generation
of various L-two-way (L2W) and L-three-way (L3W) concept lattices. The aim in this study is to explore the relationship
between various L3W concept lattices that have not been represented by any existing theorems. To fulfill this goal, first, the
relationship between L2W concept lattices is examined, and then, the relationship between L3W concept lattices is analysed.
Finally, the relationship between the L2W and L3W concepts is revealed. The results show that the eight types of L2W con-
cept lattices form two isomorphic groups. The four types of L-object-induced three-way concept lattices, as well as the four
types of L-attribute-induced three-way concept lattices, are isomorphic respectively. In addition, the equivalent relationship
between L3W concepts and L2W concepts provides a way to construct L3W concept lattices based on L2W concept lattices.
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Introduction theories, models, and tools for cognitive analytics. Rapid

growth of 3WD has been observed both in its theory and

In human cognition, concepts are the fundamental units that
humans utilise to understand the world and solve problems.
Obtaining concepts has always been a fundamental prob-
lem in artificial intelligence. A concept is a granule in the
view of granular computing. Commonly used granular com-
puting models are rough sets [1, 2], fuzzy sets [3], formal
concept analysis (FCA) [4, 5], cloud model [6], etc. The
three-way decision (3WD), which is another granular com-
puting model, was first proposed by Yao [7] to overcome
the shortcomings of binary decision-making patterns. 3WD
explores thinking, problem-solving, and information pro-
cessing in threes (namely, three parts or items); it offers new

P< Duogian Miao
dgmiao@tongji.edu.cn

Xuerong Zhao
xrzhao @tongji.edu.cn
Department of Computer Science and Technology, Tongji

University, Shanghai 201804, China

Key Laboratory of Embedded System and Service
Computing, Ministry of Education, Shanghai 201804, China

application [8—15].

Proposed by Wille [5], FCA provides a way to gener-
ate concepts from formal contexts by introducing a pair
of concept-forming operators that form a Galois connec-
tion between the power set of the object universe and the
power set of the attribute universe. The formal context is
the basic notion of FCA, and it is a triple constituted by a
set of objects, a set of attributes, and a binary relation char-
acterising whether an object has an attribute. Imitating the
dynamic process of human cognition, Mi et al. [16] proposed
the semi-supervised concept learning method for dynamic
semi-supervised learning by employing concept spaces. Li
et al. [17] introduced a cognitive mechanism of forming con-
cepts based on the principles from philosophy and cogni-
tive psychology. Other applications of FCA can be found in
knowledge reduction [18-21], decision-making [22], online
social networks [23], medical diagnosis [24, 25], image pro-
cessing [26], etc.

FCA can only handle binary-valued data [27-33].
To improve data processing, Burusco and Fuentes-
Gonzalez [34] generalised the concept-forming operators

@ Springer


http://orcid.org/0000-0002-2324-955X
http://crossmark.crossref.org/dialog/?doi=10.1007/s12559-021-09902-0&domain=pdf

1998

Cognitive Computation (2022) 14:1997-2019

Table 1 Brief introduction to
symbol abbreviations

Abbreviation

Original meaning

Abbreviation Original meaning

L2W L-two-way L-2w L’-two-way

LO2W L-object-induced two-way L’-02W L’-object-induced two-way
LA2W L-attribute-induced two-way L*-A2W L’-attribute-induced two-way
L3W L-three-way L’-3W L’-three-way

LO3W L-object-induced three-way L-03W L’-object-induced three-way
LA3W L-attribute-induced three-way L™-A3W L’-attribute-induced three-way

Here, ‘7’ represents a type of concept-forming operator or a combination of concept-forming operators,

such as #, %, [, ¢, and (1)

to fuzzy cases to obtain fuzzy concepts or L-concepts. They
adopted a complete lattice as a truth-value set and defined
the concept-forming operators based on the t-conorm.
Subsequently, Belohlavek [35] used a residuated lattice as
a truth-value set and defined the concept-forming opera-
tors based on residual implications. Such generalisations
are called fuzzy concept analysis or L-concept analysis (L
CA), where L represents the truth-value structure, similar
to a residuated lattice. Fan, Zhang, and Xu [36] summarised
three types of fuzzy concepts (namely, fuzzy formal con-
cept [35], fuzzy object-oriented formal concept [37], and
fuzzy property-oriented formal concept [37]) and examined
a new form of fuzzy concept (namely, dual fuzzy formal
concept). Other methods have been proposed to study L
CA, such as the variable threshold concept [38], L-fuzzy
W-concept [39], L-fuzzy biconcept [40], one-sided formal
concept [41], and three-way fuzzy concept [24, 42].

Three-way concept analysis (3WCA) [43—45] is another
generalisation of FCA, and it combines FCA with 3WD.
A three-way concept considers both attributes shared by
objects and attributes not shared by objects. Various three-
way concepts have been developed by considering different
semantic meanings, such as OE-concept, AE-concept, OEO-
concept, AEP-concept, OEP-concept, and OED-concept
[43, 46, 47]. Li et al. [48] explored axiomatic approaches to
characterise three-way concepts using multi-granularity. The
aforementioned studies are for complete formal contexts,
namely, symbolic data without missing values. There has
been some excellent work on 3WCA with incomplete con-
texts (i.e. some information between objects and attributes
is unknown) [18, 49-53]. However, those studies are not
considered here as this study is only focused on complete
contexts.

As the method of generalising classical operations to
fuzzy cases is not unique, different methods have been
proposed to investigate L-concepts. This study is focused
only on the one introduced by Bézlohlavek [35]. Based on
his idea, one can form eight types of L-two-way (L2W)
concepts. Moreover, different L-three-way (L3W) con-
cepts have been developed by applying the idea of 3WD.
Although each type of L-concept has its semantic meaning
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and application, it is unnecessary to construct L-concept
lattices separately (particularly considering that forming
a concept lattice is an NP-hard problem). In addition, it is
not necessary to respectively investigate the properties of
different concept lattices. However, for the relationship
between L-concept lattices, no universal representation
theorems exist to date; this is the primary goal of this
study. First, the isomorphic relationship between L2W
concept lattices is explored by defining various L2W con-
cepts. Then, the isomorphic relationship between L3W
concept lattices is examined in the same manner. Finally,
the relationship between the L2W concepts and L3W con-
cepts is revealed. The results provide a way to construct
L3W concept lattices based on L2W concept lattices.

The remainder of this paper is organised as follows. Sec-
tion 2 presents a brief review of related notions, including
residuated lattice, L-sets, and concept-forming operators in
FCA. Sections 3 and 4 detail the main work in this study:
investigating the relationships between L2W concept lat-
tices and between L3W concept lattices. Section 5 reveals
the relationship between L2W concepts and L3W concepts.
Section 6 concludes this paper. For convenience of reading,
Table 1 lists the abbreviations of the symbols.

Preliminaries

This section presents the notions and properties related to
the residuated lattice, L-set, and formal context.

A complete residuated lattice, L, is an algebra
(L,V,A,®,—,0,1), where (L,V, A,0,1) is a complete lat-
tice with the greatest element, 1, and the least element, O,
(L,®, 1)is a commutative monoid, and (®, —) is an adjoint
pair, satisfyinga® b < c< a<<b - cforalla,b,c € L(<
is the order of L). For a complete residuated lattice, the fol-
lowing properties are valid.

Lemma 1 [54] Let L = (L,V,A,®,—,0,1) be a complete
residuated lattice. Then, for a,b,b,,b,,a; € L (i € A, where
A is an index set), the following hold:
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1. agsbsa—->b=1, O* ={a € AT | Yo € O(0Ra)}
2. b1<b2=>a®b1<a®b2; ={a€AT|O§[a]R}, (5)
3. bhh<by>a-b<a->byb,—>a<b —a
4. Vigpt; = b = Ncpla; = D) Acpa; = b > Vicp(a; = b) -
e A A - oA O* = {a € AT | Vo € O (~(0Ra))} ©
5. a<(a—b)—b. ={a € AT | O C [alg},
For a € L, a unary operator, referred to as the pre-com- o0 = {a € AT | Vo € O° (0Ra))
plement operator, is defined as ma = a — 0. If, for any . @)
a € L, 7—a = a, then L is a complete regular residuated ={a €AT | 0" € lalp},
lattice.
OY = {a € AT | Yo € O° (=(0Ra))}
Lemma2 [54,55] LetL = (L,V, A, ®,—,0, 1) be a complete ={a €AT | O° C [alz.} ®)
regular residuated lattice. Then, for a,b,a; € L (i € A), the -
following hold:
0% = {a € AT | 3o € O (0Ra)} ©
={a € AT | On[al, # B},
l, a—)—|b=b—>—|a,—|a—)b=—|b—)a,—|a—)—|b=b—>a;
2. a®b=-(a—> -b),a— b=-(a@® b), =<
00 = AT | 30 € O (=(oR
3. (Aiead) = Viea(may). ta €AT | 30 € O((oRa))} (10)
= {a € AT | On[alg # B},
Let U be a finite universe. A mapping, A : U — L, is an
L-set on U. The family of all L-sets on U is denoted by LY. o = {a € AT | 3o € O° (0Ra))
For two L-sets, A, B € LY, the order is as follows: (11)
= {a € AT | O° n [aly # 0B},
ACB e A(x) <Bx),Vx e U. (1)
# o C
The basic operations are defined pointwise as follows: for 0" = {a € AT | 30 € 0" (m(0Ra))} (12)

xe U,

(AN B)(x) = Ax) A B(x),
(AU B)(x) = A(x) vV B(x), )
A(x) = =A(x) = A(x) = 0.

Given two pairs of L-sets, (AI,AZ) and (1~31 , Bz), we define

(A;,A))N(B),B,) = (A, N B|,A, N By),
(A,A) U(B,,B,) = (A, UB,,A, UB,), 3)
(AUAZ)C = (AL7A§)

The pairs of L-sets are ordered in the following way:
(A,Ay) € (B, By) & A C By, A, CB,. )

Let OB and AT be two finite universes of objects and attrib-
utes, respectively, and R be a binary relation from OB to
AT. For o € OB and a € AT, oRa represents object o with
attribute a, and oR‘a represents object o without attribute
a. The triple, (OB, AT, R), is called a formal context [5].
Based on the connections between objects and attributes,
one can define eight types of concept-forming operators [12,
56]: for O C OB,

= {a € AT | O° N [alg # B},

where [aly is a set of objects with attribute a, and [alg. is a
set of objects without attribute a. In a similar way, one can
define the eight types of operators for attribute set A C AT.
Using these concept-forming operators, one can formulate
different formal concepts or two-way concepts (see [12, 56]).

Relationship Between L2W Concept Lattices

In this section, first, the crisp-set-based concept-forming
operators are generalised to fuzzy cases, and then, various
L2W concepts are introduced based on different fuzzy-set-
based concept-forming operators. Finally, the isomorphic
relationship between L2W concept lattices is revealed.

L2W Operators

Let R be an L-relation from OB to AT, i.e. R : OB X AT —> L,
then K = (OB,AT,R,L) is an L-(formal) context, and
K¢ = (OB, AT, R, L) is a dual L-context of K, where R¢ is the
complement of R. Generalising Egs. (5)-(12) from a fuzzy set
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setting can yield eight types of fuzzy-set-based concept-form-
ing operators: for O € L98, A € I*” 0 € OB, and a € AT,

O*(a) = /\ (0(0) = R(0,a)),

0€OB

A*(0) = /\ (A(a) = R(0,a)),

aeAT

O'@ = /\ (0(0) - R(0,a)),

0€OB

A%0) = /\ (A(a) = R(0,a)),

acAT

9@ = /\ ©(0) = Reo,a),

0€OB

Aﬁ(o) - /\ (A°(a) = R(o,q)),

aeAT

5@ = )\ 00 = R0, ),

0€OB

AD(0) = /\ (A°(a) = R(0,a)),

a€AT

0% = \/ (0(0) ® R(o,a)),

0€0OB

A%0) = \/ (@) ® R, a)),

a€AT

0°@) = \/ () ® K(0,a),

0€0OB

A%(0) = \/ @@ ® (0, a)),

a€AT

0*@) = \/ (0°(0) ® R(o, ),

0€OB

A 0)=\/ A“@ ® R(o,a)),

aeAT

0@ = \/ (0°(0) ® R*(0,a)),

0€OB

@ Springer

13)

14

s5)

(16)

a7

(18)

19

(20)

@

(22)

(23)

(24)

(25)

(26)

@7

A= \/ @@ @K (0.a)). 28)

aeAT

For O € L8 and a € AT, O*(a) and O0(a) characterise the
subsethood degree of O to[d] 7 and O° to [a] > respectively,
where [a]z(0) = R(0, a) for 0 € OB. O*(a) and OP(a) char-
acterise the subsethood degree of O to [a]z and O° to [a].,
respectively, where [a]z.(0) = R¢(0,a) for o € OB. Oo(a)
and O*(a) characterise the degree to which the intersections
of O with [a] and O° with [a] are not empty. O%(a) and
O*(a) characterise the degree to which the intersections of
O with [a]z. and O° with [a]. are not empty. There are simi-
lar interpretations for A’(0), where A € 147, 0 € OB, and
? =, %1, O (},5, and #. If L is a complete regular lat-
tice, then Eqgs. (17)—(20) are equivalently reformulated as
follows (by using Lemma 2(1)):

0@ = )\ ®(.a) = O()). 29)
0€e0OB

i) = N\ R(0.0) - A(a)). 30)
aeAT

0@ = )\ (Ro,a) - D(o)), 31
0€eOB

AD) = N\ (R, a) - A(a)). 32)
acAT

Note that the operators in Egs. (13)-(16), (21), (22), (27),
(28), (31), and (32) have already appeared in [35-37].
However, this does not affect our study because we mainly
explore the relationship between different L-concept lattices.
To distinguish between the operators defined on fuzzy object
sets and fuzzy attribute sets, we call 0%, 0%, 05, OF, 09,
0%, 0*, 0* as L-object-induced two-way (LO2W) operators
and A*, A*, AO, A0, 10, A0, A* A* as L-attribute-induced
two-way (LA2W) operators for O € L°% and A € 7. The
LO2W and LA2W operators are both called L2W operators.
In the following, the L’-two-way (L’-2W) operator indicates
a particular operator where 7 =, i,ﬁ, O, (), (},1?, and #.
For example, the L*-2W operator is L*-object-induced two-
way (L*-02W) operator O* or L*-attribute-induced two-way
(L*-A2W) operator A*, or both.

Example 1 Suppose OB = {0, 0,, -, 05}, and each o, repre-
sents a real estate. An agent scores each estate based on
the following four factors: a,—the location is good, a,—
the price is reasonable, a;—the room layout is comfort-
able, and a,—the residential environment is pleasant; thus,
AT ={a,,a,,a5,a,}. Let L=1{0,0.2,0.4,0.6,0.8,1} be
the score set. Relation R : OB x AT — L represents the
scores of each estate with
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Fig. 1 Relationship between

L2W operators
a; a as ay
o, (020 1 020 0.80
o, 1080 060 1 040
R=0, |020 080 040 1
o, 1040 040 1 0
05 1 080 0.60 0.20

We define A ® uy = max{A+u—1,0}and A - u = min{1
—A+u,1}for A,y € L. Then, L = (L,V,A,&®,—,0,1)is a
complete regular residuated lattice, and K = (OB, AT, R, L)
is an L-context.

Now, suppose there is an intentional buyer, and he rates
each factor as 0.4, 1, 0.6, and 0.8. Based on this informa-
tion, we must determine which estate the agent should
recommend.

To solve this problem, first, let A= (;—']4 + L4060, %;

a, as ay
then, we compute according to Eq. (13). The result is an L
-set:

@

Re Re
(=
C C C C
D

(i)

(b) Relationship between LA2W operators.

A*=;+;+;+_

01 02 03 04 05

~ 06 , 06 038 0.2+%

which means that the agent should recommend estate o5 to
this buyer.

To establish the relationship between L2W operators, we
assume that L is a complete regular residuated lattice. Thus,
for an L-set O, (0°)° = O always holds. Moreover, L*-, LE-,
LO-, and L*-2W operators defined in K are L*-, LH-, La-,
and L¥-2W operators defined in the dual L-context, K¢. Fig-
ure 1 shows the fundamental relationship between the eight
types of fuzzy concept-forming operators. (Figure la and
1b is the same, except that the former is for LO2W opera-
tors and the latter for LA2W operators.) The operators, con-
nected by a double-arrowed line, are converted into each
other by taking the operation attached to the line. For exam-
ple, replacing O with O¢ in O* gives OY; thus, OF = (O°)*.
In the following, the parentheses are omitted for simplicity.
For a better understanding, Table 2 presents the equivalences

Table 2 Equivalences of LO2W — — = -
# ®
operators ¥ D 0 D 0 #
_ . _ Ad . _ Abe O — Octe O — OF « _ A ~*_~<>£ Ax _ Acke
* 0*=0 Or=00 O"=07 0"=0; 0"=0 0*=0 0 =0
O 00=0% — 00 =00c 00 =0% 00=0¢ 00=00 0= @g}f od = o
O 00=0¢ 00=00 - 0%=0% 00=0% 00=00 09=0% 0%=07
#O0' =0 O =0T pFo0d - 0'=0y ' =0 =00 0'=0%
F0=0, 0= 63—? O* = 02“ o' =03 - 0'=00T 07=0% 0°=0%
O 09=0% po=0p8 po- 0;& OB =0k 00=0% - 08 = 0<0c o0 = O
1O _ Axc ~ Ce o A0 — Pt A0 — PR HO — Hlde — 2O _ Ack
0 0°=0y 00=00 00 =00 00 =04 00=0" 0°=00 00 = 0
m A _ Acse x e ~7 ~ > At _ A # _ Ackc # _ A # _ A -
#0'=0y 0F=00 oi=p0® 0'=0} 0'=0% 0'=0 0" =0

@ Springer



2002

Cognitive Computation (2022) 14:1997-2019

Table 3 Equivalences of double compound operations of L2W operators

* O 5 # = O O #
* 0+=0%  9O=00  00=00  O*=000 9 =000  O=00: 90=00F = OF=000
0 o0 = o0 ood = ot o000 = o O0# = O*0 O0F = ot ood = o# OO0 — O O — *o
o 0% =00  p8=0= 0N =0*% 0oM=00 0¥F=00 D=0  000=0% 00 =09
# o = o000 08 = o0 00 = ot ot = o0 O = oo 00 = O0F 0#0 = oL O# = o0
% O¥ = 000 O = OO+ O™ = POt O = OO0 0™ = 000 0" = OO* O = §OF OF = 9O
O o0 = O¥0 o0og = o 000 = O o — OFO O0F = OO0 ood = o OO0 = O OOF = H#O
0 OO = OO 000 = O™ D00 = Pt OO = 90 00* = O*0 000 = O% 000 = O O0* = OF0
7 OF = oo o = oo O — oot o — 9% OF = oD 00 = OOF 0" = oo 0% = 010
illustrated in Fig. 1a as equations. (Figure 1b is similarly (mieA 0, * Al)* D Uen A%

translated.) One can refer to Appendix I for the verification
of these equations. OR means that operator ? is defined based
on R¢ for O, where ? =+, %,[],[], O, O, #, and #.

Table 3 shows the connections between the double com-
pound operations of L2W operators. It lists all the possible
combinations. Thus, there is some overlap. For example,
O = 000 and OO = O** are the same. However, for
convenience of reference, the same equations have not been
deleted. The following equations present the equivalent rela-
tionship between the triple compound operations, namely,
applying three L2W operators successively. For O € L,

O = 065& 0000 = O%E:kc,

ODDD 0#*#0

O — OE@Ec’
O = POT0c, 0000 — O,

OO0 — Qe O### ODQDC

(33)

O*** — OLE@E, O(}(}(} — Oc#i#

o000 — oo ot — OCQ[K)

OFF = OCDOD é(}(}(} Y

ODDD — 00*#* 0### OLOEK}
Using the order and basic operations of the fuzzy sets (see
Egs. (1) and (2)), we can prove the following properties of

L*-2W operators.

Proposition1 For0,0,,0; € L%and A,A,A; € I'T (i € A
and j=1,2),and A € LAT the following propertles hold:

1. IfO, C 0,,then0; C O, if A; C A,, then A} C A*
2. 0CO™ AC A**,

3. O* — O***, A* IA***

4. (UiE/\ 01) - ﬂzE/\ 0* (UiE/\Ai) - ﬂtE/\A*

@ Springer

Proof Given are the proof of the properties of fuzzy object sets;
we can similarly prove the properties of fuzzy attribute sets.

1. To prove the monotonicity, we assume O; C O,, which
means that 01(0) < 02(0) for each o € OB. Then,
from Lemma 1(3), it follows that O%(a) = A o5 (0,
(0) = R0,a)) < \,cpp (0,(0) = R(0,a)) = O}(@)
Va € AT, which means 0; - 0’1‘.

For O € L8 and a € AT, according to Lemma 1(5),
it holds that O0™(0) = A,cur (0*(a) — R(o,a))
= Naear (/\0 '€OB (0(0 ) = R(0',a)) — R(0,a))

> Auear ((0(0) = R0.0) = Ro.a))

> Noear O(0) = O(0), which means O C O**.

From Items (1) and (2), we obtain O*** C O*. Substitut-
ing A = O follows A C A**; thus, O* C O***.

For Ol- € L% (i € A)and a € AT, Lemma 1(4) supports
that (Uer 0) (@) = Nocos ((Uien 0:)(0) = R(0. @)
- /\UEOB (vzeA 0 (0) - R(O a))

= Nvcos Nien (01(0) = R(0.a))

= /\zeA /~\on3 (01(0) —>~R(0 a))

= Niea 0;@ = (iea 0} ) (@)

For O, € L°% (i € A)and a € AT, Lemma 1(4) indicates
that (MNiea 0:) @ = Ascor ((Nier 01)(0) = R(o,a)
= /\()EOB (/\leA 0 (0) - R(O a))

2 /\()EOB \/zeA (0 (0) - R(O a))

> Viea Noeos (0:(0) = R(o,@))
=Vier 0;@ = (Ujer 07) @.

For O € L% and A € AT we assume that O C A*.
Based on Lemma 1(5), we verify that O*(a) =
Noeon (0(0) ~ R(o, @) 2 N,eon (A*(") - Ro,0)) =
Noeos (/\a rear (Al@) > Reo, a)) - R0,0) > \,eop
((A@ — R(0,@)) = R(0,@)) 2 A(a), which indicates
A C O by the arbitrariness of a. The converse is simi-
larly proved.
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The properties in Item (1) show the monotonicity of the
L*-2W operator. The properties in Items (2) and (3) show
that two L*-2W operator applications will enlarge an L-set,
and three applications of the L*-2W operator result in the
same outcome as one application. The properties in Items
(4) and (5) show the distributivity of the L*-2W operator
over union and intersection. Items (1) and (6) of Proposi-
tion 1 show that (, %) forms an antitone Galois connection'”
between (LOZ, C) and (IA7, C). The properties of other L2W
operators are easily obtained based on the properties of L*
-2W operators and the relationship between L2W operators.

Proposition2 For0,0,,0; € L% (i € Aand j = 1,2), and
A € [T the following propertles hold:

1. If.0, C0,, then O c O, 0 c oD, o8 c o2,
0% ¢ 09,0° ¢ 09, 0% ¢ 0%, 0F ¢ OF;

2. 0CO¥,050 c0c 0,080 coc o0 020,
020

3. OF = 0FF, 00 = <>IZ|<) 00 = 0000, o0 = p0od,
08 = 0000, o = O, 0# O, _

4 (Ugn0) = e 0 (N7 =N
\ ’ﬁA i | lieA i > LE/\<> i i ’
Oi) = n OIj 5 (UleA Oz) = UlGA 0?\ ’

<
[

gHieA ézgg LLJJzeAg; ’ (ﬂieA OZ)#= Uiea Of ’
iea Vi) = Uiea Y;s L= =
5 (Nen0)2Uen 0 (Uien @) 52 Uen O -
(UieA ~’)<> 2 UieA~<‘> ’ ﬂieA OJ) #Q mieA Qi# ’
EBzeiOtggcgere;\g; ’ UieAOz) gr]ieAOi ’
i€ i = i€ i’ — -
6. 0OCA*"oACO |, O0cAUsA200 |
0cADsAD00 | 0240 s AcOU |
02A0 < ACO9,AD0"02A* A2 0"

Note that the properties in Propositions 2(1)—(5) also
hold for fuzzy attribute sets. From Proposition 2(1) and (5),
one can see that (%, %) forms an antitone Galois connection
between (L8, C) and (L*7, C), (), ) and ({), ) are two
isotone Galois connections® between (L%, C) and (L7, C),
and ([J, ¢)) and ([J, {)) are two isotone Galois connections
between (A7, C) and (192, ©).

! Given two ordered sets, (P, <p) and (0, SQ), an (antitone) Galois
connection between (P, <p) and (Q, <) consists of two antitone map-
pings, f : P—> Qand g : Q — P, such that x <p g(y) & y <y f(x)
for all (x,y) € P X Q.

2 It is noteworthy that in [35], an L-Galois connection is defined
based on the subsethood degree. Here, we refer to the fuzzy set order
defined in Eq. (1).

3 Given two ordered sets, (P, <p)and (O, 5Q) an isotone Galois con-
nection between (P, <p) and (Q, < ) consists of two isotone map-

L2W Concepts
Different L2W operators determine various L2W concepts.

Definition 1 Let K = (OB, AT, R, L) be an L-context. A pair
of L-sets, (0,A) with O € L% and A € L7 is an

L*-2W concept if 0* = A and A* = O;
L*-2W concept if OF = A and A* = O;
LOO-2W concept if 00 = A and AQ = 0;
LOO-2W concept if 0% = A and AD = O

LE0-2W concept if OH = A and A® = 0;
LO0-2W concept if OO = A and A0 =0,
L*-2W concept if 0* = A and A* = 0;

L#-2W concept if O = A and A* = 0.

NN R L=

Definition 1 shows that the L2ZW concept is a pair of L-
sets that mutually determine each other. Note that L*-, L0,
LE0-, and L*-2W concepts have been proposed [35-37].
We define another four types of L2W concepts, namely, L*-,
LO0O-, LO0-, and L*-2W concepts.

Example 2 (Contlnued from Example 1) Let

0, = —+—+ +—+—A1 a—+++++a— and

02_05 L 054A2_ +22 422 4
0, 0, 03 04 a, as ay

can be easily verified that (O, ,A )is an L*-2W concept and
(0,,A,)is an L*-2W concept.

From a fuzzy object set or a fuzzy attribute set, we obtain
various L2W concepts.

Proposition 3 For O C L% and A C I, the following are
valid:

(O**, 0%Y and (A*, A**) are L*-2W concepts;
(0¥, 0%y and (A*, A" are L*-2W concepts;
(00, 00 and (A0, ADQ) are 1LOO-2W concepts;
(098, 00) and (A8, AD®) are LOB-2W concepts;
(089, 08 and (A0, A98) are 1,00-2W concepts;
(050, 00y and (A0, A0 are LAC-2W concepts;
(O™, 0#) and (A# A™y are L*-2W concepts;
(0%, O") and (A%, A" are 1F-2W concepts.

PN R L=

Proof These assertions are obvious according to Proposi-
tions 2(3) and 1(3).

For an L-context, K = (OB, AT, R, L), we denote

Footnote 3 (continued)

pings, f : P—> Qand g : Q — P, such thatx <p g(y) & f(x) <p ¥
for all (x,y) € PX Q.
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C{(K)={(0,A) | 0* =A,A* = 0},
C{(K)={(0,A) | 0" =A,A* = 0},
) = ((0.4) | O°
oK) = ((0,4) | 00 =4,A0 = 0},
cO®) = ((0.4) | 0P = 4,49 = 0},

CDQ(K) — ((0,A) | 00 = 4,49 = 0},
C} (K) = {(0,A) | 0" = A,A* = 0},
L(K) = ((0,A) | OF = A, A" = O}

as the sets of L*-, L*-, LOO-, 1,00-, L0, 1, 30-, L*-, and
L#-2W concepts, respectively.

According to Definition 1 and the regularity of L, the fol-
lowing statements hold: an L*2W concept in K is equivalent
to an L*-2W concept in K¢; an LOE-2W concept in K is equiv-
alent to an [,O0-2W concept in K¢ an LDQ—ZW_concept inK
is equivalent to an ,T0-2W concept in K¢; an L#-2W concept
in K is equivalent to an L*-2W concept in K¢. The converse
is also valid. In summation, the following equations hold:

Ci (K) = C; (K, X9K) = OPko),

cHOK) = cOK), CF(K) = ¢ (K,

C; (K) = C; (K, CPK) = COTKe),

DO _ 56 c # — ; c
CL (K) = CL (K9, C{(K) = C] (K.
The equivalence between L2W operators naturally yields the
following correspondence of the L2W concepts.

Theorem 1 For O € L% and A € I, the following state-
ments are equivalent:

. (0,A) e C*(K)

. (0,A%) e C _(K)
. (0°,A) e CE (K);
. (0°,A% e C#‘(K).

B L=

Proof For O C L8 and A C L7, the following holds:

(0°,4) e CDO(K) o 090 =4, A0 =&
o (Oc)#c =A (AL)# —
o (6(‘)# Ac (AL‘)# c
& (0°, A% € C(K).

Similarly, one can prove the other equivalences.

@ Springer

As a direct consequence of Theorem 1, we obtain the
equivalent relationship between the other four types of L2W
concepts.

Corollary 1 For O C L% and A C L7, the following state-
ments are equivalent:

. (0,A) € C (K);
. (0,A% e Cg (K);
(0°,A) € CIFO(K),

(0°,A°) € C}(K).

B =

Theorem 1 and Corollary 1 show the equivalent relation-
ship between the L2W concepts. These can be divided into
two groups. From each type of L2W concept, one can obtain
the other three types, within the same group, by comput-
ing only the complements of the extent and (or) the intent.
Referring to Example 2, we can observe that (0, ,A‘) is an
LO0-2W concept and (OZ,AL yis an LOO-2W concept.

L2W Concept Lattices

This section proves that each type of concept forms a com-
plete lattice, and these complete lattices form two isomor-
phism groups. The following are the definitions of order,
infimum, and supremum of each type of L2W concept.

Definition 2 Let K = (OB,AT,R,L) be an L-context,
0,,0, € L% and A}, A, € ['T.

For(0,.4,).(0,.4,) € C;(K).(D,.4,) <, (0. A,)iff
0,C0,(rA, CA), and

(01,A)) A, (0,5,4,) = (0, N 0,,(A; UA,™),

(01,41) v, (0,5,A4,) = (0, U 0,)™,A| NAy).

2. F0r<01’A ) <02’A2> € CX(K) (019A >
0, C0,(orA, CA)),and

<023A2> iff

(01,4)) A; (03, 45) = (0, 1 0, (A, UA,)™),
(01,41) vz (05,A;) = (0, U 0)*, A N 4y).

3. For(0,,4,),(0,,4,) € CSD(K)XODAO <58 (05,4,)
iff 0, C 0, (or A; C A,), and
(01.4)) A5 (02, 45) = (0, 0 0. (A nA)H0),

(01,A)) V = <Osz2> =((0,u 02)6E’A1 UA,).

4. For(0.4,).(0,.4,) € CPUKN(O,.4)) <o (05.4y)
iff 0, C 0, (or A, C A,), and



Cognitive Computation (2022) 14:1997-2019

2005

(0, A) Aoo (02,4,) = (0, N 0,,(&; N AF0),
(0,A) Voo (02,4,) = (0, U 0,)%H, 4, UA,).

5. For(0,,A,),(0,.A,) € CDO(K),(OI,A ) <=z
iff 0, C 0, (or A, CA)), and

5 (02.4;)

<OI,A1> A_6 (az,A2> = <O] U Oz,(A UA2)5E),

(01,41 Ve (00, A0) = (0,0 090, 4, 0 &y).

~ ~ ~ ~ D ~ ~ ~ ~
6. For(0},4,),(0,,4,) € C; O K0, A,) <o (02.47)
iff O, € O,(or A, CA,), and

(0,,4,) Ao (05.4,) = (0, U 0,.(4, UA,)D),
(0,,4,) Voo (05.4,) = (0, N 0.4, n4,).

7. For(Ol,A )s (OZ,AZ) e C/(K), (0,,A)) <4 (0,,A,)iff
0,C 0,(orA, CA,),and

(01,A)) Ay (0,,4,) = (0, U 0,, (A, nA)"),
(01,A,) V4 (0,,4,) = (0, n 0,)", A UA,).

8. F0r<01,A ), <027A2> ec’ LK), (01,A) <z (0,,A,)iff
0,C0,(orA, CA,), and

(01,A)) A5 (0,,4,) =(0, U 0,,(A, nA,)"™),
(0,,A)) Vi (07,45) =((0, N 0y))" A  UA,).

According to Propositions 1(4) and 2(4), it is clear that
(C? (K), Ay, V) is a lattice, where ? =+, %, (3¢, (I, OO
OO, #, and #. We present the main theorem of the L2W
concepts.

Theorem 2 Given an L-context, K = (OB,AT, R,L_),
(C;‘(Igi\?,w) is a complete lattice, where 7 =x, %, E(},
00, OO, OO, #, and #.

Proof To prove that C; (K) is a complete lattice, we
assume (0;,A;) € C{(K), i € A. Items (3) and (4) of
Proposition 1 show that ((),c, O;. (U;ep A)™) € C(K)
and (Nicr 0 (UA)™) <, (0,,A;) for each i€A.
Next, we prove that ((),cp O; ((UA)™) is the infi-
mum. If not, suppose that (0,A) <, (0,,A;) for each
i€ A and ((ea 0., (UA)™) <, (0, A) Then, it fol-
lows that O C O, for each i € A and ;. O; € O; con-
sequently, (;ca Ol O. Proposition 1(4) reveals that
A= O*Nz (mieA?i)* = (mieAAZ‘k)* = (UiGNAANi)**' That is,
(Niea Oi> (Uiep A)*™) is the infimum of (0;,A;) € C; (K),
i € A. Similarly, we prove that ((U,cx 0% Nics Ar)
is the supremum of (0,,A;) € C; (K), i € A. Therefore,
(C; (K), A, V,) is a complete lattice.
The others can be similarly proved.

Theorem 2 demonstrates that each L2W concept lattice
is a complete lattice. Based on the results of Theorem 1 and
Corollary 1, the eight types of L2ZW concept lattices can be
divided into two groups.

Theorem 3 Letr K =
the following hold:

(OB, AT, R, L) be an L-context. Then,

1. CHK) CgD(K) ~ CDO(K) ~ C* (K);
2. C (K = CPK) = ¢t (K)NC#(K)

The notation = represents isomorphic relation.*

Proof (1) We assume that f : CDO(K_)_—> Cc# 1L(K) such
that f({(0,A)) = (0, A¢) for (0,A) € C <>_(K) Theorem 1
indicates that fis a bijection between CID ( and Ci(K).
Next, we suppose that (0,4, ), (0,,A,) E C (K). Table 2
provides the following assertions:

f((OpAl) /\55 (02,A2>)

= (D, U Dy, (A, UA,)OTY)

=(0,V0,.(4, UAz)gﬁc)

= (0, U0, (A, UA,),
F(O1Ay) Ve (O o))

= (D, n 00,4, n4,))

= (0, 0 0T, (A, N A,)°).

4 For two lattices L; = (L;, Ay, V) and L, = (L,, Ay, V,), We say
L, is isomorphic with L, (denoted as L, = L,) if and only if there
exists a bijection f : L; — L, such that f(a A, b) = f(a) A, f(b) and
flav, b)=f(a)V, f(b), and fis called an isomorphism between L,
and L,. In the view of graphs, we say two graphs G, and G, are iso-
morphic if there exists a matching between their vertices so that two
vertices are connected by an edge in G, if and only if corresponding
vertices are connected by an edge in G,. For example, the following
two graphs are isomorphic.
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Table 2 still supports that

f((OpAl)) /\#f(<02,A2>)

=(0,,A7) Ay (0,5, A7)

=(0, U 0,, (A nA)™)

=(0, U 0y, (A, UA,)*™)

=(0,U0,,(A, UA2)5#>7
f((OpAl)) V#f(<OzaAz>)

=(0,47) V4 (05, A7)

= ((0, N 0™, A{ UAS).

Table 3 suggests that (O, n0,)* = (0, U 02)55,
which means fis A-preserving and V-preserving By let-
ting f((0,A)) = (0,A°) and f((0,A)) = (O, A°) 5 one
proves the 1s0_m0rphlsm between C; (K) and C// (K
and between C/ (K) and CDO(K) respectlvely

(2) The proof is similar to that of Item (1).

Theorem 3 reveals the isomorphic relationship between the
L2W concept lattices. The eight types of L2W concept lat-
tices constitute two groups; each concept lattice is isomorphic
with the other three in the same group. Using the results in
Theorems 1 and 3 and Corollary 1, we only need to construct
a type of concept lattice in each group. The following is a brief
example of the construction of L2W concept lattices.

Example 3 Given an L-context, K = (OB, AT, i?, L), with four
objects and three attributes, the L-relation is represented as

a a4 4

oolo 1 05

R0 1 05 05 .
03 105 1 0
0, 105 05 1
Let L ={0,0.5,1} be the truth-value set, and define

AQu=max{Al+u—1,0}andA - g =min{l — A1+ u, 1}
for A, u € L. The method proposed by Bézlohlavek [57] is
adopted to construct the L*-2W concept lattice. The extent
and intent of the L*-2W concepts are listed in Table 4. Fig-
ure 2 shows the Hasse diagram of the L*-2W concept lattice.
The number of nodes corresponds to the number of each L*
-2W concept in Table 4. A line connects two concepts, in
which the lower concept is a sub-concept of the upper one.
Based on the results of Theorems 1 and 3, 1,00-, 1,00-,

and L*-2W concept lattices can be easily obtained. For
example, by computing the complement of L*-2W concept
intent, we can obtain all 1,00-2W concepts (see Table 5).

@ Springer

Table 4 L*-2W concepts

No. (0] A

1 (1.0, 1.0, 1.0, 1.0) (0.0, 0.5, 0.0)
2 (1.0, 1.0, 0.5, 1.0) (0.0, 0.5, 0.5)
3 (1.0,0.5,1.0,0.5) (0.0, 1.0, 0.0)
4 (1.0,0.5,0.5,0.5) (0.0, 1.0, 0.5)
5 (0.5,1.0,1.0, 1.0) (0.5, 0.5, 0.0)
6 (0.5,1.0,0.5,1.0) (0.5, 0.5,0.5)
7 (0.5,0.5,0.0, 1.0) (0.5, 0.5, 1.0)
8 (0.5,0.5,1.0,0.5) (0.5, 1.0, 0.0)
9 (0.5,0.5,0.5,0.5) (0.5, 1.0, 0.5)
10 (0.5,0.5,0.0,0.5) 0.5, 1.0, 1.0)
11 (0.0, 1.0,0.5,0.5) (1.0, 0.5, 0.5)
12 (0.0,0.5,0.5,0.5) (1.0, 1.0, 0.5)
13 (0.0, 0.5,0.0,0.5) (1.0, 1.0, 1.0)

According to Theorem 3, the L55-2W concept lattice struc-
ture is the same as that of the L*-2W concept lattice.

Relationship Between L3W Concept Lattices

Early traces of L3W concept analysis can be found in [58],
where Bartl and Konecny studied the L-concept with posi-
tive and negative attributes and used a pair of antitone and
isotone concept-forming operators to define an L3W con-
cept. Subsequently, He, Wei, and She [59] used a pair of
antitone concept-forming operators to represent a type of
LO3W concept and a type of LA3W concept. Singh [42]
proposed a three-way fuzzy concept within the neutrosophic
context, which consists of a pair of neutrosophic sets. A
neutrosophic set, N, consists of three functions, Ty, I, and
Fy, namely, the truth-membership function, indeterminacy-
membership function, and falsity-membership function,
respectively. The number ‘three’ of ‘three-way fuzzy con-
cept’ means that three membership functions represent both
the extent and intent of a three-way fuzzy concept. However,
the L3W concepts in this study have a different meaning,
which is the main focus of this section.

L3W Operators

Considering three-way operators in a fuzzy set view, we
can have four types of LO3W operators and four types
of LA3W operators and their inverses (see Table 6). The
relationships between LO3W operators and between
LO3W inverse operators are illustrated in Fig. 3a and
b, respectively. One can convert the operators, connected
by a double-arrowed line, by taking the operation with
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1 Table5 LOC2wW concepts
No. 0 A
1 (1.0, 1.0, 1.0, 1.0) (1.0, 0.5, 1.0)
2 (1.0, 1.0, 0.5, 1.0) (1.0,0.5,0.5)
3 (1.0, 0.5, 1.0, 0.5) (1.0, 0.0, 1.0)
4 (1.0,0.5,0.5,0.5) (1.0, 0.0, 0.5)
5 (0.5, 1.0, 1.0, 1.0) (0.5,0.5, 1.0
6 (0.5,1.0,0.5, 1.0) (0.5,0.5,0.5)
7 (0.5,0.5,0.0, 1.0) (0.5,0.5,0.0)
8 (0.5,0.5,1.0,0.5) (0.5,0.0, 1.0)
9 (0.5,0.5,0.5,0.5) (0.5,0.0,0.5)
10 (0.5,0.5,0.0,0.5) (0.5, 0.0, 0.0)
11 (0.0, 1.0, 0.5, 0.5) (0.0, 0.5, 0.5)
12 (0.0, 0.5,0.5,0.5) (0.0, 0.0, 0.5)
13 (0.0,0.5, 0.0, 0.5) (0.0, 0.0, 0.0)
4 (Uien 00% = Niea 05 Uiea 4™ = Niea A

Fig.2 L*-2W concept lattice

the line. For example, O< can be obtained by substituting
O¢ for O in OV, namely, O< = 0V =0V, 0,,0,)”
can be obtained by replacing (0, 0,) with (0;,0,) in
(0,,0,)4,i.e.(0,,0,)” = ((0,,0,))* = (0,,0,)*. For a
better understanding, Table 7 lists the equivalences of L
O3W operators and LO3W inverse operators. Appendix II
provides proof of these equations. We omit the results for
LA3W operators and their inverses for simplicity. More-
over, Table 8 reveals the connections between the two
applications of L3W operators. According to the proper-
ties of L*- and L*-2W operators, the basic properties of
L<-3W operators and associated inverses are presented
as follows:

Proposition4 For0,0,,0,,0, € L°%, A, A, A, A, € I
(e, j=1,2,3,4,and k = 1,2), the following hold:

1. IfO, C O,,thenO5 C OF,ifA| C A,, then A5 C AT

s

5. (Niea 00% 2 Uiea Of’ (Niea A< 2 UieAAf;

6. If(0,,0,) C (05,0,), then (05,0,)” C (0,,0,)”;
if(A,A,) C (A;,Ay), then (A5, A,)” C (A,,A,)”;

7' (015 62) <_: (019 02)><7 (A19A2) g (A17A2)><;

8. (61, 02)> = (01, 02)><>, (AI’A2)> — (A13A2)><>;

9. (UlE/\(Q 1°
(UzeA(Azl’A

Proof (1) Propositions 1(1) and 2(1) support that
05 = (0;,03) € (0%,0%) = O5 for 0} C 0;.

(2) Given O C L% based on Propositions 1(2) and 2(2),
it follows that O = (0*, 0%)> = 0"* n 0¥ 2 On
0=0.

(3) Items (1) and (2) indicate that O<>< C O< for
O € L%, Moreover, from Propositions 1(5) and
2(5), it holds that 0<>< = (0*, 0%)>< = (0** n O*¥)<
— ((O** N Oi&)* (Oy* N Oi&)i)g (é*** U OM*, O**?ku
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Table 6 L3W operators

LO3W operator LO3W inverse operator LA3W operator LA3W inverse operator
0% = (0%,0%) (0,,0,)> =0;n0; A< = (A%, A%) A.A)> =41 nA;j

V = (05,00 ©,, 092 =00 u P AV = (AB,AD) A Aph =40 A0
o7 = (09,00) (01,0, =07 n O Av = (A9,A9) @), A% = A0 n A7
0~ = (0%,0%) (0,,0,)° =0tV 0! A = (A%, AF) A A=At u Al

(4) Propositions 1(4) and 2(4) show that (Uier 00 = (U
zeAO ) (Uien 00%) = (Nier 07+ Niea 07) = Niea
(07,00) = Nien O

(5) Itis obvious from Propositions 1(5) and 2(5).

6) For(Ol, 02) C (05, 0,) which is equivalent to 01 c 03
and 0, C O,, it holds that (05, 0,)< = 0* no; c O
nO; = (0,, 0,)< by Propositions 1(1) and 2(1)

(7) Proposition 1(2) and (5) and Proposition 2(2)
and (5) support that (0},0,)>< = (0" n0)*

= (07 n03)",(0; n 03)*)2 (07" U 05, 07" U 059
2 (0, O**) 2(0,,0,).

(8) Ttems (6) and (7) show that (0, 0,)><> C (0, 0,)”.
By contrast, letting A = (0,,0,)> follows that
A C A® by Item (2), namely, (0, 0,)> C (0,, 0,)> .

(9) Proposition 1(4) and Proposition 2(4) verifies
that (U;ea (011 0))” = (U,en 011’ Uiea On)” = (U
zeAOzl) N (UzeA 12)>k (ﬂzeA ) n (ﬂleA 0
Niea (0} N 05) = Niea©;1. 0,7

(10) From Proposition 1(5) and Proposition 2(5), it fol-
lows that ([N;e2(0; Olz))> (Nica Oit- Niea 0
= (Niea 01" N (Nie 0202 (Uien 05) N (Uier 07)
2 Uiea (05, N 03) = Uiea(0ir. 0)”.

Items (1) and (6) show the monotonic property of the L<
-O3W operator and its inverse. The properties of Items (2)
and (7) reveal that the application of < and > (or > and
<) successively will increase the L-set. The properties of
Items (3) and (8) indicate that three applications of the L3W
operators successively achieves the same result as the first
application. The properties of Items (4), (5), (9), and (10)
show the distributivity of the L.<-3W operator and its inverse.

The results in Proposition 4 together with the equivalence
between L3W operators yield the properties of other L3W
operators.

Fig. 3 Relationship between O¢
L3W operators o<
c

e
Ov

(a) Relationship between LO3W operators.
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Proposition 5 For O, OZ,OJ, 0, CL%BGeA, j=1,234,

and k = 1,2), the following hold:

3. OV = OVAV QY = OVAY, 0> = O><>;

4. (ﬂze/\ 9) = ﬂze/\ Ov (UieA bi)v = UzeA Ov
(ﬂieA 0; ) = Ule/\ 0l>

5. (UzEAO) 2 UzEA Ov (ﬂzEA ) < UzEA Ov
(Uiea 0)7 € Nica 07

6. If(0,,0,) C (05, 0,),then(0,, 0,)> C (05,02,
0y, 02)A C (0s, 04)Aa (05,07 € (01,0,)%

7. (0,,0) €(0,,002Y, (0,,0,)2(0,,0,*7,
(01,0,) 2 (01,077

8. (0,,0)2 = (0,,0,)AVA,(0,,0,)* =
(0,,0,)% = (0,0,

(OI ’ 02 )AVA,

- R (01,0)° e
ov (01,02)> (O1,02)*

C C C

(01,09)°

o> (01,0,) (01,0,)7

(b) Relationship between LO3W inverse operators.
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Table 7 Equivalences of LO3W operators and LO3W inverse operators

< \V4 v > > A A <
< - O<=0V 0<=0" <=0
YV 0OV = 0e< — OV = ocve OV = Ope
v O"=0% OV=0Vc - 0 =0~
B 0P =0 9P =dVe O =0 —
> - (01,0,)” = (0y,0,)2¢ (01,0,)” = (0;,0,)* (0,0, = (0, 0,)<
A (01,002 =(0,,0,¢ (01,002 = (0,,0,)* (0,,0)2 = (0,0,
A (0,,0)* =(0,,0)>  (0,,0)* =(0,,0,)4¢ — (0,0)* = (0y,0,)
< (0,0, =(0,,0,)>¢  (0,,0,)° =(0,,0,)% (0,,0,)% = (0,,0,)* —

?‘ (UIEA(Oll’ 012)) - UzeA(Oll’ 0 Z)A
012)) 5 = ﬂzeA(Oll’ OlZ)A(nzeA(Otl’ 12))

(01, 0p)%

Niea @i
g L/jzeA ’

1~0' (mlEA(Oll’ 012)) c mzeA(Otl’ 012) gUzGA(O
sz)) 2 Uiea(0i1: 0)* (Uiea(0:1:02)) ™ € Niea -
(031, 0)*

The properties in Proposition 5 also hold for fuzzy attrib-
ute sets.

LO3W Concepts and LO3W Concept Lattices

A type of LO3W operator, together with its inverse, defines
a type of LO3W concept.

Definition 3 Let K = (OB, AT, R, L) be an L-context. For
O € L%andA,,A, € L',(0,(A,,A,))is called an

From Definition 2, two L-sets defined on AT comprise
the intent of the LO3W concept. These two L-sets represent
opposite meanings. For example, given an L<-O3W con-
cept{0, (A,,A,)), A,(a) characterises the degree of attribute
a shared by all objects in O and A,(a) characterises the
degree of attribute a not shared by any objects in O. It is
worth noting that the statement ‘objects in O’ is also a fuzzy
statement.

Example 4 (Continued from Example 1) Suppose a couple
intends to buy a house. The agent invites one of them to rate
each factor’s importance, and the other to rate the
non-importance of each aspect The results are represented by
twofuzzy sets: A; = % + 280y —and;lz =

a as a4 ay a
+

A*NA* =
as
0=== + — + + & + 86 The result suggests that the

0,y 04

+ — By computatlon we have (A,,A,)” =

agent can recommend the estate 05 to the couple. Moreover,
because O< = (0*, 0%) = (A,,A,), it holds that (D, (A, A,))

1. L<O3W concept if 0< = (Zt1 ,AZ) and (A4,,4,)” = 0; is an L<-O3W concept.
2. LV-O3W concept if OV = (A,,Az) and (AI,AQ)A = O )
3. LY-O3W concept if 0¥ = (A, ,Az) and (AI,AZ) =0; For an L-context K = (OB, AT, R, L), we denote
4. L>-O3W concept if 0> = (4,;,4A,) and (4,,4,)< = O.
Table 8 Equivalences of two applications of L3W operators
> AN A < < \V4 v >
< 0<> = O'A O<A = qu O<A = OV> O<<] = OVA
Y 0OV> = ra OVA = Op< OVA = P> OV< = P
v OOV =0% A =0 O =0 O =L
> 0P = OVA OPA = OV< OPa = OV Op< = OVA
> (O,,Dz)>< = (Owéz)AV (Ol,DZYV = (Oh()z)A< (Dw()z)>v = (Olvoz)A> (Owoz)3>> = (Oh()z)AV
A (O,,DZ)A< = (Dlvoz)>V (Olvoz)Av = (01~02)>< (waz)A' = (bwoz)3>> (OI’O’I)AD = (01»02)>v
A (Olvbz)A< = (bl-oz)<]V (01:02)Av = (01-02)<]< (Dl-oz)“ = (01»02)<1> (Olsbz)AD = (01102)4v
< (b,,oz)<< = (Ohéz)AV (Olvoz)qv = (O|v62)‘< (6“()2)<1v = (01,02)‘> (O|,02)<‘> = (Oh()z)Av
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CoL(K) = {(0.(4),4,)) | 0% = (A}, 4,),
(A,,A,)” =0},
K = {(0,(A,,A4,) | OV = A,.4)),
(AlvA2) =0},
Cy (K) = {(0,(A},4,)) | 07 = (A,,4y),
A, A)* = 0},
CyL(K) = {(0,(A},4)) | 0" = (A,,A)),
(;\1’1‘12)<1 = O}

as the sets of L<
respectively.

-, LV-, L"-, and L>-O3W concepts,

Theorem 4 For O € L% and A,,A, € I, the following
statements are equivalent:

(0. Ay) € Cg 0%
. (0", (AI’AZ» € C,.(K);
- (0. Ay)) € CYy (K
(0, Ay, Ay)) € G ()

W =

Proof ForO € L% and A,,A, € L7, it follows from Defini-
tion 2 and Table 7 that

(0,(A1,4,)) € CY (K)

0" = (ApAz)C’ ((fz‘pAz)c)A =0

& 0% =(ALA), (A,A))“=0
< (OC)D = (A'“Az)c’ ((AI,A2)L‘)< =0°
® (0%, (4,,4,)) € C3 (K).

The other equivalences are similarly proved.

Theorem 4 establishes the connections between LO3W
concepts. Utlising these results, one starts with any LO3W
concept to obtain the other three types. The following are
the definitions of the order, infimum, and supremum of
each type of LO3W concept.

Definition 4 Let K = (OB,AT,R,L) be an L-context,
0, € L%, and A; € I (i,j = 1,2).

1. Suppose (01’(1411’ 12)) (02,(A21’A22)>€C (K)
then (01’('411’ 1) < < (0,,(Ay,Ap))iff O, C 02 (or
(Ay.Ap) C (A11’A12)) and

(01, (A1, A1) A (05, (Ay1, Apy))
= <01 N0, (A}, Ap) U Ay, A))"),
(01,(A11,A15)) V( (05, (Ay1,A))
= <(01 U0, (AL AN (A21’A22)>-
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2. Suppose (0y,(A),A,)),(0,,(A;),Ar)) € C (K),
then(Ol,(A”, 2)) <v (02,(A21,A22))1ff02 C 0 (or
(A21’A22) < (An’ 12)), and

(01,A11,A10) Ay (05, (Ay1,A5))
= (0,0 0,,(A,,4,,) U Ay, )"V ),
(01,(A11,A10)) Vyy (05, (A1, Ayy))
= (0, n 0V, (AL Ap)N Ay, Az)).

3. Suppose <017(A11’ 12)> <02’(A21’A22)> € 7, (K),
then (01, (A“, 12)> <y (02a (Azl,Azz» iff 01 C O, (or
A,A) C (A21vA22)) and

(01,(A11,A15)) Ay (05, (Ay1,A2))
= <01 N0, (A, A1) N (Azl»Azz))">,
(01,(A11,A12)) Vy (05, (A, Apy))
= <(Ol U0, (A, A) U (A217A22)>-

4. Suppose (0,(A,,A})), (02,(A21’A22))€C LK)
then (01,(A11,A12)) o (05, (Ay.Ap)) iff O, C 01 (or
A.Ap) C (Aszzz)) and

(01, (A11,A) A (0,.(Ay1,A0))
= (0,U 0, (A}, A1) N (Ay,A) ),

(01, A11,A1) Vi (05, (A1, A1)
= <(01 N0, (A, A1) U (Azwzlzz))-

For two LO3W concepts of the same type, such as
<01’(A117 12)> and (0,,(A;,45)), if 0,=0,, then
(A,,,A,,) = (A,,,A,,); the converse also holds. Obviously,
(COL(K), A9, V) 18 a lattice by Propositions 4 and 5. The
following is the main theorem of LO3W concepts.

Theorem 5 Given an L-context K = (OB,AT,R,L),
(C?OL(K), A9, Vo) is a complete lattice, where 7 =<, V,v,
and 1>.

Proof To prove that (C<L(K) A< V)18 a complete lattice,
we assume that (Ol, (AmAlz» e Cs oK), i € A. As a con-
sequence of Proposition 4 it holds

(Nicr O Uica @i, A7)

= (ﬂleA 0:,(Nica O; )<) € C;, (K)and

(Uie 097 Nier@a- A2))

= (Niea@ir- A Nier @i Ap)) € €3 (K).

Next, we prove that {(),c, O;. (U; A(All,Alz))x) is the
infimum of (0;, (A;,,A,)), i € A. If not, assume that there
exists an L<-O3W concept (0, (A, A,)) such that

(0,(A},Ay)) <. (0;, (A, Ap)) fori € Aand

(Miea O (Uiea@i1:A2))”<) < (0, (A1, A))).
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Then, by Definition 4(1), it follows that 0cC Oi for
i€ Aand(N,c) O; C O, thus, O = [, O; or, equivalently,
(0.(41,49) = (Nica 01 U;ea@i1. A))"<). This com-
pletes the proof of the infimum. Similarly, we prove that
((Uien 00, Nica@i1,Ap)) is the supremum of
(0:,(A;1,Ap))i € A Thatistosay,(C55; (K), A, V. )isacom-
plete lattice.

The others are similarly proved.

Theorem 5 shows that each type of LO3W concept lattice
is a complete lattice. Moreover, these concept lattices are
isomorphic to each other.

Theorem 6 Let K =
< ~ VvV ~
C;L(K) ~C OL(K) =

(OB, AT, R, L) be an L-context. Then,
CY, (K) = C5, (K.

Proof To proveC LK) = C' LK), let f Cv (K) — CY

(K) such that f(O0, (AI,AZ))) = (0", (AI’AZ) ) for
(0, (AI,AZ))ECOL(K) Theorem 4 verifies that f
is a bljectlon between CVL(K) and C'L(K) Given
(01,A11,A10)),(0,,(A3,A5)) € COL(K) Table 7 con-
firms that

f((@l, (Ansizhz)) /\V (Oz, (Azl’Azz»)
=f(<61 U 02» ((AnsAu) U (A21,A22))Av>)
=((0,U0,), (A1, A1) U Ay, Ap)AV0)
=((0, U0, ((A;;,A ) U (Azl’Azz))Al>>’
KO A 1,ADY) Ay f(0,. (A1, A0)))
= (05, (A1, A1) Ay (05, (A1, A5)°)
= <Oﬁ N 52, (A1, A1) N (A, Ap))AY)
= (0, U0, (A}, A1) U (Ay1, Ay)™Y)
= (0, U0, (Ay1, A1) U Ay, A)T).
Furthermore, it follows from Table 8 that (A,;,4,,) U (4,,,

A" = ((A,,,A,,) U (A,,,Ay))”Y which indicates that f
is A-preserving. Table 7 also certifies that

FUO, (A11,410) V7 (0, (Ay1, A7)
=f(©O,n 02)VA’ A1, A1) N (Ay,4A5)))
= (0, N 0)YV2 (A1, A1) N (Ay. Ap)))
= (0, N0V, (A,1,A,,) U Ay, Ay,

f(01.A11.A)) Vy f(0,. (A1, Ap)))
= (05, (A,1,4,)) vy (05, (A, A))
= (05U O0)™. (A,1.A 1) U4, A5))
= (01N 0. (A,1.49)" U Ay, 45)°)
= (0, N 0™, (A,1,A15) U Ay, A5)).

Moreover, Table 8 indicates that (O, N 0,)V> = 0, N 0,)".
Therefore, fis V-preserving. This completes the proof that
Cy(K)=CY (K). o

By setting f((Ov,(A] ,A5))) = (0%, (A,,A,)), one can prove
that C3; (K) = C; (K) and C7; (K) = C7, (K).

Theorem 6 reveals the isomorphic relationship between
the four types of LO3W concept lattices. Using the results in
Theorems 4 and 6, we can construct different LO3W concept
lattices through existing ones.

LA3W Concepts and LA3W Concept Lattices

Similarly, we adopt a type of LA3W operator and its inverse
to determine the type of LA3W concept.

Definition 5 Let K = (OB, AT, R, L) be an L-context. For
0,,0, € L°% and A € I*7,((0,,0,),A)is called an

1. L<A3W concept if A< = (0,,0,) and (0,, 0,)” = A;
2. LV-A3W concept if AV = (0,,0,)and (0, 0,)2 = A

b

L'—A3W concept if AY = (0l , 02) and (01 ,0,)A
4. LP-A3W concept if A> = (0,,0,) and (0,, 0,)° =

o

Definition 4 shows that the extent of the LA3W concept
consists of a pair of L-sets, defined on OB, which repre-
sent the opposite meaning, just as the intent of the LO3W
concept.

Remark 1 Note that the L<-O3W concept and L<-A3W con-
cept in Definitions 2 and 4 are the same as those proposed
in [59]. The main aim of this paper is to discuss the relation-
ship between various L3W concept lattices, so we introduce
other LO3W concepts and LA3W concepts.

For an L-context K = (OB, AT, R, L), we denote

CiLK) = {((0,,0,).4) | A* = (0,,0,).
(61’ 02)< = A}

CY (K) = {((0,,0,),4) | AY = (0,,0,),
(0,,0)> = A},

CT.(K) = {((0,,0,),4) | A” = (0,,0,),
(0,,0)* = A},

LK) = {((0,.0,),4) | A7 = (0,,0,).
(01 > Oz)< = A}

as the sets of L<-, Lv—, LY-, and L>-A3W concepts,
respectively. Below shows the relationship between LA3W
concepts.
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Theorem 7 For 0,,0, € L% and A € L*", the following
statements are equivalent:

((01,0,).A) € C5 (K);

((0,,0,),A°) € C | (K);
((legz)csA> € C (K);
(04, 0,)", A%) € C7, (K).

el S

Proof The proof is similar to that of Theorem 4.

The results in Theorem 7 provide a convenient way to
construct the LA3W concept from other concepts. For
example, given an L<-A3W concept, replacing the intent
of the L<-A3W concept with its complement generates an
LV-A3W concept.

The order, infimum, and supremum of each type of L
A3W concept are defined as follows:

Definition 6 Let K = (OB,AT,R,L) be an L-context,
0; € L%, and A, € I (i,j = 1,2).

1. Suppose ((0“,012) A s ((021,022) Az) IS C LK),
then <(0117012) A)) <. {(0y,0yy), A2>1ff(0117012) c
(0y1,0,)) (or Ay C A ) and

((011,012),A1) A (D1, 0y). Ay)
= <((~)11’ 012) N (0,,00). (A, UA2)<>>,
((011.01),4,) V((0y, 0. Ay)
= <((011’ 01,) U (05, 05)))" <A, r‘IZ\2>-

2. Suppose ((011’ 010).A}), ((0217 0,,).4,) € cY (K)
then((O”,Olz) A v (041, 0yy). A2>1ff(011’012) c
(0,1, 0,,) (or A, C A,), and
((0,1,01y).A)) N4 ((041,0),4A,)
= ((011,01,) N (051,05, (4, nAz)VA>’
((0,1.01y).A)) VY7 (011, 0y).A5)
= <((611’ 012) U (0y1, 0,,))2V A, UA2>-

3. Suppose «?11’@12) A1), {(0y;,00),4,) € C MILSE
then <(01|9 12) A < <(021’022) Az) iff
(02,,022) C (OH, 012) (or A2 CA ), and
((0),,01y).4)) Ay (051, 05). A7)
= ((011,013) U (011, 0),(A; UA)™),
((011,019),A,) Vy ((0y,, 0). A,)
= <((611’ 012) N (Ozw 622))“’1&1 ﬂzZ\z).

4. Suppose ((01,0,),4,),((0,,0,,),4,) € C;, (K),

then <(011’012) A<, ((021»022) Ay) iff
(021,022) - (011, 012) (or A1 - Az) and

@ Springer

((011,012),A,) A, (011, 00),4,)
= <(011, 01) U (0,,,0,,).(A, nAz)M>7
((011,012),A,) V. (011, 0),A5)
= <((611’ 012) N (0y, 0™ A, UA2>-

Each type of LA3W concept forms a complete lat-
tice, based on the infimum and supremum defined in
Definition 5.

Theorem 8 Given an L-context K = (OB,AT,R,L),
(CZL(K), N9, Vo) is a complete lattice, where 7 =<, V., v,
and >.

Proof The proof is similar to that of Theorem 5.

The four types of LA3W concept lattices are isomor-
phic with each other.

(OB, AT, R, L) be an L-context. Then,
CXL(K) =] C:L(K).

Theorem 9 %et K=
C:L(K) = C, (K) =

Proof The proof is similar to that of Theorem 6.

The results in Theorems 7 and 8 provide a convenient
way to construct an LA3W concept lattice from other L
A3W concept lattices.

Relationship Between L.2W Concepts
and L3W Concepts

A pair of L2W operators determine an L3W operator,
which suggests that the L3W concept must connect with
L2W concepts. The main focus in this section is to address
this problem.

Relationship Between L.2W Concepts and LO3W
Concepts

The following theorem reveals how to obtain LO3W con-
cepts from L2W concepts.

Theorem 10 Given O € L% and A € IAT, the following
hold:

1. If(O,A)is an L*-2W concept, then {0, (A, O%)) is an L
-03W concept,

2. If(0,A)is an L*2W concept, then {0, (0*, A)) is an L<
-03W concept,;
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3. If(O,A)isan LO0-2w concept, then {0, (A, OB)) is an
LV-03wW concept, -

4. If(0,A) is an LIO-2W concept, then (O, (05, A)) is an
LV-03W concept,

5. If{0,A)isan LOO-2w concept, then {0, (A, O)) is an
LY-O3W concept;

6. If(0,A) is an LOO-2W concept, then (O, (OO A))is an
LY-O3W concept; _

7. If(0,A) is an L*-2W concept, then {0, (A, O")) is an L”
-03W concept,; ~

8. If(0,A)is an L*-2W concept, then (O, (O*,A)) is an L”
-03W concept.

Proof Suppose that (O,A) is an L*2W concept. Then,
O*=A and A*=0, and 0<=(0%0% =(4,0%.
Meanwhile, Proposition 2(2) explains that
(A, 0% = A* n O = O n O™ = O, from which we can
conclude that (O, (4, 0%)) is an L<-O3W concept.

The others are similarly proved.

Thinking contrarily, we obtain L2W concepts from L
O3W concepts.

Theorem 11 Given O € L8 and A, A,
ing hold:

€ IAT, the follow-

1. If(@, (AI,AZ)) is an L<-0O3W concept, then (A*,Al) is
an L*-2W concept and (A%, A,) is an L*-2W concept,

2. If(0, (Al,Az)) is an LV-03W concept, then (A<> A))is
an 1,00-2W concept and <A<> A,) is an LOO2W con-
cept,

3. If{0, (Al,Az)) is an LY-O3W concept then (A LA ) is
an 1,OO-2W concept and (A LA, ) is an LOO2W con-
cept,

4. If(0,(A,A,))isan L>- -O3W concept, then (A ,A)isan
L*-2W concept, and (A ,A,)is an L¥-2W concept.

Proof Suppose that (O (A, A,))is an L<O3W concept, then
= (0*,0%) = (AI,AZ) which means that A1 = O* and
Az = OF. Moreover, it follows from Proposulons 1(3) and
2(3) that A** = 0" =0*=A,and A** =0" =0" =A,
which means that (A*, A, )is an L*- 2W concept and (AZ,A2>
is an L*-2W concept.
The others are similarly proved.

Combining the results of Theorems 10 and 11, we now
introduce the equivalent relationship between the LO3W
concepts and L2W concepts.

Theorem 12 Given O € L°8 and A] ,Az € AT, the follow-
ing hold:

—

(0,(A,A,)) is an L=-O3W concept iff there exist
an L*-2W concept (OI,A Y and an L*-2W concept
(OZ,A”) such that O = 0, N 0,, A; = (0, N 0,)*, and
A, =(0,n 0y)%

2. (0, (AI,AZ)) is an LV-03W concept iff there exist an
LOO-2W concept (OI,A’) and an LEO-2W concept
(02,A”) such that 0 = 0, U 0,, A, = (0, U 0,5,

A, =(0,U0,)5,

3. (O (A,,A,)) is an LY-O3W concept iff there exist an
LOO-2W concept (OI,A’> and an LOO-2W concept
(0y,A"Y such that 0 = 0, N 0y, A, = (0, N 0,)°, and
A, =(0,n 0,)%;

4. (0,(A,,A,)) is an L>-O3W concept iff there exists

an L#-2W concept (01,A ) and an L#-2W concept

(02 A"y such that O = 0, U 0,, A; = (0, U 0,)*, and

A, = (0, U0,

Proof To prove this necessity, we assume that (O, (A1 ,Az)) is
an L<-O3W concept, and let O, = A* A'=A,and 0, =
A" = A,. Then, according to Theorem 11(1),(0,,A’ )1s an
L*2W concept, and (0,,A"”) is an L*-2W concept. It is
clear that O, N 0, = A* N A} = (A, A,)> = O. Furthermore,
(0, 0,)* = 0* =A,and (0, N 0,)* = O = A,.

To prove the sufficiency, we suppose that (O, A’) is an
L*-2W concept and (0,,A”) is an L*-2W concept, and let
0 0,00, A, = (0,1 0,)"and A, = (D, N 0,)". Clearly,

=0, n 02)< = ((01 N 02)* O, n 02) ) =(A},Ay)and
(Al,A2)> Arn A% = (0,10, n(0,n0,)*. Propo-
sitions 1(2) and 2(2) confirm that (AI,AZ)> D) O1 N 02
Moreover, (01 N 0,)* C O1 because of O, N0, C 0,
and OT* 0,. Similarly, (O, N 0,)* C 0,. Therefore,
(A1,A))” = (0, N 0)* N (0, N 0,)™ C O, N O,. Finally,
itis true that 0, N O, = (A,,A,)” = O, which indicates that
(0,(A,,A,))is an L<<O3W concept.

The other equivalences are proved in a similar way.

Theorem 12 provides a method for generating LO3W
concept lattices from L2W concept lattices. For example,
an L<-O3W concept lattice is obtained as follows: take an L.*
-2W concept, (O,,A,), from C;“(K) and an L*-2W concept,
(0,,A,), from Cj (K); compute O, N 0,, (O, N 0,)*, and
(0, N 0,)*; then (O, N O,,((0; N 0,)*,(0; N 0,)%)) is an
L<-O3W concept. The L<-O3W concept lattice is achieved
by determining all non-repeated L<-O3W concepts.
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Algorithm 1: Generate L<-O3W concept lat-
tice.
input :

L*-2W concept lattice:
CL(K) = {(Oix, Ais) }, L*-2W concept
lattice: Cf (K) = {(Oix, Asz)}.
output: L<-O3W concept lattice:
CSL(K = {0, (A1i, A2i) }-
n = 0,
for i =1 to |Cf (K)| do
for j =1 to |C§.(K)| do
n=n-4+1,
On = 04« N Ojz,
end
end
Delete repeated elements in {O1, 02, -},
for each O; do
A = 05,
Ag; = OF.

end

© 0 N O ;oh W N

-
o

BoR
N R

Algorithm 1 is applied to generate an L<-O3W con-
cept lattice from L*- and L*-2W concept lattices. Sup-
pose that the number of L*-2W concepts is k and the
number of L*-2W concepts is /. Because O,,,0;; C OB,
the complexity of the double for loop (from line 2 to 7)
is O(kl - |OB|?), where |OBI is the number of objects. To
delete the same elements in {0, O,, :--}, any two elements
must be compared in this set. The complexity of line 8 is
O(*ED . |0B[?) = O(K*P - |OB?). The last for loop com-
putes the intent of each O; (see Eqs. (13) and (15)). The
time complexity of this for loop is O(kl- |OB| - |AT]),
where IAT] represents the number of attributes. As
K*I> - |OB)* > kl - |OB| - |AT)|, the time complexity of Algo-
rithm 1 is O(k*2 - |OB|?).

To obtain other LO3W concept lattices, we only need
to replace the inputs in Algorithm 1 with the correspond-
ing L2W concept lattices and change the intersection in
line 5 with union or maintain the same. Lines 10 and 11 are
adjusted to the corresponding intent-computing formulas
shown in Theorem 12.

Example 5 (Continued from Example 3) Using the method
proposed by Bézlohlavek [57], we obtain 13 L*-2W con-
cepts (see Table 4) and 17 L*2W concepts (see Table 9).
Algorithm 1 is adopted to find all L<-O3W concepts (see
Table 10). For a better understanding, the Hasen diagram
of the L.<~O3W concept lattice is illustrated in Fig. 4. Each
number in the figure corresponds to the L<-O3W concept
in Table 10. A line connects two concepts, and the lower
concept is a sub-concept of the upper one.
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Table 9 L*2W concepts

No. (0] A

1 (1.0, 1.0, 1.0, 1.0) (0.0, 0.0, 0.0)
2 (1.0, 1.0, 1.0, 0.5) (0.0, 0.0, 0.5)
3 (0.5,1.0,0.5, 1.0) (0.0, 0.5, 0.0)
4 (0.5,1.0,0.5,0.5) (0.0, 0.5, 0.5)
5 (1.0,0.5,1.0, 1.0) (0.5, 0.0, 0.0)
6 (1.0, 0.5, 1.0, 0.5) (0.5, 0.0, 0.5)
7 (0.5,0.5,1.0,0.0) (0.5, 0.0, 1.0)
8 (0.5,0.5,0.5,1.0) (0.5, 0.5, 0.0)
9 (0.5,0.5,0.5,0.5) (0.5, 0.5,0.5)
10 (0.5,0.5,0.5,0.0) (0.5, 0.5, 1.0)
11 (0.0, 0.5,0.0,0.5) (0.5, 1.0, 0.5)
12 (0.0, 0.5, 0.0, 0.0) 0.5, 1.0, 1.0)
13 (1.0, 0.0, 0.5, 0.5) (1.0, 0.0, 0.5)
14 (0.5,0.0,0.5,0.5) (1.0, 0.5, 0.5)
15 (0.5, 0.0,0.5,0.0) (1.0, 0.5, 1.0)
16 (0.0, 0.0, 0.0, 0.5) (1.0, 1.0, 0.5)
17 (0.0, 0.0, 0.0, 0.0) (1.0, 1.0, 1.0)

Relationship Between L.2W Concepts and LA3W
Concepts

The L2W concepts also produce LA3W concepts in a man-
ner similar to that of the LO3W concepts. The following is
a detailed presentation.

Theorem 13 Given O € L% and A € L7, the following
hold:

1. If(0,A)is an L*2W concept, then ((0,A*),A) is an L<
-A3W concept;

2. If{0,A)is an L*-2W concept, then ((A*, 0),A) is an L<
-A3W concept; _

3. If{(0,A)is an 1,OO-2W concept, then ((0,AD),A) is an
LV-A3W concept; -

4. If{0,A) is an LEO-2W concept, then ((AD, 0), A) is an
LV-A3W concept,

5. If(0,Ayis an LOO-2w concept, then ((0,A®),A) is an
LY-A3W concept; _

6. If(0,A) is an LOD-2W concept, then (A%, 0),A) is an
LY-A3W concept; B

7. If(0,A) is an L*-2W concept, then ((0,A*),A) is an L”
-A3W concept; B

8. If(0,A)is an L*-2W concept, then ((A*, 0),A) is an L”
-A3W concept.

Proof The proof is similar to that of Theorem 10.
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Table 10 L<-O3W concepts

No. 0 A, A,

1 (1.0, 1.0, 1.0, 1.0) (0.0, 0.5, 0.0) (0.0, 0.0, 0.0)
2 (1.0, 1.0, 1.0, 0.5) (0.0, 0.5, 0.0) (0.0, 0.0, 0.5)
3 (1.0, 1.0, 0.5, 1.0) (0.0,0.5,0.5) (0.0, 0.0, 0.0)
4 (1.0, 1.0, 0.5, 0.5) (0.0,0.5,0.5) (0.0, 0.0, 0.5)
5 (1.0,0.5, 1.0, 1.0) (0.0, 0.5, 0.0) (0.5, 0.0, 0.0)
6 (1.0,0.5, 1.0, 0.5) (0.0, 1.0, 0.0) (0.5,0.0,0.5)
7 (1.0,0.5, 0.5, 1.0) (0.0,0.5,0.5) (0.5, 0.0, 0.0)
8 (1.0,0.5,0.5, 0.5) (0.0, 1.0, 0.5) (0.5,0.0,0.5)
9 (1.0, 0.0, 0.5, 0.5) (0.0, 1.0, 0.5) (1.0, 0.0, 0.5)
10 (0.5, 1.0, 1.0, 1.0) (0.5, 0.5, 0.0) (0.0, 0.0, 0.0)
11 (0.5, 1.0, 1.0, 0.5) (0.5,0.5, 0.0) (0.0, 0.0, 0.5)
12 (0.5, 1.0, 0.5, 1.0) (0.5,0.5,0.5) (0.0, 0.5, 0.0)
13 (0.5, 1.0,0.5, 0.5) (0.5,0.5,0.5) (0.0, 0.5, 0.5)
14 (0.5,0.5, 1.0, 1.0) (0.5, 0.5, 0.0) (0.5, 0.0, 0.0)
15 (0.5,0.5, 1.0, 0.5) (0.5, 1.0, 0.0) (0.5, 0.0, 0.5)
16 (0.5,0.5, 1.0, 0.0) (0.5, 1.0, 0.0) (0.5, 0.0, 1.0)
17 (0.5,0.5,0.5, 1.0) (0.5,0.5,0.5) (0.5, 0.5, 0.0)
18 (0.5,0.5,0.5, 0.5) (0.5, 1.0, 0.5) (0.5,0.5,0.5)
19 (0.5,0.5, 0.5, 0.0) (0.5, 1.0, 0.5) (0.5,0.5, 1.0)
20 (0.5,0.5, 0.0, 1.0) (0.5,0.5, 1.0) (0.5, 0.5, 0.0)
21 (0.5,0.5, 0.0, 0.5) (0.5, 1.0, 1.0) (0.5,0.5,0.5)
22 (0.5, 0.5, 0.0, 0.0) (0.5, 1.0, 1.0) (0.5,0.5, 1.0)
23 (0.5, 0.0, 0.5, 0.5) (0.5, 1.0,0.5) (1.0, 0.5, 0.5)
24 (0.5, 0.0, 0.5, 0.0) (0.5, 1.0, 0.5) (1.0,0.5, 1.0)
25 (0.5, 0.0, 0.0, 0.5) (0.5, 1.0, 1.0) (1.0,0.5,0.5)
26 (0.5, 0.0, 0.0, 0.0) (0.5, 1.0, 1.0) (1.0,0.5, 1.0)
27 (0.0, 1.0, 0.5, 0.5) (1.0,0.5,0.5) (0.0, 0.5, 0.5)
28 (0.0, 0.5, 0.5, 0.5) (1.0, 1.0, 0.5) (0.5,0.5,0.5)
29 (0.0, 0.5, 0.5, 0.0) (1.0, 1.0, 0.5) (0.5,0.5, 1.0)
30 (0.0, 0.5, 0.0, 0.5) (1.0, 1.0, 1.0) (0.5, 1.0, 0.5)
31 (0.0, 0.5, 0.0, 0.0) (1.0, 1.0, 1.0) (0.5, 1.0, 1.0)
32 (0.0, 0.0, 0.5, 0.5) (1.0, 1.0, 0.5) (1.0,0.5,0.5)
33 (0.0, 0.0, 0.5, 0.0) (1.0, 1.0, 0.5) (1.0,0.5, 1.0)
34 (0.0, 0.0, 0.0, 0.5) (1.0, 1.0, 1.0) (1.0, 1.0, 0.5)
35 (0.0, 0.0, 0.0, 0.0) (1.0, 1.0, 1.0) (1.0, 1.0, 1.0)

Theorem 13 explains how to obtain the LA3W con-
cepts from L2W concepts. For example, the L*-2W con-
cept, (O, A), generates an L<-A3W concept by letting the
extent as (0, A*) and the intent as A. The following holds
by investigating conversely.

Theorem 14 Given 0,,0, € L and A € L7, the follow-
ing hold:

1. If{(0,,0,),A) is an L<-A3W concept, then (Ol, OT) is
an L*-2W concept and {O,, O;) is an L*-2W concept,

Fig.4 L<-O3W concept lattice

2. If((@_], 0,),A) is an LV-A3W concept, then (O, O?) is
an 1,00-2W concept and {O,, O?) is an LOO2W con-
cept, _

3. If((@l,_OQ),A) is an LY-A3W concept, then {0, OID) is
an 1,30-2W concept and (O,, GZD) is an LAO-2W con-
cept,

4. If{(0,,0,),A) is an L>-A3W concept, then (0, O’f) is
an L#-2W concept, and (02, @g) is an L¥-2W concept.

Proof The proof is similar to that of Theorem 11.

Theorem 14 shows how to obtain L2W concepts
through LA3W concepts. The LA3W concept can gener-
ate two related L2W concepts. For example, the LV-A3W
concept forms both the LOO-2W concept and the L.O0-
2W concept. Based on the combination of the results of
Theorems 13 and 14, the following equivalent relationship
between L2W concepts and LA3W concepts is valid.

Theorem 15 Given 0,,0, € L% and A € I, the follow-
ing hold:

@ Springer
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1. {((0y,0,),A)is an L<-A3W concept iff there exist an L*-
2W concept (0', A,) and an L*-2W concept (0", A, ) such
that A = A, nA,,0, = (A, NAy)*,and 0, = (A, N A%

2. ((01, 0,), A) is an LV -A3W concept iff there exist an

LOO-2W concept (0',A,) and an LOO-2W concept
(0” 2) such that A=A, UA,, O, = (A, UA)D, and
(A UAZ)D,

3. ((01,02) A) is an LY-A3W concept iff there exist an
L.O0- 2W concept (0 A,) and an LOO-2W concept
<0" o) such that A=A, nAy, O0; = (A, nA)°, and

=4, NnA,)9;

4, ((Ol ,0,),A) is an L>-A3W concept iff there exist an L*
2W concept{O', A, ) and an L*-2W concept (0", A, such
thatA = A, UA,,0, = (A, UA,)",and 0, = (A, UA,)*.

Proof The proof is similar to that of Theorem 12.

The results in Theorem 15 provide a way to con-
struct the LA3W concept lattice from L2W concept lat-
tices. For example, an L”-A3W concept lattice can be
obtained as follows: take an L*-2W concept, (O;,A,),
from Ci(K) and an L¥-2W concept, (0,,A,), from
Ci (K); compute A; UA,, (A, UA,)*, and (4, UA,)*; then,
(((A; UAL*, (A, UA,P),A, UA,) is an L>-A3W concept.
The L*-A3W concept lattice is created by determining
all non-repeated L>-A3W concepts. Algorithm 2 is used
to compute the L<-A3W concept lattice from the L*-2W
concept lattice and L*-2W concept lattice. Similar to Algo-
rithm 1, we prove that the time complexity of Algorithm 2
is O(k*I% - |AT|?).

Algorithm 2: Generate L<-A3W concept lat-

tice.
input :

L*-2W concept lattice:
Ci(K) = {(()M,AZ*)}7 L*-2W concept
lattice: Ci (K) = {(Osz, Aiz)}.
output: L<-A3W concept lattice:
CiL(K = {{(01i,02:), Ai)}.
n =0,
for i =1 to |Cy (K)| do
for j =1 to |C§ (K)| do
n=n-4+1,
An = Aix ﬁ Ajsz,
end
end
Delete repeated elements in {A1, A2, -},
for each A; do
O1; = A7,
Oq; = A},

end

© 0N O ;N W N

o
o

BoR
N R

Example 6 (Continued from Example 5) Using L*-2W con-
cepts and L*-2W concepts as inputs, we obtain 20 L<A3W
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Table 11 L<-A3W concepts

No. 0, 0, A

1 (1.0,1.0,1.0,1.0)  (1.0,1.0,1.0,1.0) (0.0, 0.0, 0.0)
2 (1.0,1.0,05,1.0)  (1.0,1.0,1.0,0.5)  (0.0,0.0, 0.5)
3 (1.0,1.0,1.0,1.0)  (0.5,1.0,0.5,1.0)  (0.0,0.5, 0.0)
4 (1.0,1.0,05,1.0)  (0.5,1.0,0.5,05)  (0.0,0.5,0.5)
5 (1.0,0.5,1.0,0.5  (0.0,05,0.0,0.5) (0.0, 1.0, 0.0)
6 (1.0,0.5,05,0.5  (0.0,05,0.0,0.5) (0.0, 1.0, 0.5)
7 (05,1.0,1.0,1.0)  (1.0,05,1.0,1.0)  (0.5,0.0, 0.0)
8 (05,1.0,05,1.0)  (1.0,05,1.0,0.5)  (0.5,0.0,0.5)
9 0.5,05,00,1.0)  (0.5,0.5,1.0,00) (0.5, 0.0, 1.0)
10 (05,1.0,1.0,1.0)  (0.5,05,0.5,1.0)  (0.5,0.5,0.0)
11 (05,1.0,05,1.0)  (0.5,05,0.5,0.5)  (0.5,0.5,0.5)
12 (05,0.5,00,1.0)  (0.5,05,0.5,00)  (0.5,0.5, 1.0)
13 (05,0.5,1.0,0.5  (0.0,05,0.0,0.5) (0.5, 1.0, 0.0)
14 (05,0.5,05,0.5  (0.0,05,0.0,0.5) (0.5, 1.0,0.5)
15 (05,0.5,0.0,0.5  (0.0,05,0.0,0.0) (0.5, 1.0, 1.0)
16 0.0,1.0,05,05  (1.0,0.0,0.5,05  (1.0,0.0,0.5)
17 0.0,1.0,05,05)  (0.5,0.0,0.5,05)  (1.0,0.5,0.5)
18 0.0,0.5,00,0.5  (0.5,0.0,0.5,00)  (1.0,0.5, 1.0)
19 0.0,0.5,05,0.5  (0.0,0.0,0.0,0.5 (1.0, 1.0,0.5)
20 (0.0,0.5,0.0,0.5) (0.0, 0.0, 0.0, 0.0) (1.0, 1.0, 1.0)

concepts (see Table 11) based on Algorithm 2. The Hasse
diagram of the L<-A3W concept lattice is shown in Fig. 5.
Each number in the figure corresponds to the L<-A3W con-
cept in Table 11, and a line connects two concepts in which
the lower concept is a sub-concept of the upper one.

Conclusion

Concept learning plays a key role in human cognition. It
may be easy for humans to distinguish among a set of actual
objects. However, it will be a little complex for humans to
figure out different concepts just from a batch of data. With
the help of FCA, we can easily mine hidden patterns from
the data.

In this study, several new types of L2W concept and
L3W concept are proposed, and the isomorphic relationship
between L-concept lattices is discussed. The results demon-
strate that the eight types of L2W concept lattices, as well as
the eight types of L3W concept lattices, can be divided into
two isomorphic groups respectively. The isomorphic rela-
tionships help us to investigate and construct new concept
lattices through existing ones. The equivalent relationship
between L2W concepts and L3W concepts helps to generate
L3W concept lattices through L2W concept lattices.
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Fig.5 L<-A3W concept lattice

In future work, we will focus on two areas. First, as there
are different ways to extend classical operations to fuzzy
cases, there are various ways to investigate L-concept
analysis. Thus, we will explore the isomorphic relationship
between L-concept lattices obtained through other methods.
Second, we will apply this work to multi-attribute decision-
making and classification problems.

Appendix |
The following are the verification of the equations in

Table 2:
_Clearly, for O € L8, it holds that 0% = 0% , 00 = 0'?,

09 =00, 0 = 0F .00 = 0, 00 = 0, O = 60, and
0% = 0.

Moreover, the re§u1ar1ty of L ensures that 0% = Oi,
00 =04, 00 = , 0¢ =00, 0F = Ovﬁ,
00 = 0% and 90 = o

For O € L% and a € AT, items (2) and (3) of Lemma 1
verify that
0%(@ = ~(0%))

( 0€0B (0(0) ® R(o, a)))

(\/onB ( (0) ® ~R(o, a)))
Voeop (0(0) = R(0.a)))

_'( 0€0B (0(0) = R(o, a)))

I |

= Nocos (OS") - R, a)) = 0" (a),
0*(a) = -'(0*(61))

_'(/\()EOB (6(0) - R(o, “)))
_'(/\onB (0(0) — =R, a)))
_'(/\oeos —|(~(~)(0) ® _'NR(O’ a)))
Voeos _'_'(0(0) ® ~R(o, a)) —

=V ,eon (0(0) ® R(0,a)) = 0%(a),
09(a) = =(0%(a))

(Voo (0(0) ® R(0,)))
~(Voeos (000) ® +R(0,)))
_'(VonB (0(0) — 7R(o, “)))
(/\oe03 (0(0) - =R(o, “)))
Aveos (0(0) = Ré(0,a)) = O%(a),
“(a) =~(0())

(/\onB (0(0) - R(o, ‘1)))
_'(/\onB (0(0) - =R, a)))
_'(/\oeos (0(0) ® R(o, a)))
Voeon _'_'(0(0) ® R(o, a))
= V,eon (0(0) ® R(0,0)) =
0% (a) = ~(0F(@))

_'(/\oeos 0°(0) - I~?~(0, a)))
~(Areon (-010) — Rio.a)
(e ~(2010) ® (0.
Vyeon =(~0(0) ® ~R(0, @)
Voeos (0°(0) ® R (0, 0)) = O (a),
#(a) = ~(0%(a))

(VonB (OC(O) ® R(o, a)))

(VonB (_'0(0) ® =R, a)))
(Voeos ﬂ(—|0(o) ~ R, “)))
(/\onB (_'0(0) - R, a))L
Noeos (0°(0) = R(o,a)) = 05(a),
De(a) = =(0H(a))
~(Aveos (0°(0) = R0, @)))
(Ao (-000) — ~kio.))
~(Arcon~(00) ® k(0.
Vyeon =(~000) ® R0, ) _
= Voeos (0°(0) @ R(0.) = O¥(a),
0%(a) = ~(0%(@))

~(Voeos (0°(0) ® R(o. a)))
~(Voeos (70(0) ® R(o. a)))
~(Voeos _‘(_'9(0) = ~R(o, a)))
_'_'(/\erB (_'0(02 - ~R(o, “)))
Aveos (0<(0) = Ré(0,a)) = OH(a).

1
J

o II Ql (1 | | T |

00(a),

~—~ N,

1
f]

L | | L | R [ B II II Quil 11 1wn

Appendix I

Briefly, we provide the proof of the equivalence of L3W
operators and L3W inverse operators, as shown in Table 7.
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Based on the relationship between L2W operators (see
Fig. 1) and by the definition of L3W operators, the follow-
ing assertions hold. For 0, 0,, 0, € L%,

(0°)° = (0°,0%) = (05,08 = 0V,
(@V)c — (@E, 09y = (@EC, 09 = (0, O‘E) = 0",
(O = (O, OC’;) _ (05’ 0%y = 0",
©OV) = (09,00 = (0%, 00) = (0%, OF) = O,
and
(0,0, = (05,09 = 0 n OFF
=00 n oY = (0,,0)",
(D), 0)*) = (07 n Oy = 0FF U OEF
= 0'u 0% =(0,,0,)%,
(0. 0,)) = (05,05 = 05 U O
00000 = (0,002,
(0102 = @0 U 0Y) = 0% n 0"
=01n0; =(0,,0,)".
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