International Journal of Computational Intelligence Systems (2024) 17:17

https://doi.org/10.1007/544196-023-00378-4

RESEARCH ARTICLE q

Check for
updates

Conflict Analysis Triggered by Three-Way Decision and Pythagorean
Fuzzy Rough Set

Jie Zhao'® - Renxia Wan'® - Duogian Miao?

Received: 19 April 2023 / Accepted: 26 November 2023
© The Author(s) 2024

Abstract

Conflict is ubiquitous in human society and has a profound impact on various fields such as the economy, politics, law, and
military. Many scholars have focused on exploring the internal mechanisms and potential solutions to conflicts. Notably,
describing agents’ attitudes is an effective way to construct a conflict model. However, in decision-making, agents’ attitudes
on issues are often vague and ambiguous. Pythagorean fuzzy set can deal with fuzzy information more accurately than
intuitionistic fuzzy set. On the basis of this understanding, we investigate the conflicts from the perspective of Pythagorean
fuzzy set. Firstly, we use Pythagorean fuzzy numbers to express the attitudes of agents on issues, and subsequently establish
a Pythagorean fuzzy conflict information system. Secondly, we classify agents into three categories by a pair of thresholds to
establish a trisected agent set model with risk preference. Thirdly, we construct a three-way conflict analysis model based on
multi-granulation Pythagorean fuzzy decision-theoretic rough set and discuss both global and local conflicts by combining
conflict analysis with multi-granulation decision-theoretic rough set. Finally, we discuss the relationships and properties of
the proposed conflict analysis models.

Keywords Pythagorean fuzzy set - Intuitionistic fuzzy set - Pythagorean fuzzy numbers - Multi-granulation Pythagorean
fuzzy decision-theoretic rough set

1 Introduction

Conflicts are prevalent in human society, ranging from
disputes over personal interests to their impact on vari-
ous aspects such as the economy, politics, and military of
a country. Many scholars have dedicated their attention to
understanding the mechanisms of conflicts, describing and
expressing conflicts, as well as exploring ways to avoid them
[1-3]. Pawlak introduced a conflict analysis model that uti-
lized values of 1, 0, and -1 to represent an agent’s attitudes
of support, neutrality, and opposition to issues, respectively.
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This model has become an important theoretical framework
for conflict analysis [4—6]. Deja [7] extended Pawlak's model
and identified three fundamental questions for conflict analy-
sis: (1) What are the underlying causes of conflict? (2) How
can a workable consensus strategy be identified? (3) Is there
a solution that satisfies all agents involved? Skowron et al.
[8] presented a requirements determination model based on
rough sets, which utilizes a conflict relation to effectively
represent agreements or disagreements among agents.
Sun and Ma [9] introduced an approach for addressing the
problem of multi-agent conflict analysis by leveraging the
proposed multi-decision rough set approach. Lang et al.
[10] developed a probability model of conflict analysis by
employing a pair of thresholds. On the basis of their previ-
ous work [10], Lang et al. [11] employed Pythagorean fuzzy
numbers to express the attitudes of agents and defined prob-
ability conflict set, probability neutrality set and probability
alliance set based on Bayesian minimum risk theory. By
using a formal concept analysis approach, Lang and Yao [12]
investigated the relationships between agent coalitions and
issue bundles. Yao [13] reformulated the Pawlak’s model by
dividing the agent set, the agent's relation set, the issue set,
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and the issue's relation set into trisections. Sun et al. [14]
established a conflict decision-making information system
based on probabilistic rough set over two universes, and
proposed a decision-making model for complex conflicts.
Basir et al. [15] proposed a conflict resolution model that
utilizes game-theoretic rough sets. This model constructs
a game involving all relevant agents, which produces more
realistic and accurate results. Ali et al. [16] employed four
multi-granulation rough sets with dominance relation and
applied them to solve multi-agent conflict analysis decision
problem. Zhi et al. [17] utilized an approximate three-way
concept lattice to define alliance set, conflict set, and neu-
tral set, respectively, and explored maximal coalitions and
minimum conflict sets. Li et al. [18] constructed a triangular
fuzzy information system, adopted relative areas to describe
the concrete attitudes of agents. They also developed a tri-
partition agents model through a pair of thresholds. Li et al.
[19] formulated a three-way conflict analysis and resolu-
tion model in g-rung orthopair fuzzy information system,
and provided answers to Deja's three fundamental questions
about Pawlak's conflict model. Wang et al. [20] drew inspi-
ration from prospect theory and determined the allied set,
neutral set, and conflict set by considering the agent's refer-
ence point. In order to clarify conflict semantics, Luo et al.
[21] trisected the agent set and issue set by separating the
opposite aspects within an auxiliary function, and created a
pair of alliance and conflict functions. Combining qualita-
tive and quantitative evaluations, Lang et al. [22] developed
a comprehensive model that unifies existing models through
rough set and formal concept analysis.

Three-way decision [23], proposed by Yao, describes
decision-makers’ decision behaviors towards uncertain
things.

Due to its ability to effectively explain decision-making
under uncertain conditions, three-way decision has attracted
a lot of attention of many scholars [24-26]. Zhan et al. [27]
incorporated three-way decision into multi-attribute deci-
sion-making by employing an outranking relation. They
proposed three strategies to design a novel three-way deci-
sion model specifically tailored for multi-attribute decision-
making. Yang and Yao [28] investigated two potential solu-
tions to the problem of constructing a shadowed set from
an intuitionistic fuzzy set by combining three-way decision
and shadowed set. Zhang et al. [29] conducted an in-depth
exploration of loss functions and developed a Pythagorean
fuzzy three-way decision model by incorporating a hesita-
tion description into the Pythagorean fuzzy environment.
Zhang and Ma [30] presented three-way decision with
decision-theoretic rough set based on Pythagorean fuzzy
covering.

In 1965, Zadeh [31] introduced fuzzy set to describe
fuzzy phenomenon, and explained the meaning of fuzzi-
ness through the definitions and operations of membership
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degree and membership function. Based on fuzzy set, Zadeh
[32] proposed the concept of fuzzy information granular-
ity in 1979. Yao [33] specifically established a granulation
computing model in neighborhood system. Qian et al. [34]
developed a multi-granulation rough set model and subse-
quently constructed a multi-granulation decision-theoretic
rough set model by using Bayesian risk decision theory [35].
Based on the Zadeh’s work, Atanassov [36] developed the
concept of intuitionistic fuzzy set and investigated its proper-
ties. Later, Yager and Abbasov [37] proposed Pythagorean
fuzzy set with the assumption that the sum of the squares of
membership and non-membership degrees does not exceed
1. Pythagorean fuzzy set can deal with fuzzy information
and fuzzy concepts more accurately than intuitionistic
fuzzy set. Based on Pythagorean Fuzzy Bonferroni mean
with weighted interaction operator, Yang et al. [38] adopted
a decision-making method for addressing the aggregation
problem of online multi-attribute interactive ratings. In order
to realize the sustainable development of shared e-bikes,
Tang and Yang [39] utilized Pythagorean fuzzy decision-
making method to help recycling suppliers to make rea-
sonable selection. By employing the concepts of variance
and covariance, Ejegwa et al. [40] proposed a three-way
approach for computing the correlation coefficient between
Pythagorean fuzzy sets. According to the semantics of three-
way decision, Zhao et al. [41] established a three-way deci-
sion model on Pythagorean fuzzy set based on the dominant
relationship of Pythagorean fuzzy set.

In real-life scenarios, agents often encounter some com-
plex decision-making environments that make their atti-
tudes less straightforward. This means that agents' attitudes
towards issues are vague and uncertain. Since Pythagorean
fuzzy set is more effective than intuitionistic fuzzy set in
describing such vague and uncertain information, and there
are many Pythagorean fuzzy information systems for con-
flicts in which attitudes of agents on issues are depicted
by Pythagorean fuzzy numbers [11, 42]. These research
findings serve as an important reference for us to study
the three-way conflict analysis model. Furthermore, multi-
granulation conflict is common in life. For example, let's
consider a conflict between a company and its unionized
employees. At the micro-level, individual employees may
be dissatisfied with their wages and working conditions.
This might lead to strikes or protests. At the meso-level,
the union leaders are negotiating with the company's man-
agement to reach a collective bargaining agreement. These
negotiations may involve disagreements on issues such as
salary increases, benefits, or working hours. At the macro-
level, the conflict may be influenced by broader societal
factors such as economic conditions, government poli-
cies, or cultural norms. Despite the development of vari-
ous conflict analysis models, the current models have not
been investigated from a multi-granulation perspective for
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practical conflict problems. Particularly, in specific conflict
scenarios like military conflicts, agents exercise caution in
decision-making. They tend to employ multiple evaluation
functions to assess decision outcomes and prevent errors.
Since the multi-granulation rough set is approximation of
a family of equivalence relations, it can accurately cap-
ture the cautious psychology of agents in decision-making.
Therefore, researching the integration of multi-granulation
rough set and conflict analysis presents an interesting topic
worth exploring. Consequently, an important aspect of this
paper is the construction of a multi-granulation conflict
analysis model to describe conflicts within multi-dimen-
sional data.

The rest of this paper is organized in the following:
Sect. 2 provides an overview of Pythagorean fuzzy set,
conflict analysis and multi-granulation decision-theoretic
rough set. In Sect. 3, we present a Pythagorean fuzzy three-
way conflict analysis model which trisects agents set, and
establish a trisected agents set model with different risk
preference. Section 4 focuses on establishing the tripartite
classification of agents based on multi-granulation Pythago-
rean fuzzy rough approximations and discusses detailly the
relations and properties of the proposed conflict analysis
models. In Sect. 5, we explore methods for measuring the
precision of the proposed rough set model. Finally, Sect. 6
concludes the paper and outlines potential future work.

2 Preliminaries

We will briefly review some necessary concepts about
Pythagorean fuzzy set, conflict analysis and multi-granula-
tion rough approximations in this section.

2.1 Pythagorean Fuzzy Set

Pythagorean fuzzy set is utilized to reveal the inherent fuzzi-
ness of things. Accordingly, this subsection reviews its defi-
nition and some basic properties.

Definition 1 [43]. Let U be the universe of discourse.
A Pythagorean fuzzy set (PFS) on U is defined in the
following:

P = {x,up(x), vp(x)|x € U} (H

where the functions up(x), vp(x) : U — [0, 1] are the mem-
bership degree and non-membership degree of x to P,
respectively. For any x € U, we have 0 < u%,(x) + v%(x) <1,
and the hesitant membership of x to P is given as follows:

7p() = /1 = 12(x) = V() @)

r(x) = (up(x), vp(x)) is called Pythagorean fuzzy number
(PFN), written as r = (up, vp).

Definition 2 [43]. Assume r = (up, vp), 1} = (up,,vp,) and
ry = (up,, vp,) are PENS. A quasi-ordering of Pythagorean
fuzzy set is defined as follows:

ry 2 niffup >up andvpy <vp, 3)

In a nutshell, Pythagorean fuzzy set is more flexible in
describing and characterizing the fuzziness of things.

2.2 Conflict Analysis

Conflict analysis, an important branch of management sci-
ence, plays a significant role in our decision-making. Nota-
bly, trisecting the agent set is currently an important research
area within conflict analysis, as it guides us in making sound
decisions. This is also the primary focus of this article. Thus,
it is necessary to review some basic definitions of conflict
analysis.

Definition 3 [6]. Let IS=(U, A, V, f) be an information sys-
tem, where U is a non-empty finite set of agents, A is a non-
empty finite set of issues, V = U{ VC/ |cj eA }, ch is the set
of values of issues ¢;, fis the relationship between U and
A, f : UXA - {-1,0,1}. Forany x € U, a € A, the func-
tion fis defined as follows:

+1, agentx supportissue a
0, agent x neutralize issue a 4)
—1, agentxopposeissue a

fx,a) =
To depict clearly the relations between agents and issues,

we illustrate it through Example 1 from Table 1.

Example 1 An information system of a conflict problem is

shown in Table 1.

where the agents x;, x,, x3, x4, X5 and x, represent Israel,
Egypt, Palestine, Jordan, Syria, Saudi Arabia, respectively.

Table 1 Information system for

the Middle East conflict [11] B

xx —-11 1 1 1
xx 1 0 -1 -1 -1
;3 1 -1 -1 -10
2, 0 -1 -10 -1
xx, 1 -1 -1 -1 -1
xx 0 1 —-10 1
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The issues ay, a,, a;, a, and as refer to Autonomous Pal-
estinian state on the West Bank and Gaza, Israeli military
outpost along Jordan River, Israeli retains East Jerusa-
lem, Israeli military outposts on the Golan Heights, Arab
countries grant citizenship to Palestinians who choose to
remain within their borders, respectively [11]. Table 1
reflects the attitudes of agents on issues, e.g. f(x3, u,) = —1
shows that the agent x; oppose the issue u,, namely, Pal-
estine objects to the presence of Israeli military outposts
along the Jordan River.

Definition 4 [6]. Let IS=(U, A, V, f) be an information sys-
tem, where U is a non-empty finite set of agents, A is a
non-empty finite set of issues. For Vx,y € U and Vc € A, the
auxiliary function is defined in the following formal:

1f(x,c) - fr,c)=1vx=y
0f(x,0) - f(r,0)=0Ax#Yy 5)
=1f(x,0) - f(y,c) = -1

¢.(x,y) =

where f(x, c)and f(y, c) denote the attitudes of x and y on c,
respectively. When ¢.(x, y) = 1, agent x and agent y have the
same attitude to issue c or agent x and agent y are the same
agent; when ¢.(x,y) = 0, at least one of agent x and agent
y is neutral about issue ¢; when ¢.(x,y) = —1, agent x and
agent y have opposing attitudes towards issue c.

In conflict analysis, the distance function proposed by
Pawlak [6] calculates the distance between any two agents
as follows.

Definition 5 [6]. Assume IS=(U, A, V, f) is an information
system. For Vc € A, the distance function p, for x,y € U is
defined as follows:

Y r(x.y)
ceEA
palx,y) = Al ©)
0 f(x,0)-f(,c)=1vx=y
where g (x,y) = =55 = 305 f(x,0) f(0) =0Ax#Y.

L f&xo)-fyo)=—-1

2.3 Multi-granulation Rough Approximations

It is well known that one of the important advantages of
rough set is semantic interpretability. Decision-theoretic
rough set is used to explain uncertain things from the
perspective of probability, and Qian et al. [35] developed
the multi-granulation decision-theoretic rough set model
based on Bayesian risk decision theory. Multi-granulation
decision-theoretic rough set can effectively handle the

@ Springer

uncertainty of multi-dimensional uncertain data. Thus, this
subsection introduces the key concepts of decision-theoretic
rough set and multi-granulation decision-theoretic rough set.

Definition 6 [44]. Assume that (U, R) is an approximate
space. The partition formed by the equivalence relation R
on the universe U is given as (U, R). For any X C U, the
lower approximation and the upper approximation of X are
respectively defined by:

RX) = {x € U|lx]y € X}

- 7
RX)={xeUllxlznX + @} @

where [x]y is the equivalence class of x under the equiva-
lence relation R.

When R(X) = E(X), X is called the exact set under equiv-
alence relation. When R(X) # E(X), X is called rough set
under equivalence relation. The lower and upper approxima-
tions of X divide U into the following three disjoint regions.

Positive region of X : POS(X) = R(X)
Negative regionof X : NEG(X) = U — R(X) 8)
Boundary region of X : BND(X) = E(X) - RX)

Definition 6 offers a reasonable semantic explanation for
describing uncertain concepts.

Definition 7 [44]. Let IS = (U, A, V,f) be an information
system, where U is a non-empty finite set of objects, A is
a non-empty finite set of attributes, and f is the relation-
ship between U and A. According to Bayes risk decision
theory, the state space ©={X, ~ X} is constructed to describe
the state of objects belonging to the set X and not belong-
ing to the set X, respectively. The set of actions is given by
A ={ap,ag, ay}, where ap,ay and ay express the actions
in classifying an object into POS(X),BND(X) and NEG(X),
respectively. The loss function values of the corresponding
actions in different states are shown in Table 2.

where A,p denotes the decision loss of taking action a,
for classifying an object in X into the region specified by
*, and A,y denotes the decision loss of taking action a, for
classifying an object that not belong to X into the region
specified by *.

Table 2 Loss function values X ~X

of different actions in different

states ap APP APN
ag Agp Agy
ay Anp Any
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For a given object x, the expected loss of the decision
action taken is written as R(a,|[x]g), and expressed as
follows:

R(ap”x]R) = /lpp PT(X”)C]R) + ’IPN Pr(~ X|[x]R)
R(ag|lx]g) = Agp Pr(X|[x]Ig) + Agy Pr(~ X|[x]z) )
R(aN”x]R) = ’1NP PT(XHX]R) + ANN Pr(~ X|[X]R)

where Pr (X [[x] R) represents the conditional probability that
the equivalence class [x] of object x belongs to set X.

The minimum loss rules produced by Bayes risk decision-
making process is as Rule 1.

Rule 1:

(P) If R(ap|[xlg) < R(ag|[x]) and.

R(ap|lxlg) < R(ay|[x]g), then x € POS(X);

(B) If R(ag|[xlg) < R(ayl[x]z) and.

R(ag|[x]g) < R(ap|lx]g), then x € BND(X);

(N)If Rayl[x]z) < Rlap|[x]) and.

R(ay|[x]g) < R(ag|lx]g), then x € NEG(X).

The Rule 1 can also be expressed as Rule 2.

Rule 2:

(PP) If Pr(X|[x]g) = a and Pr(X]|[x]g) >y, then
x € POS(X),
(PB) If Pr(X|[xlg) <a and Pr(X|[x]g) > p, then

x € BND(X);,
(PN) If Pr(X|[x]gp) £p and Pr(X|[x]z) <y. then

x € NEG(X).
where

o= Apy = Ay

(Apy = Agy) + (App — App)

Apgy — A

§= BN ~ ANN (10)

(Agy = Ann) + (Ayp = Agp)
y Apy = Ay

B (Apy = Ann) + (Ayp — App)

Obviously, recall that Rule 2, one can classify an object
into the positive region, boundary region or negative region.
Furthermore, the definitions of the optimistic multi-gran-
ulation rough approximations and the pessimistic multi-
granulation rough approximations can be given as follows:

Definition 8 [35]. Assume IS = (U, A, V,f) is an informa-
tion system,R |, R,, ---, R, are m granular structures. For any
X C U, the lower and upper approximations of the optimistic
multi-granulation rough approximations of X about R; can
be defined by:

IZm;R,»O(X) = {xl ,-l”}l Pr(X|[xlg) = @ x € U}

m m (1])
2 RO =~ Y RO~ X)
i=1 i=1

where [x] is the equivalence class of x under R;, ~ X is the
compleme‘nt set of X.

According to the definitions of the lower approximation
and the upper approximation of the optimistic multi-gran-
ulation rough approximations, the boundary region of the
optimistic multi-granulation rough approximations can be
defined by

BN‘?i 0= D ROX) = D RO 12)
i i=1 i=1

i=1

Analogous to decision-theoretic rough set, one may
obtain decision rules of the optimistic multi-granulation
rough approximations in the following.

Definition 9 [35]. Assume IS = (U, AT, V,f) is an informa-
tion system, R, R,, ---, R,, are m granular structures. For any
X C U, when @ > f, decision rules of the optimistic multi-
granulation rough approximations are in the following:
(OP1)If3i € {1,2,---,m} such that Pr(Xl[x]Ri) > «, then
x € POS(X),
(ONDIfVi € {1,2, -+, m}such that Pr(X|[x]; ) < S, then.
x € NEG(X); ’
(OB1) Otherwise, x € BND(X).

Definition 10 [35]. Assume IS = (U, A, V,f) is an informa-
tion system. R, R,, ---, R,, are m granular structures. For any
X C U, the lower and upper approximations of the pessi-
mistic multi-granulation rough approximations of X about
R, can be defined by:

gR,»P(X) = {xl le Pr(X|lxlg) 2 o x € U}

— " (13)
2 R0 =~ Y RI(~X)
i=1 i=1

Formally, based on the definitions of the lower approxi-
mation and the upper approximation of the pessimistic
multi-granulation rough approximations, the boundary
region of the pessimistic multi-granulation rough approxi-
mations can be defined by:

@ Springer
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Table 3 Conflict information U a 4, d Tablg 6. ]?ecisiop results Qf the P B N
system pessimistic multi-granulation
X, 0 0 N rough approximations {xz,x3,x5,x7} {xl ,x4,x6} (@)
X, 1 0 B
X 1 1 P
Xy 0 0 N
Xs 1 1 P Table 7 Pythagorean fuzzy conflict information system
Yo 0 0 N a a as ay
Xy 0 1 B
X 0.4,0.7) (0.4,0.6) (0.2,0.8) (0.6,0.2)
X, (0.8,0.1) 0.7,0.4) 04,0.3) 0.7,0.1)
Table 4 Conditional X3 (0.5,0.3) (0.8,0.2) 0.7,0.2) 0.5,0.4)

U PrX|lxlg,)  PrX|[xlg,)

probabilities of objects under

Ry and R, x 033 0.33
x, 1 1
x3 1 1
x, 033 0.33
x5 1 1
xs 0.33 0.33
x; 1 1
Table 5 Decision results of the P B N

optimistic multi-granulation
rough approximations

{x2.53.x5,%,} {x1.54. %5} {D}

BN% 0= DRI - Y R0 (14)
i i=1 i=1

i=1 R

Particularly, similar to the optimistic multi-granulation
rough approximations, the decision rules of the pessimis-
tic multi-granulation rough approximations can be also
acquired as follows.

Definition 11 [35]. Let IS = (U,AT,V,f) be an informa-
tion system, R, R,, -+, R,, be m granular structures. For any
X C U, when a > f, decision rules of the pessimistic multi-
granulation rough approximations are as follows:

(PPDIfVi € {1,2, -, m} such that Pr(X|[x]g ) > a, then
x € POS(X),

(PNDIf3i € {1,2, -+, m} such that Pr(X|[x]g ) < , then
x € NEG(X);

(PB1) Otherwise, x € BND(X).

Recall that Definition 9 and Definition 11, one may gain
the decision rules of the optimistic multi-granulation rough
approximations and the pessimistic multi-granulation rough
approximations through Example 2 from Table 3.

@ Springer

Example 2 Table 3 is a conflict information system, where
U= {xl,xz,x3,x4,x5,x6,x7},Ri (i=1,2,-,m)are m granu-
lar structures, AT = {al,az} U {d}, the decision attribute
d ={P,B,N}, and P, N and B indicate accepting, rejecting,
pending decisions, respectively.

Assume m=2, R = {al}, R, = {al,az}, and
X = {xl,xz,x3,x5,x7}. Then, the conditional probabilities
of each object under R, and R, can be required respectively,
and results are expressed in Table 4.

Leta = 0.6, § = 0.3. By Definitions of 9 and 11, the deci-
sion results are shown in Table 5 and Table 6, respectively.

3 Three-Way Conflict Analysis
in Pythagorean Fuzzy Information System

It is worth noting that there are numerous factors that influ-
ence decisions of agents, such as weather, mood, physi-
cal condition. Therefore, the attitudes of agents on issues
are often vague and ambiguous. In view of the advantage
of PFS in characterizing uncertain information, PFNs are
used to express the agents’ attitudes towards the issues in
this paper. Consequently, a novel three-way conflict analy-
sis model is constructed.

3.1 Pythagorean Fuzzy Conflict Information System

For the sake of concrete discussion in detail later, we
establish a Pythagorean Fuzzy Conflict Information System
in this subsection. Henceforth, we abbreviate it as PFCIS.

Definition 12 An information system IS = (U, A, V,f) is
called a PFCIS, where U is a non-empty finite set of agents,

A is a non-empty finite set of issues, V = U{ Vol €A }, V.
J J

is the set of values of issues ¢ the attitudes of agents to
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issues are denoted by PFN’s and f'is the relationship between
UandA, f : UXA - V.

Correspondingly, a PFCIS can be established ground on
Definition 12. To depict clearly the PFCIS, one can state it
by Example 3.

Example 3 A PFCIS is shown in Table 7.

It can be seen that the attitudes of agents towards the
issues from Table 7, for example,(0.8,0.2) shows that the
support degree to the issue a, is 0.8, and the oppose degree
to the issue a, is 0.2 for the agent x;.

Definition 13 Assume IS = (U, A, V,f) is a PFCIS, a PFN
is the attitude of any agent x; € U on the any issue a € A.
M and N are the attitude of agents x,y € U on the issue set
A, and then the Pythagorean fuzzy correlation coefficient is
defined as:

2C(M,N)

KM.N) = SOt + Cvm) {s)

where

CMN) =3 L, (e, () + v, (v () + 7, (6 ()]
1

i=
n

CM,M) = Z [uil(xi) + vill(x,-) + njl(xl-)] and

i=1
C(N,N) = ;1 [ () + vy, (x) + ()]

Intuitively, based on Definition 13, one may easily obtain
the properties of k(M, N) in the following theorem.

Theorem 1 Let M and N be PFSs, k : PFS x PFS — [0, 1],
then these properties hold in the following.

(D kM, N) €[0,1]

(2) k(M,N) = k(N, M) (16)
(3)ifk(M,N) = 1,thenM = N

. . .. 2 2
Proof (1) According to mean inequalities ab < < ;b s

there exists uz, (x)uy,(x,) + vi, (x)vx (x;) + 73, (X )73 (x;).
Mi,,(xi)‘*'ll;(xi) V:,[(xi)"'vi](xi) ”L(Xi)"'ﬂ;l/(xi)

= 2 2 2

It is obviously that u2,v2 and 72 are greater than 0, where

A= M, N. Thus, k(M,N) € [0, 1].
(2) Due to C(M,N) = C(N,M), then k(M,N) = k(N, M).
(3) If kM,N)=1, there exists
2C(M,N)=CM,M)+ C(N,N),
then Z?:] [ujz‘/[(xi)ulzv(xi) + vjzw(xi)vlzv(xi) + n}%/[(xi)ﬂf/(xi)].

=3, [ufw(xi) + vfw(x,-) + 7[:4(}61-)] + ;[ufv(xi) + vﬁ,(xi)
+”1‘\*/(xi)]~Thus (X)) = uy(x) vy () =vy(x,) and
7 (x;) = my(x;).

Therefore, M = N.
Generally speaking, Definition 13 and Theorem 1
describe the conflict degree of agents towards issue set A.

3.2 Trisecting Agents Set

A fundamental aspect of conflict analysis is to trisect agents
set, which can guide us to make informed decisions, that
is, support, neutralize and oppose. Establishing a conveni-
ent and effective model to realize the trisection of agents in
PFCIS is a key focus of this paper.

Definition 14 Assume IS = (U, A, V,f)is a PFCIS. For cor-
relation coefficient (M, N) and a pair of thresholds «, § with

0 < f < a < 1, the alliance set, neutral set and conflict set
with respect to agent x are defined respectively as:

(DAL 0 (0) = {y € UIKM, N) 2 a}
(2)NE(s3 4./ (x) = {y € UIB < k(M,N) < a} (17)
(3) CO o) (¥) = {y € UM, N) < )

Accordingly, one can judge the conflict state of any agents
x,y towards issue set A by Definition 14.

Definition 15 Assume IS = (U, A, V,f)is a PFCIS. For cor-
relation coefficient (M, N) and a pair of thresholds «, § with
0 < f < a < 1, the no-conflict set, no-neutral set and no-
alliance set about the agent x are given respectively in the
following formals:

(1) no-conflict:

co¢

(A,a,ﬁ)(x) ={ye U|k(M,N) > f}

= ALy 4 5)(X) UNE 4 4 5,(X)
(2) no-neutral:

NEC

aap® =1{y € UIkM,N) < fork(M,N) > a}

= ALy 450 U COy 4 5)(X)
(3) no-alliance:

ALS

ap® =1y € UIkM,N) < a}

= NE(A’a’ﬂ)(x) U CO(A’a’ﬂ)(x)

Theorem 2 Assume IS = (U, A, V,f)is a PFCIS. The follow-
ing equalities are valid.
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E(CA.a.ﬂ)(“")

|
AL(A.a.ﬂ)(x)\ | /( O(A.a.p)(x)

disjoint
—» union

—— = complement

Fig. 1 Relationships among agent sets

(1) COG o 5y NNEG , 5 (0) = ALy 4 5)(x)

(A,a,p)

C C _
(2) €O, o 5@ NALG, 5 () = NE(y 4.5(0) )
(3)AL(§M 5N NE((;;M 500 = COy 4 )(X)

C C C —
HAL , 5 NNEG , ()N COG  , (x) =B

Proof Intuitively, from Definition 14 and Definition 15, one
can easily verify the above conclusions.

Apparently, the relations of agents among Definitions
14,15 and Theorem 2 are clearly shown in Fig. 1.

As we all know, decision-making is often accompanied
by risks, that is, agents will choose alliance, neutral or con-
flict with the loss of decision risk. Therefore, a decision-
making model with risk is very practical.

Definition 16 Let IS = (U,A,V,f) be a PFCIS. The set of
actions is denoted by E = {aA, ay, aC}, where a,,ay and a,
represent the actions for classifying agents into AL , 5,(U),
NE 4 o 5(U)and CO, , 5,(U), respectively, where 4, denotes
the decision loss of taking action a, for classifying agents in
X into the region specified by *, and A, denotes the deci-
sion loss of taking action a, for classifying agents that not
belong to X into the region specified by *. For x,y € U,
the expected loss of the decision action taken is denoted as
R(a,|x,y), which is described in the following:

(D Ralx,y) = Appk(M,N) + Ayn(1 = k(M, N))
(2) Ray|x,y) = Aypk(M,N) + Ayy(1 — k(M,N))
) R@aclx,y) = Acpk(M,N) + Ay (1 — k(M, N))

19

Theorem 3 Assume IS = (U,A,V,f) is a PFCIS. For any
agents x,y € U, R(ay|x,y), R(ay|x,y) and R(ac|x,y) are
expected losses of taking decision actions a,,ay and a,
respectively. Then, there exist.

(1) If R(ay|x, y) < R(ay|x,y) and.

@ Springer

Table 8 The PFCIS of Middle East conflict [11]

a, a, as a, as

X, (1,0) 09,03) (0802  (09,0.1) (0.9,0.2)
X 09,0.1)  (0505) (0.1,09) (03,08  (0.1,0.9)
X3 (0.1,09)  (0.1,09) (02,08  (0.1,09  (0.50.5)
X, (0505 (01,09 (0307 (0505  (0.1,0.9)
Xs 09,02) (0406 (0.1,09  (0.1,09  (0.3,0.9)
Xg 0,1) 09,0.1) (02,09 (0505  (0.8,04)

R(ay|x,y) < R(aclx,y), then x,y € AL o 5(X);

(2) If R(ay|x,y) < R(a,|x,y) and.

R(ay|x,y) £ R(ac|x,y), then x,y € NE(A’a’ﬁ)(X);

B)If R(ac|x,y) < R(aylx,y) and.

R(acl|x,y) < R(ayl|x,y), then x,y € CO(A‘M)(X).
The proof of Theorem 3 is provided in the appendix.

According to the proof of Theorem 3, we can obtain the
following Rule 3.

Rule 3:

(A)Ifk(M,N) = a, then x,y € AL, , 5,(X);

(N If B <k(M,N) < a, then x,y € NE, , 5,(X);
(O)Ifk(M,N) < B, then x,y € CO(Aya]ﬂ)(X).

To provide a clear illustration of the decision actions of
agents in Theorem 3, we illustrate it through Example 4.

Example 4 The PFCIS of the Middle East conflict is shown
in Table 8.

Let Ayp = 0.8 44y =3 Anp = 1.44yy = 1.7, 4cp = 2.6

and Aoy = 1.5, thus, @ = 0.68 and f = 0.45. According to
Rule 3, the decision results of Table 8 are shown in Table 9.
Additionally, Table 9 also displays the comparison of deci-
sion results between Rule 3 and Lang's rule [11].

According to Table 9, we can draw a significant con-
clusion that our rule provides a more detailed and spe-
cific representation of conflict information. Additionally,
it effectively highlights the internal causes of conflict
formation.
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Table 9 Comparison of Rule

decision results Information system ALy o 5)(X) NE 4 4.5)(X) CO s 4p(X)
Lang’s rule The Middle East conflict X Xg X5, X3, Xy, X5
Rule 3 The Middle East conflict X5, Xy X1, Xg X1, X,
X325 X5 2543 1543
X3,Xy Xy, Xg Xp, Xy
X4, X5 X3, X5 Xy, X5
X35 X6
X4, X
Xs> Xe

Table 10 Loss function values of different actions in different states

Table 11 Decision thresholds for optimists and pessimists

X ~X optimists pessimists
ay Aap = [A7 (), AT(] Aan = [A7, (), AT ()] o 0— AwD=Aw () P AT =AL (D
e AN A O e Ay A A % = Ay (0 H A (DA 1)
—_ + — + AN NN ‘NP AP
ay Tp = A, (), AL, ()] T = (A5, (), A% ()] St
= _ + = _ + p ﬁO_ AwAcy ﬂP_ Afy (=A%, ()
de Ace = [Acp(m, Acp(m] Aoy = 1Ay (), Acy ()] Aoy Aoy A A5 = AT AL ()AL DAy )

3.3 Trisecting Agents Set with Different Risk
Preference

In particular, risk preference also has a significant impact
on decision-making for agents. For example, some people
prefer risk because big risk often comes with large profit.
Additionally, some people avoid risk because it can result
in loss. Therefore, this subsection is devoted to establishing
a trisecting agents set model with different risk preferences.

Definition 17 Assume A = (a, f#) is a PFN. A binary group
u,(x),v4(x) ) is a characteristic function, # € [0, 1], the

An:{an,ﬁnc} is defined as level cut set on A,

where,a, = {x|uA(x) > n} and ﬁnc = {xll —vy(x) > r/}.
Suppose P and Q are PFNS, the left and right points of PFNs
P, Q lower ideal of level cut-off are defined as uB(p;),uB(p;)
ag(q) and ug(g?).

Accordingly, one can acquire thresholds of decision-
making by Bayes risk decision theory.

Definition 18 Let IS = (U, A, V,f) be a PFCIS. According
to Bayes risk decision theory, the state space ©@ = {X, ~ X}
is constructed to describe the state of agents belong-
ing to the set X, which indicate that an agent is in X, and
not in X, respectively. The set of actions is written by
E= {aA, ay, ac}, where a4,ay and a. represent the actions
in classifying agents into AL, ;(X), NE,,43(X) and
CO 4 4.5(X), respectively. The loss function values of the
corresponding actions in different states are depicted PFNs.
For#n € [0, 1], A=(n) and A (n) are regarded as left and right

points of lower ideal set of PFNs A _, then A~(y) < A*(n),
and decision loss functions are shown in Table 10.
(1) For optimists

RO(ay|x, y) = A p(mk(M, N) + A, (m)(1 — kM, N))
R%(ay|x,y) = Agp(mk(M, N) + Ay, (n)(1 = k(M, N))

R%aclx,y) = Az(mk(M,N) + Az, (n)(1 = k(M,N))
(2) For pessimists

RP(ay|x,y) = AT, (Mk(M, N) + A%, (n)(1 = k(M, N))
R (aylx, y) = A3, (mk(M, N) + A%, (n)(1 = k(M, N))

RP(aclx,y) = AL, (mk(M,N) + ALy (n)(1 — k(M, N))
According to Bayes risk decision theory, there exist.

1 1f R(ay|x,y) < R*(aylx,y)
RA(aAlx, y) < RA(aC|x, y)’
then x,y € AL, , 5,(X);

2 If R%(ay|x,y) < R*(aylx,y)
R*(aylx,y) < R*(aclx, y),
then x,y € NE(A’a!ﬂ)(X);

3) If R*(aclx,y) < R*(aylx,y)
RA(aclx, }’) S RA(aN |x’ y)a
then x,y € CO 4 5)(X).

and

and
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where A denotes O and P, respectively. According to the
assumption 0 < A,p < Ayp < Acpand0 < Aoy < Ayy < Aans
one may easily obtain the decision thresholds of optimists
and pessimists, respectively, shown in Table 11.

where the range of values of threshold « as follows

. Ary(m) = A% ()
(AT (1) = Ay (D) + (A, (m) — A, (1)

. AT\ () — AL (D)
min o1
(A = A (D) + (A () — AL ()

and the range of values of threshold g in the following
A (m) = AL (1)
(A () = Agy(m) + (AL (1) = AR,(m)
. AN = Ag, ()
min o1
(A (1) — AL (1) + (Ag,(n) — A, (1)

Intuitively, one can get the range of values of thresholds
a and g from Table 11. Therefore, decision actions with dif-
ferent risk preference can be obtained.

p e

Definition 19 Assume IS = (U,A,V,f) is a PFCIS, the M
and N are the attitudes of any agents x,y € U on the issue
set A. For k(M, N) and n € [0, 1], then the optimistic alliance,
the pessimistic alliance, the optimistic neutral, the pessimis-
tic neutral, the optimistic conflict and the pessimistic conflict
are defined, respectively, in the following formals:

(HALC

(A,a,ﬂ)(x)={y € Ulk(M,N) > amin}
(Z)ALP

(A,a,ﬂ)(x):{y € Ulk(M,N) > a™*}

(B)NE(, , @={y € UIf™" < k(M,N) < a™*}

(4)NEF, ,  )={y € U|p™™ < k(M,N) < a™"}
)={y € Ulk(M,N) < ™}
®={y € Ulk(M,N) < p™"}

(20)
(5) cogm 5

P
(6)CO, . p)

The relationships of agents in Definition 19 are clearly
illustrated in Fig. 2. Consequently, we have the following
proposition based on Definitions 18 and 19.

Proposition 1 Assume IS = (U,A,V,f) is a PFCIS. There
exist.

@ Springer

disjoint

Joint
—-—— contain relation
—» dominant relation

Fig.2 Relationships among sets of agents

(DALG, , () N NEG, () C AL 4 5)(x)

) NE(‘/)M’ 5@ N cogm 5 X) € NE 4 4.5)(x)

(3) COPy 4 5y N COG 5 () € COY 4 ) (X)

DALG () UALL, 5 (¥) 2 ALy 5)(x)

5) NE(‘/)M’ 5 U NE[, ) 2 NE 4 4.5)(%)

(6) COP, o 5D U COp 5 () 2 CO 4 (%)

(DAL, HOUNE( () = coyy, Y .
(S)AL{;M)(x) UNE&M 5 = CO&fa’ﬂ)(x) @h
(9) COP, oy UNE(, , 5 (0) = ALOS, 1 (x)

(10) CO, , 5 () UNES, 50 = ALY, 5

¢! l)ALgfm 5@ N cogfa’ 5 = NE[, .. 5@

(12) AL, 5, (0) 0 CO(f, 5 (0) = NEG, , 5 (%)

(3) AL, , ;) U COP, , » (¥) = NEOS, 5

(14) AL(?M’ 5@ U cogw’ 5 = NE&CJI’ 5@

Proof. From Definitions 18,19 and basic properties of set,
the above conclusions can be easily proved by intuition.

Theorem 4. Assume IS = (U,A,V,f) is a PFCIS. The fol-
lowing properties hold.

P
(OHIfx,y e AL(A’M)

0
Q) Ifx,y e NE(A’a’ﬁ)

P
B3)Ifx,y e CO(A’M)

0 .
(x), thenx,y € AL( Aa. ﬂ)(x),

(x),thenx,y € AL&’Q’ 5(0; (22)

(x),thenx,y € cogm ().
Proof Based on the formula (20) and basic properties of set,
the above relations can be easily verified.

In decision-making process, the agents need to consider
not only their individual attitudes towards each issue, but
also their overall attitude towards the issue set.

Definition 20 [42]. Assume IS = (U, A, V,f)is a PFCIS. For
any agents x,y € U and a € A, the degree of conflict of an
issue a, which can be expressed as:
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card(X?) - card(X;)
im(g) : (n - int<§))

where X* = {x € Ulu,(x) > m* Av,(x) <m, },

con(a) = 23)

X- ={x € Ulu,(x) <m* Av,(x)>m,}, thresholds

m* > 0.5 and m, > 0.5.card() expresses cardinality of a
set, int() denotes the rounding of any number, n denotes
the population of agents and formula (24) denotes conflict
degree of situation S = (U, A).

Accordingly, the degree of conflict of an issue set A,
which can be expressed as following formal:

Y con(a)

con(A) = et (24
card(A)

Definition 21 Assume IS = (U, A, V,f)is a PFCIS. A pair of
thresholds [, A with 0 < [/ < h < 1. Conflict situation, defuse

situation and non-conflict situation are respectively defined
as:

CSOh. o= {Alcon(A) > h}
DSP = (Al A) <h
prcis = VAL < con(A) < h}
NSUP = {Alcon(A) < I
preis = (Alcon(d) < 1} 25

Definition 21 reveals that the conflict degree of a situation
S = (U, A) can be divided as conflict situation, defuse situa-
tion and non-conflict situation through a pair of thresholds.

Definition 22. Suppose IS = (U,A, V,f) is a PFCIS, then
the strong conflict, the weak conflict, the strong alliance, the
weak alliance, the strong neutral and the weak neutral are
respectively defined as:

(1) SCy) = {y € UIK(M,N) < p™", con(A) 2 h}

(2Q) WC,(x) = {y € Ulk(M,N) < p™, con(A) > h}

(3)SA,(x) = {y € Ulk(M,N) > a™, con(A) < 1}

4) WA, (x) = {y € Ulk(M,N) > a™™, con(A) < I}

(5) SN, (x) = {y € U|p™ < k(M,N) < a™",1 < con(A) < h}

(6) WN,(x) = {y € U|p™" < k(M,N) < a™,1 < con(A) < h}

(26)

According to the concepts in Definition 22, the following

inclusion relations hold.

Theorem 5 Assume IS = (U, A, V,f) is a PFCIS. These fol-
lowing properties hold.

Table 12 Pythagorean fuzzy conflict information system

U a; a, a,

X 0.7,0.2) (0.4,0.9) (0.5,0.6)
Xy (0.1,0.8) (0.8,0.2) (0.7,0.6)
X3 (0.8,0.2) (0.1,0.7) 0.4,0.4)

(1) SC4(x) € WC,(x)
(2) SA,(x) € WA, (x)
(3) SN, (x) € WN,(x)

@7

Proof Taking into account Definitions 20, 21 and 22, the
above conclusions are verified easily.

To clearly depict the decision actions of agents in the
above theorem, we illustrate them through Example 5.

Example5 A PFCIS is shown in Table 12.

Assume that the decision loss functions of a,, ay and a,
are PFNs, n = 0.5, and the upper and low bound of decision
loss function are as follows:

AL = 3.1, AT, (n) = 3.3, Agp(n) =45, A;(,P(n) =5.0,

Agp(n) = 9.O,AJEP(;1) =103A,,(n) = 2.2,AZN(;1) =25,

Ay =50, A;\;N(n) =52, A,(m=98
A () =10.0.

From Definition 18, we have « € [0.67,0.86] and
p € [0.28,0.46]. The attitudes of agents x,x, and x; on issues
set A are B, C and D, respectively. By Definition 13, we have
k(B,C) = 0.44 k(B, D) = 0.83 and k(C, D) = 0.38.

For optimists, by Definition 19, there exist
CO&,a’ﬂ)(U) = {{x,,xz}, {xz,x3}},AL(OA,a’ﬁ)(U) = {xl,x3}.

Suppose m* = 0.6,m, = 0.5, according to Definition 20,

there exists con(A) = 0.67. Assume [ = 0.3, 2 = 0.6, by Defi-
nition 21, then WC,(U) = {x,x,,x3 }.

For pessimists, there exists WC,(U) = {x|,x,,x; } under
the same conditions.

and

4 Trisecting Agents Based
on Multi-granulation Pythagorean Fuzzy
Decision-Theoretic Rough Set

Notably, individuals may sometimes need to make their
decisions based on the level of granularity in the available
information. For example, let's consider a company that
aims to develop a new product. They would require both
fine-grained information, such as customer preferences,
demographics and purchase history, as well as macro-
level information like industry trends and macroeconomic
indicators. This multi-granular perspective enables the
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company to make informed decisions by incorporating
micro and macro information into their decision-making
process. In this section, the conflict analysis model is
extended to the multi-granulation Pythagorean fuzzy con-
flict rough approximations, and then the conflicts between
multi-source information system and multi-dimensional
information system are also discussed in detail.

4.1 Optimistic, Pessimistic Multi-Granulation
Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set

We can acquire some different rough set models by adjust-
ing the values of thresholds. In this subsection, optimistic
model and pessimistic model of multi-granulation Pythag-
orean fuzzy conflict rough approximations are studied.
respectively. Hereinafter, we abbreviate them as OMRS
and PMRS, respectively.

Definition 23 Assume IS = (U,A,V,f) is a PFCIS. The

m

lower approximation Y, R,°(X) and upper approximation
i=1

m

> R°(X) of the OMRS are defined respectively as in the
i=1
following formals:

Y ROX) = {y €U A\VZ ki(M,N) > 0‘}
i=1 =

m m (28)
Y ROX) =~ Y RO~ X)
i=1 i=1

Formally, the boundary region of the OMRS is defined by:

BN,;, 0= Y RO - Y RO (29)
i i=1 i=1

i=1

Accordingly, by combining the features Definition 23, we
can state the following proposition.

Proposition 2 Assume IS = (U,A,V,f)is a PFCIS. The fol-
lowing relations hold.

@ Springer

(D Y RO 2RL0,i<m

i=1

@ Y ROX) 2 ROX),i<m
i=1

m m (30)
3 Y ROX) = RO, i<m
i=1 =1

(4) i ROX) = O RO(X).i<m
j i=1

i=1

The proof of Proposition 2 is provided in the appendix.

Analogous to the Rule 2, when a > f§, one can acquire
Decision Rules 1 which can be expressed as follows.

Decision Rules 1. Assume IS = (U,A,V,f)is a PFCIS.
For the OMRS, when a > f, we acquire the following deci-
sion rules.

(0A) If i € {1,2 -+, m} such that k,(M,N) > a, then

0 .

X,y € AL(A,a’ﬁ)(X),
(00) If Vie (1,2, ,m} such that k,(M,N) < f, then

X,y € CO(OA’a’ﬂ)(X);

(ON) Otherwise,x,y € NE& apX)-

Similar to OMRS, one can investigate PMRS in the same
way.

Definition 24 Assume IS = (U,A,V.,f) is a PFCIS. The
lower approximation and upper approximation of the PMRS
are given respectively as:

Y RP(X) = {y e | Xl k(M,N) > a}
i=1 =

- . 31)
Y RPX) =~ Y R~ X)
i=1 i=1

Correspondingly, the boundary region of the PMRS is
defined by:

Bzvg ) =Y R 0= Y RFX) (32)
i i=1 i=1

i=1 R

Accordingly, by Definition 24, one can require some
conclusions of the lower and upper approximations of the
PMRS.
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Proposition 3 Assume IS = (U,A,V,f) is a PFCIS. These
conclusions hold in the following.

(DY R CRPX,i<m

i=1

@ Y RFXO 2R X).i<m
=1

m m (33)
3) Z RPX) = ﬂ RPX).i<m
i=1 =1

@ Y RPX) =R 0,i<m
i=1 i=1

Proof Analogous to Proposition 2, one can verify these
properties.

Similar to the Rule 2, when a > £, one can obtain Deci-
sion Rules 2 which can be expressed in the following.

Decision Rules 2. Assume IS = (U, A, V,f)is a PFCIS.
For the PMRS, when a > f, we acquire the following deci-
sion rules:

(PA) If Vi e {1,2,---,m} such that k;(M,N) > a, then
X,y € AL&(,,,})(X);

(PC) If Ji € {1,2---,m} such that k,(M,N) < f, then
X,y € CO&a!ﬂ)(X);

(PN) Otherwise, x,y € NE&’(X’ 5@

According to Definition 18, the decision loss functions of
agents are PFNs, then the range of values of thresholds «,

pin PFCIS can be denoted, respectively, in the following:

e A () =AY ()
(AT () = A (M) + (AT () — AL ()
, AT () = AL
min .1
(AL () = AT (1) + (A5, (m) — A% ()

se Ay (m) = ALy ()
(Al () = Ay () + (AT, () — Ay, ()

- AN ) = Ag, ()
(A (m) = AL (D) + (A, () — AT

Therefore, the agents need to consider the range of thresh-
olds when making a decision of allied, neutral or conflict
action in the multi-granulation Pythagorean fuzzy conflict
information system.

According to different combinations of some special val-
ues (extreme values) of a and f, we can also construct some
specific rough set models of Pythagorean fuzzy conflict
decision-theoretic rough set. We will discuss them in Sects.
4.2 to 4.9 in detail.

4.2 Supper Optimistic Multi-Granulation
Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set

Definition 25 Assume IS = (U,A,V,f) is a PFCIS. The

lower approximation Y. R;*?(X) and upper approximation
i=1

> RS9(X) of the Supper Optimistic Multi-Granulation

i=1
Pythagorean Fuzzy Conflict Decision-Theoretic Rough Set
(for short, SOMRS) are given respectively by:

Y RSOX) = { yeu .\"}1 k(M,N) > a;“in}
i=1 =

(34)

Y RO =U={ye Ul AkM.N) < pr |
i=1 =

In this case, the boundary region of the SOMRS is
expressed as follows:

m

BN%OR ) = Y RO - Y ROX) (35)
& i=1 i=1

Intuitively, from Definition 25, we can obtain some prop-
erties of the lower and upper approximations of the SOMRS
as follows.

Proposition 4 Assume IS = (U, A, V,f)is a PFCIS, then.

() Y R 2 ROX).i < m

i=1

@ D R (X) 2 R(X),i < m

o " (36)

3) Z R5O(X) = U R(X),i<m
i=1 =1

@Y ROX) = [ RF00,i <m
i=1 i=1

Proof Similar to Proposition 2, these properties can be eas-
ily verified.

Theorem 6. Suppose IS=(U,A,V.f) is a PFCIS,
0<p<a;Z1,X,Y CU.The following relations hold.

(D) T ROX) C T ROX)
i=1 i=1

() 2 R3%(@) = % RSO(@) = @,
i=1 i=1

@ Springer
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m m m m
2RO = Y ROW) =U BNG ()= Y R0 - Y RIX) (38)
i=1 i=1 i=1

(3)If05] < ay, ﬂl < ﬁz, then ZR,‘,IZSO(X) Cc ZRia]SO(X)
i=1 i=1

=1 i=1

m m
and Y R[ﬁzso(X) cy RiﬂlSO(X).
The proof of Theorem 6 is provided in the appendix.

Correspondingly, analogous to the OMRS, one can
obtain the Decision Rules 3 which can be described in the
following.

Decision Rules 3. Assume IS = (U,A, V,f) is a PFCIS.
When a;“i" > ﬂl.m“x(i =1,2,---,m), we can acquire the fol-
lowing decision rules:

(SOA)Ifdie {1,2 - ,m} such that k,(M,N) > a;ni“, then
o) .
X,y € AL(A’a’ﬁ)(X),
SOO) IfVi € {1,2, -+ ,m} such that k;(M,N) < ﬁ;“ax, then
x,y € COY, (X

. SO
(SON) Otherwise x,y € NE; , (X).

4.3 Weakly Optimistic Multi-Granulation
Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set

Definition 26 Suppose IS = (U,A,V,f)is a P’{l’CIS. For any
agent x,y € U, the lower approximation Y R, (X) and

i=1

upper approximation ] Riol (X) of the Weakly Optimistic
i=1

Multi-Granulation Pythagorean Fuzzy Conflict Decision-

Theoretic Rough Set (namely, WOMRS) are defined respec-

tively in the following formals:

3RO 0 = { ye U .\"}l k(M,N) > a;"“}
i=1 =

IZ‘R[O’(X) =u-{veul AkMN <) G

Accordingly, the boundary region of the WOMRS is given
by:

@ Springer

Z] R; i=1
£

Obviously, by Definition 26, one can obtain some conclu-
sions of the lower and upper approximations of the WOMRS
as follows.

Theorem 7 Assume IS = (U, A, V,f)is a PFCIS. The follow-
ing relationships hold.

i&%ngi&ﬁn
i=1 i=1

(39)

m

m
Z RO (X) C Z R50(X).
i=1 i=1
The proof of Theorem 7 is provided in the appendix.

Accordingly, one can get the following Decision Rules.

Decision Rules 4. Suppose IS = (U, A, V,f)is a PFCIS.
When a;“i“ > ﬁl?nax(i = 1,2, ---,m), we get the following deci-
sion rules of the WOMRS:

(WoA)Ifdi e {1,2---,m}suchthatk;(M,N) > a;“aX, then
o .
xay € AL(A’a’ﬂ)(X)a
(WOCQC) If Vie {1,2, - ,m} such that k(M,N) < ﬂl.mi",
then x,y € CO(OA/M)(X);

(WON) Otherwise, x,y € NEga ﬂ)(X)-

4.4 Supper Pessimistic Multi-granulation
Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set

Definition 27 Let IS = (U, A, V,f) be a PFCIS, the lower

approximation Y RSP(X) and upper approximation
i=1

> RSP(X) of the Supper Pessimistic Multi-Granulation
i=1

Pythagorean Fuzzy Conflict Decision-Theoretic Rough Set
(noted as SPMRS) are described as follows:

m
3 RSP = { ¥ €Ul AKM.N) 2 a;“a*}
i=1 =
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; RIO=U-{yeul VEMN g™ (@0)

Correspondingly, the boundary region is written as:

m
BNSY (X) =

RP(X) = Y R0 (1)
;, R; i=1 i=1

Accordingly, by Definition 27, one can require these fol-
lowing relations of the lower and upper approximations of
the SPMRS.

Proposition 5 Assume IS = (U, A, V,f)is a PFCIS, then.

() Y RTX) CRF(X0,i<m
i=1

@ Y R 2RFX).i<m

i=1

. " (42)
3) Y RFX) = ﬂ RSP (X),i<m
i=1 =1

@ D RFX) = (\RTX0,i <m
i=1 i=1

Proof Intuitively, analogous to Proposition 2, we can verify
these above conclusions.

Theorem 8 Assume IS=(U,A,V,f) is a PFCIS.
R,Ry, -, R, are m granular structures, 0 < f; < a; < 1,
X,Y C U, there exist.

m m

) YRF(@) =Y R (@) =0,
i=1 i=1

Y RP(U) = Y R¥(U) = U;
i=1 i=1

@) SREX)C T RS X):
i=1 i=1

(3) Ifa; < ayfy < Py, then Y R, S (X) € ¥ R, ST (X).

i=1 i=1

m m

and ¥, Ry SP(X) € ¥ Ry P (X).
i=1 i=1

Proof These conclusions can be proven based on the intui-
tion provided by Theorem 6.

Similar to the PMRS, one can acquire the following Deci-
sion Rules.

Decision Rules 5. Assume IS = (U,A, V,f)is a PFCIS.
When alf“i“ > ﬁima"(i =1,2,---,m), we get the following deci-
sion rules of the SPMRS:

(SPA)IfVi € {1,2,--,m}such that k;(M,N) > a**, then

SP .
X,y € AL(A,M)(X),

(SPC)If3i € {1,2++,m} such that k,(M, N) < f™, then
X,y € COffa 5 0;

: SP
(SPN) Otherwise, x,y € NE;{  ,(X).

4.5 Weakly Pessimistic Multi-Granulation
Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set

Definition 28. Let IS = (U,A, V,f) be a PFCIS, the lower
approximation Y, RiP'(X) and upper approximation
i=1

m
Y R (X) of the Weakly Pessimistic Multi-Granulation
i=1
Pythagorean Fuzzy Conflict Decision-Theoretic Rough Set
(abbreviated as WPMRS) are defined respectively in the fol-

lowing formals:

S R0 = { ye U 7\1 k(M,N) > a;“in}
i=1 =

(43)

Y R0 =U- { yeU| ,@1 k(M,N) < ﬂ;m“}
i=1 =

In this sense, the boundary region of the WPMRS is
described as:

BN%’ 0= DRI =D R0 (44)
i i=1 i=1

i=1

From Definition 28, one can obtain the following proper-
ties of the WPMRS.

Theorem 9 Assume IS = (U,A,V,f) is a PFCIS. These
properties hold, which can be expressed as follows:

i RS € i R” (X,
i=1 i=1

(45)

f‘, RT(X) ¢ ﬁ‘, R”(X)
i=1 i=1

Proof Similar to Theorem 7, one may easily verify these
properties.

In particular, analogous to the PMRS, one can also
acquire Decision Rules 6 of the WPMRS.

Decision Rules 6. Suppose IS = (U, A, V,f)is a PFCIS.
The decision rules of the WPMRS are given as follows:
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(WPA)IfVi € {1,2, -+ ,m}such thatk,(M,N) > a™™, then
X,y € AL{A’% 5 X

(WPC)If3i € {1,2 -, m} such that k,(M, N) < p™*, then
X,y € cogj;,a’ 5 X0

(WPN) Otherwise, x,y € NE{, apyXD-

4.6 Optimistic-Pessimistic Multi-Granulation
Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set

Definition 29 Suppose IS = (U, A, V,f) is a PFCIS. The

lower approximation Y. R;°”(X) and upper approximation
i=1

m

> R;°P(X) of the Optimistic-Pessimistic Multi-Granulation
i=1

Pythagorean Fuzzy Conflict Decision-Theoretic Rough Set
(for short, OPMRS) are described as follows:

ZR,.OP(X) = {y e U| '17}1 k(M,N) > a;“i“}
i=1 =

;RioP(X) =U- {y e U] ii}l k(M,N) < ﬂimin} (46)

Accordingly, the boundary region of the OPMRS is given
by:

BN (X)= Y R0 - Y ROT(X) @7
; R; i=1 i=1

Analogously, from Definition 29, one can obtain the fol-
lowing properties of the OPMRS.

Proposition 6 Let IS = (U, A, V,f) be a PFCIS, these fol-
lowing properties hold.

M) Y ROPX) 2R (X).i<m
i=1 -

2) 2 ROP(X) D ROP(X),i<m
i=1

m m (48)
3 Y RTX) = JROX)i<m

i=1 =

@ Y RO = (R0 i <m
i=1 i=1

@ Springer

Proof Particularly, analogous to Proposition 2, one can
prove easily these above relations.

Theorem 10 Assume IS = (U,A, V,f)is a PFCIS, then.

(1) i R (@) = i R (@) = o,

i=1 i=1

m

ﬁ: ROP W)=Y ROPW)=U
i=1 i=1

or oP
e) ER" *) ¢ ,;Ri X) 49)

BQ)lfa, <ay, ) < Py,
m m

R, °P(X) € )\ R, *"(X)and
i=1 i=1

then

m

DR XC i Ry, 7 (X).

i=1 i=1

Proof Analogous to Theorem 6, one can easily verify these
properties.

Theorem 10 implies that increasing the threshold value
in each granular structure will result in smaller lower and
upper approximations across all granularities.

Consequently, we can gain the decision rules of the
OPMRS.

Decision Rules 7. Assume that IS = (U,A,V,f) is a
PFCIS, then the OPMRS has the following decision rules:

(OPA)If3i € {1,2 -, m} such that k,(M,N) > a™", then
X,y € AL&Zﬁ)(X);

(OPC)If3i € {1,2 -+ ,m} such that k,(M,N) < ﬁl.mi“, then
1y € COY (0

: op
(OPN) Otherwise, x,y € NE |/  , (X).

4.7 Weakly Optimistic-Pessimistic
Multi-granulation Pythagorean Fuzzy Conflict
Decision-Theoretic Rough Set

Definition 30 Let IS = (U,A,V.,f) be a PFCIS. The lower

approximation ZR,-OP/(X) and upper approximation
i=1

Y R, (X) of the Weakly Optimistic-Pessimistic Multi-
i=1

Granulation Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set (namely, WOPMRS) are written respectively in

the following formals:
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3 RO 00 = {y e Ul '\71 k(M,N) > a;“a"}
i=1 =

(50)

Y ROTX) =U - {y ev| ,cl k(M.N) < ﬁf“ax}
i=1 .

Correspondingly, the boundary region of the WOPMRS
is described by:

m

BN%P/ (X) = Z RiOPI (X) — ZRiOPr(X)
R; i=1 i=1

i=1

&1y

From Definition 30, one can acquire the following proper-
ties of the WOPMRS.

Theorem 11 Assume IS = (U, A, V.,f) is a PFCIS. The fol-
lowing properties hold:

m m
Y RO (X)C Y ROPX),
i=1 i=1

(52)

> ROPX) € Y ROT(X)

i=1 i=1

Proof Intuitively, similar to Theorem 7, one can verify these
above properties.

Decision rules 8. Suppose IS = (U, A, V,f) is a PFCIS.
When al.mi" > ﬂf‘a"(i = 1,2, ---,m). The decision rules of the
WOPMRS are given as follows:

(WOPA) 1f Ji € {1,2---,m} such that k,(M,N) > a™™,
then x,y € AL&{’;’ 5 X0;

(WOPC) If Ji € {1,2---,m} such that k,(M,N) < g™
,then.

1y € CORL 0

(WOPN) Otherwise, x,y € NEO | (X).

4.8 Pessimistic-Optimistic Multi-Granulation
Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set

Definition 31 Suppose IS = (U,A, V,f) is a PFCIS. The

lower approximation Y. R;”°(X) and upper approximation
i=1

> RPO(X) of the Pessimistic-Optimistic Multi-Granulation
i=1

Pythagorean Fuzzy Conflict Decision-Theoretic Rough Set
(noted as POMRS) are denoted respectively in the

following:

3 RPOX) = { ye U '7\1 k(M,N) > a;““}
i=1 =

(33)

3 RPOX) = U - {y e U] "X} k(M,N) < ﬂ;““}
i=1 =

The boundary region of the POMRS is described as:

m m

BNY ()= Y ROX) - Y RMX)

Z] R; i=1 i=1
P

(54)

Analogously, by Definition 31, one can get the following
properties of the POMRS.

Proposition 7 Let IS = (U,A, V,f) be a PFCIS, then.

(1) Z RPO(X) CRPOX).i<m

i=1

@) Y R0 2 RPOX),i < m

i=1

. ” (55)
3) D RO = ﬂ RPO(X),i<m
i=1 =1

@ Y RO = JR00. i <m
i=1 i=1

Proof Analogous to Proposition 2, one can verify these
properties.

Theorem 12 Suppose IS = (U,A,V,f) is a PFCIS. These
following relations hold.

()Y R@) =Y R @) =2,
i=1 i=1

i ROWU) = i R =U
i=1 i=1

@ Y R0 € Y RIOX)
i=1 i=

i=1

B)Ifa; < ay, f; < P,,then zRiazPO(X) C ZRial PO(X) and

i=1 i=1

m

DR, € Y Ry, PO
i=1

i=1

(56)

Proof Intuitively, the proof is similar to Theorem 6.
Decision Rules 9. Assume that IS = (U,A,V,f) is a
PFCIS.
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The decision rules of the POMRS are given as follows:

(POA)ItVi € {1,2 -+, m}such that k;(M,N) > a™, then
%y € AL&?a,ﬂ)(X);

(POOC)IEVi € {1,2 -+ ,m} such that k,(M,N) < ™, then
5y € COPD 0

(PON) Otherwise, x,y € NE[{  (X).

4.9 Weakly Pessimistic-Optimistic
Multi-Granulation Pythagorean Fuzzy Conflict
Decision-Theoretic Rough Set

Definition 32 Let IS = (U,A, V,f) be a PFCIS, then the

lower approximation Y. R,” @' (X) and upper approximation
i=1

Y R.7?(X) of the Weakly Pessimistic-Optimistic Multi-
i=1

Granulation Pythagorean Fuzzy Conflict Decision-Theoretic
Rough Set (abbreviated as WPOMRS) are denoted respec-
tively by:

Y R X) = { ¥ € Ul AKM.N) 2 a;.“m}

i=1

;RiPo’(X) —u-{veul Ak S} )

In this case, the boundary region of the WPOMRS is
described as:

m m

BN%O' @) = Y R X)- Y R (X) (58)
R.

i i=1 i=1
i=1

Accordingly, from Definition 32, one can get the follow-
ing properties of the WOPMRS.

Theorem 13 Assume IS = (U,A,V,f) is a PFCIS. These
relations hold, which can be expressed in the following:

m m
Y R7X) S Y R0 and
i=1 i=1

(59

m

2RO € i R (X)

i=1 i=1

Proof Intuitively, similar to Theorem 7, one may verify these
properties.

Analogously, one can obtain the following Decision
Rules.

@ Springer

Table 13 Pythagorean fuzzy conflict information system

U a; a, as

X (0.8,0.4) (0.7,0.1) (0.1,0.8)
Xy 0.4,0.6) (0.2,0.8) 0.8,0.4)
X3 0.1,0.7) (0.2,0.8) (0.6,0.3)

Table 14 Decision results of the SOMRS

S0 50 SO
AL(A’a,ﬂ)(U) NE(A,a,ﬁ)(U) CO(A’a,ﬂ)(U)
{xz,x3} {xhxz} {xl’x3}
Table 15 Decision results of the WOMRS

o o o
AL(A’a,ﬁ)(U) NE(A,a,ﬂ)(U) CO(A’a,ﬁ)(U)
{xzvxs} {xl’x2}7 {xl’x3} (o}
Table 16 Decision results of the SPMRS

sp SP SP
AL(A’a,ﬂ)(U) NE(A’M)(U) CO(A’M)(U)
{x2.%3} {xp.30 0 {x1. 33} {2}
Table 17 Decision results of the WPMRS

I , I
AL(A.a,/;‘)(U) NE(A%/,)(U) CO(A,a,/i)(U)
{xz,x3} {2} {x],xz},{xl,x3}

Table 18 Decision results of the OPMRS

AL(?:GJ?) ) NE(?‘:OI»ﬁ) ) CO&[ja,ﬂ) ()
{xz,x3} {xl,xz}, {xl,x3} {2}

Decision Rules 10. Assume that IS = (U,A,V,f) is a
PFCIS. The decision rules of the WPOMRS are given as
follows:

(WPOA) If Vi € {1,2---,m} such that k;(M,N) > a;ni“,

then x,y € AL‘&O; 5 X;
(WPOC) If Vi € {1,2 -, m} such that k(M,N) < pmn,
then x,y € CO{;O; ﬁ)(X);

(WPON) Otherwise, x,y € NE&O; 5 X)-
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4.10 Three-Way Conflict Analysis Based
on Multi-granulation Pythagorean Fuzzy
Conflict Decision-Theoretic Rough Set

Three-way decision theory offers an important research idea
for solving uncertain issues. In order to further explore the
conflict mechanism of agent in different decision-making
cases, this subsection discusses the construction of three-
way conflict analysis model of multi-granulation Pythago-
rean fuzzy rough approximations.

Definition 33 Assume IS =(U,A,V,f) is a PFCIS,
R,R,, -+, R, are m granular structures, then the global
conflict is defined as:

m

S(A) = Z con(A,) (60)

i=1

where A;(i = 1,2, ---,m) and con(4;) are the issue set and
conflict degree under R;, respectively. Formula (60) shows
that the conflict degree under each granular structure con-
stitutes the global conflict degree, and provides a precondi-
tion for describing global conflict, global moderation, and
no-global conflict.

(1) GSC4(x) = {y € Ulk(M,N) < ™, S(A) > c*}
(2) GWC,(x) = {y € UIK(M,N) < ™, S(A4) > c*)
(3) GSA,(x) = {y € UIk(M,N) > a™,S(A) < ¢, }
(4) GWA,(x) = {y € U[k(M,N) > a™",S(A) < c, }

(5) GSN,(x) = {y € U|f™ < k(M,N) < a™,c, < S(A) < c*}
(6) GWN,(x) = {y € U|p™ < k(M,N) < o™, ¢, < S(A) < ¢*}

Table 20 Decision results of the POMRS

AL{;\?D(,/])(U) NEg\(,)ﬂ,ﬂ)(U) COZ\(,)H,/D(U)
{Xz,x3} {xlsxz} {Xlw‘%}

Definition 34 Suppose IS = (U, A, V,f)is a PFCIS. Given a
pair of thresholds (c,, ¢*), and global conflict, global mod-
eration, and no-global conflict are defined respectively as:

GS,(U) = {A|S(A) > ¢}
GM,(U) = {Alc, < S(A) < c*} ©61)
GN,(U) = {AIS(A) < ¢, }

In particular, based on Definitions 20, 21, 33 and 34, we
can know that if S(A) < ¢* and con(A;) > h;, then this situa-
tion is a local condition conflict.

Definition 35 Let IS = (U,A, V,f) be a PFCIS, then the
global strong conflict, the global weak conflict, the global
strong alliance, the global weak alliance, the global strong
neutral, the global weak neutral, the local strong conflict, the
local weak conflict, the local strong alliance, the local weak
alliance, the local strong neutral and the local weak neutral
are defined respectively as:

(62)

(1) LSC, (x) = {y € Ulk(M,N) < g™, S(A) < ¢*, con(A)) > h; }
B)LWC, (x) = {y € U[k(M,N) < ™, S(A) < ¢*,con(A;) > h;}

(9) LSA, (x) = {y € Ulk;(M,N) > o™, S(A) < ¢*, con(A;) < I}

(10) LWA, (x) = {y € Ulk(M,N) > a[™", S(A) < ¢*,con(A,)) < I;}

(11 LSN, (x) = {y € U™ < k(M,N) < alf“i“,S(A) <l < con(A;) < by}
(12) LWN, (x) = {y € U|B™ < k(M.N) < /™, S(A) < c*,1; < con(A,)) < h;}

Table 19 Decision results of the WOPMRS

ALY, ) NEZp(U) COp ()
{223} (o} {20} {x. x5}

where a; and f; are a pair of thresholds under R;, /; and A, are
a pair of conflict degree thresholds under R;, c, and c* are
given as global conflict thresholds.

In particular, with formulas (61) and (62), one can acquire
the following properties of the Multi-granulation Pythago-
rean fuzzy conflict decision-theoretic rough set.
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Table 21 Decision results of the WPOMRS

AL, ) NE(D, (V) COep (D)
{xz,x3} {thz}’ {xl,x3} (o}

Theorem 14. Assume IS = (U,A,V,f) is a PFCIS. Given
a pair of thresholds (c,, c*), then these relations hold as
Sfollows.

() Ifx,y € GSC,(x), thenx,y € GWC,(x);

(2)Ifx,y € GSA,(x), thenx,y € GWA,(x);

(3)Ifx,y € GSN,(x), thenx,y € GWN,(x);

4)Ifx,y € LSC, (), thenx,y € LWC, (x); (63)
S)Ifx,y e LSAAl (x), thenx,y € LWAA[(x);

©)Ifx,y € LSN, (x), thenx,y € LWN, (x).

Proof Intuitively, from formula (62) and basic properties of
set, the above conclusions can be easily proved.

In order to gain a deeper understanding of the rough
set models above-mentioned in this article, we illustrate
the process of acquiring decision rules for each rough set
model through the Example 6.

Example 6 A PFCIS is shown in Table 13.

Assumem =2, R, = {a,,a,}, R, = {a,,a,, a3}, decision
loss functions are PFNs, and = 0.5. The lower and upper
bounds of six decision loss functions for R, are given as:

A, =28, AL (=31, Ay (n=44,
Abp (1) =47,
Agp =90, A7, (=100, Az ()=20,

Ale (n) = 2.6, A;/Nl (n) =4.8, A;,Nl (n) = 5.0, A;N] (n) = 9.6,
AZNI () =9.8.

According to Definition 18, there exist a; € [0.67,0.81],
p, €0.26,0.46].

The lower and upper bounds of six decision loss functions
for R, are defined as:

A;PZ(n) =20, A:{Pz(n) =3.0, A;]Pz(n) =44,
A;,PZ(r/) =428, AEPZ(”) = 9.6,A2P2(11) = 10.2,AEN2(11) =17
Ay, (1) =26,

A;,Nz(r/) =47 ,
,A:;Nz(n) = 10.0.

According to Definition 18, there exist a, € [0.56,0.85],
p, €0.23,0.48].

AL =50, A5 (=98

@ Springer

Suppose the attitudes of x,, x, and x; on the issue set A
are B, C and D, respectively. According to Definition 13,
we have k,(B, C) = 0.47, k;(B,D) = 0.38, k,(C,D) = 0.98,
ky(B,C) = 0.43, ky(B, D) = 0.42, and k,(C, D) = 0.91. Due
to Decision Rules 3-10, decision results are expressed in
Table 14, 15, 16, 17, 18, 19, 20, 21.

Given m* = 0.8, m, = 0.5, according to Definition 20,
we have con(A,) = 0.5, con(A,) = 0.5. Thus, global con-
flict degree S(A) = 1. Given ¢, =04, ¢* = 0.8, due to
S(A) > c*, therefore, it is global conflict. Decision thresh-
oldsa = [0.7,0.8], = [0.35, 0.45] are given under the global
conflict and decision thresholds /; = 0.3, #; = 0.6 under R,
and decision thresholds /, = 0.4, s, = 0.8 under R, are given.
Due to con(A,) < hy,con(A,) < h,, thus, no conflict in local
situation. According to Definition 35, global strong conflict
and global weak conflict are { @ } and {x1 , X5, X3 }, respectively.

5 Measures in Multi-granulation
Pythagorean Fuzzy Conflict
Decision-Theoretic Rough Set

The existence of boundary region of rough set results in
uncertainty of target set. In order to measure this uncer-
tainty, we develop accuracy measure methods of the models
presented in this article by referring to the method in [42].

Definition 36 Assume IS =(U,A,V,f) is a PFCIS,
R,,R,, -+, R, are m granular structures, for any X C U, the
accuracy measure of X in OPMRS is described as:

m

X ROPX)

i=1

oopX) = (64)

3 ROP(X)
i=1

Definition 37 Suppose IS = (U,A, V,f) is a PFCIS. The
accuracy measure of X in WOPMRS is given by:

3 ROV (X)

i=1

6o (X) = (65)

m
Ri opP' (X)
1

i=
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Accordingly, from the formulas (64) and (65), one can
obtain the following properties.

Theorem 15 Assume IS = (U,A,V,f)is a PFCIS, then.
oop(X) < 0op(X) (66)

Proof Intuitively, from Definition 29 and Definition 30,
there exist.

m m m m
Y ROP(X)2 Y ROP(X), Y RO (X) C ¥ ROP(X),
i=1 i=1 i=1 i=1

%RiOP(X) %R,»OP/ X)
i= i=1

then = <

1
%R,‘)P(X)
i=1 i=1
Thus, 6,p(X) < opp(X).
More especially, Theorem 15 reveals that the accuracy
measure of a set increases as the thresholds increases.

% Ri or! X)

Definition 38 Suppose IS = (U, A, V,f)is a PFCIS. For any
X C U, the accuracy measure of X in POMRS is described
as:

m

X R0

i=1

opo(X) = 67)

3 ROX)
i=1

Definition 39 Assume IS = (U, A, V,f)is a PFCIS. For any
X C U, the accuracy measure of X in WPOMRS is given by:

R X)

i=1

6oy (X) = (68)

TR0

i=1

According to formulas (67) and (68), one can gain the
following important conclusions.

Theorem 16 Assume IS = (U,A,V,f) is a PFCIS. The fol-
lowing relations hold.

6o (X) < Tpo(X) (69)

Proof From Definition 31 and Definition 32, there exist
m

3 RPOM0) 2 TR (X), % R0 € % R (X),

i=1 i=1 i=1 i=1

m m

y R’Po(x) y Ri”o/ X)
i=1 i=1

then = >

Z R,PO(X) %RIP()’ X)

i=1 i=1

Thus, 6py (X) < opp(X).

In particular, Theorem 16 further reveals that the accu-
racy measure of a set increases with the increase of the
thresholds.

6 Conclusions and Future Work

In order to describe more specifically and accurately the
attitudes of the agents towards the issue set, the Pythagorean
fuzzy numbers are used to express the attitudes of agents
on issues, and the agents are trisected with a pair of thresh-
olds by combining Bayes risk theory. In particular, a three-
way conflict analysis model building on multi-granulation
Pythagorean fuzzy rough approximations is also established
by combining conflict analysis with multi-granulation rough
approximations, which produces a novel model of trisecting
agents set in high-dimensional data.

In this paper, we establish Pythagorean fuzzy three-way
conflict models from a theoretical perspective. In future
work, we will explore the improvement of our conflict model
by incorporating other correlation coefficients, like the
Pythagorean fuzzy correlation coefficient proposed by Thao
[45]. It is important to note that conflict analysis is closely
linked to the process of consensus building in group decision
making. Methods such as the threshold-based value-driven
method [46] and the method based on stochastic multi-cri-
teria acceptability analysis [47] will serve as valuable refer-
ences for studying the consensus strategy conflict model.
Furthermore, our objective is to thoroughly investigate the
multi-scale decision-making problem within the conflict
information system, aiming to achieve optimal decisions
aligned with the interests of agents under the influence of
multiple factors. On the other hand, from an application per-
spective, we will apply conflict analysis model in industrial
scenarios and other fields to address some specific applica-
tions, such as the conflict issues arising from group decision-
making in the context of Shipping Industry 4.0 [48].

In particular, it is worth mentioning that in decision-mak-
ing, decision actions of agents are often affected by various
factors, including the uncertain degree of agents, personal
preferences and linguistic information. Notable research
results include using some special Sugeno-like operators to
handle the involved preference and uncertainty in both input
vector and fuzzy measures [49], as well as a proportional
interval T2 hesitant fuzzy TOPSIS approach to address lan-
guage decision making under uncertainty [50]. These find-
ings will also serve as important references for our future
work on constructing a general conflict model.

@ Springer
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Appendix

1. Proof of Theorem 3

Proof (A) R(a,|x,y) < R(ay|x,y)
& dapk(M,N) + Ayp(1 = k(M, N)) < Aypk(M, N) + Ayy (1 — k(M,N))
Thus, k(M, N) > Aan

an=Aan)+(Ayp=Aap)”

R(ay|x,y) < R(aclx,y)

& dypk(M,N) + Ay (1 — KM, N)) < Acpk(M, N) + Ay (1 — k(M. N)). There-

Aan—A
fore, k(M,N) > ———ay —n
( ) T (un—Aen)+H(Acp—4ap)

(N)R(aylx,y) < R(ay|x,y)

& Aypk(M,N) + Ay (1 = k(M,N)) < Agpk(M, N) + Ap (1 — k(M, N))

R(ale, )’) S R(aC|x9 )’)

& Aypk(M,N) + Agy(1 = k(M,N)) < Acpk(M,N) + Acy(1 — k(M, N))
Then, there exists

AAN - /INN

Ay — A
NN T Ay <KM.N) <
(Aan = Any) + (Ayp = Aap)

(Any = Aew) + (Acp — Ayp) —

(O)R(aclx,y) < R(aylx,y)

& Acpk(M,N) + Aoy (1 = k(M,N)) € Aypk(M,N) + A4y (1 — k(M, N))

Aan—4
Thus, k\(M,N) < ——ax “av
( )< (Aay=Acn)+(Acp=Aap)

R(aC|x7 )’) S R(aN |X, )’)
& AepkM,N) + Aoy (1 = k(M,N)) < Aypk(M,N) + Ayy(1 = k(M,N))
Hence, k(M, N) < Aoy

(Ann—Aen)HAcp—Ayp)

where

_ Aan — Ann
(Aan = Ann) + (Ayp = A4p)

a

= Aay — Aew
(Aan — Acw) + (Acp — Aap)
Ay = Acew
14

(= Aew) + (ep — Anp)

@ Springer

2. Proof of Proposition 2

Proof For any x € R°(X),
x € R °X)VR(X)V - VR,O(X), then

xe€{yeUlkWM,N)>a}Vv{y€UlkM,N)>a}
Ve v{y € Ulk,(M,N) > a}

Equivalently,
xe{yeUlkkM,N)>aVk,(M,N)>a

V- VEk,(M,N) > a}.
Thus,x € Y R°(X).
i=1

(2) For any x € R°(X), then.

x € R °X)VR,(X)V -+ VR, °(X) and then we have.

xeU-{yeUlkkMN) <p}vxeU-{yeUlkMN) <p}
VevxeU—{yeUlk,M.N)<f}.

Equivalently,

xe€{yeUlkM,N)> B} Axe {y e Ulky(M,N) > B}
A AXE {EUlkm(M,N) > B}.
Hence, x € E‘iRiO(X).
(3) For Vx e_% ROX).i=1,2,.m

i=1

exe{yeUkMN) >aV - Vk,MN)>a}

Sxe {ye U|k1(M,N)2a}V---Vx€ {ye Ulk,,(M,N) Za}

sxeR’X)VxeR’X)V - VxeR,’X)

sxe 6 R.O(X).

=1

(4) ForVx € %RiO(X)

i=1

oxe U—{ye Ul _glki(M,N)gﬂ}

SxeU—-{yeUlkkM,N) < fAkM,N)Lf
A Ak, (M,N) < p}

oxe{yeUlkM,N)> pVk,M,N)>p

Ve Vk,(M,N)> B}
sxe{yeUlkM.N)>p}vxe {yeUlkMN) >}
Vo me € {y € Ulk,(M,N) > p}

s xe |JROX).
i=1
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3. Proof of Theorem 6

m

Proof (1) For any x € Y R5°(X), by Definition 24, there

i=1

exist.

x € {y € Ulk(M,N) > o™}

vx € {y € Ulky(M,N) > i}

Ve vx e {y€ Ulk,(M,N) > a™"}.
Equivalently,

x € {y € Ulky(M,N) > a"™ V ky(M,N) > o)™

V- Vk,(M,N) > a;‘n‘i“ 1.
Then we have

x € {y € Ulk;(M,N) = f™ V ky(M, N) > p"

Ve Vk,(M,N) > ﬁ;‘:in}.
Obviously,

xe€U-{y€eUlkM,N)<p"™}

Vx € U = {y € Ulky(M.N) < ™}

Ve vx € U—{y€ Ulk,(M,N) < pm=}.

Hence, x € Y RSO(X).
i=1
(2) (2a) From (1), there exist.
Y RSO(X)C@and@ C Y RSOX).

i=1 i=1

Hence, Y RS9(X) = @.

i=1

(2b) We try to disproof it. Assume Y. R;59(X) # @, then,
i=1

m
Ixe Y ROW . Henc e,
i=1

{y € Ul V k(M.N) > ﬂ;ﬂin} NG # 0.
Therefore, the assumption is not true.

Thus, Y R5°(X) = 0.

i=1

(3)(3a)Ifa; < ayand x € Y R;, S°(X), then there exists
=1 2

xe { ¥ € ULV k(M.N) > g } and then.
xe {y e Ul '(_"/1 k(M,N) > qmin }

Thus, ¥ R, °(X) € ¥ R, S°(X).
i=1 i=1

(Bb)If f; < pyand x € Y R;; 5°(X), there exists.
i=1 -

xeU- {y e Ul Xl k(M,N) < ﬁ;naX}, and then.

xe {y e Ul ~<-n’1 k(M,N) > pmin }

Thus, x € {y € UI V k(M. N) > gy |.

m
Hence, ¥ R;; S°(X) C
i=1

=

m
Ry 5°(X).
i=1

i=

4, Proof of Theorem 7

Proof (a) For any x € ¥ R, (X), there exists.

i=1

x€ {yeul v kMM 2 ap® |, then

xe {y € Ul V K(M.N) 2 a® }

m m
Hence, Y R.%(X) C Y R5O(X).
i=1 i=1

(b) For any x € ¥ R,”'(X), then.

i=1
xeU- {y c Ul 51 k(M N) < pmin } then.
xe {y e Ul A(_"/I (M, N) > fmex }

and then, x € { yeu '31 k(M,N) > o }

Thus, x € Y, RS59(X).
i=1

m m
Hence, Y R.%(X) C ¥ RSO(X).
i=1 i=1
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